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PREFACE 


{6 object has been to provide a text book of practical interesu 
d utility, fulfilling the latest requirements of the various 
amining bodies, and following, to a great extent, the recom- 
ndations of the Mathematical Association. 

Part I. is intended for beginners and therefore includes a 
ge number of examples which may be taken orally. 
Multiplication and Division by polynomia!s are deferred until 
er simultaneous equations of the first degree have been treated. 
Algebraic processes are identified with those of Arithmetic. 
Methods are referred to first principles; ¢.g. in the solution of 
uations each step is shown to be a jozical application of some 
iom and not a matter of arbitrary rules. 

A great part of the mere gymnastics of the subject, such as 
2 reduction of complicated specimens of fractions, is made 
bordinate to useful and suggestive work. 

It has been recognised that many learners acquire some facility 
manipulation of algebraic expressions without getting any power 
dealing with the most important part, the solution of problems. 
ich practice is therefore given in translating questions into a 
nbolical form, in order to lead the student easily to the solution 
problems. 

A very large number of examples are introduced at every stage. 
Stress is laid on the importance of testing ae and checking 
ults, and of using approximations, 

Graphical work, involving largely the use of squared paper, is 
ely employed and interwoven throughout the book. JF is 
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used in connection with solution of equations, square and cube 
roots, statistics, height and distance problems, rate problems oi 
various kinds, indeterminate equations, logarithms, ratio and 
variation. 

Facility in finding factors and in the use of labour-saving 
methods is aimed at, and the Remainder Theorem is freely 
employed. 

Students are introduced at a fairiy early stage to the idea of 
a function and to the use of functional notation. ~ 


The bookwork is expressed in the manner suggested by much 
experience with learners as the one most readily grasped and 
retained. 


Sets of revision papers are inserted at various stages, usually 
at the end of what may be considered a term’s work. 

With a view to practical utility and as a stimulus to interest, 
logarithms are introduced as early as possible, viz., immediately 
after ‘Proportion. 

Thanks are due to various bodies, from whose examination 
papers many examples have been taken, especially to the Oxford 
and Cambridge Local Examination Delegates, and the Con- 
troller of His Majesty’s Statiouery Office, 


PREFACE TO NEW EDITION 


In this edition the book has been revised so as to keep i¢ ix 
agreement with the most modern methods of teaching, and at 
the same time to introduce such simplifications as experience- 
has suggested. 

In the revision due weight has been given to the recom. 
mendations of the Committee of the Mathematical Association 
and to the “Special Report issued by the Board of Education 
on the Algebra Syllabus in the Secondary Schools.” 

The alterations in Part I. are not numerous. They are, 
generally speaking, in the direction of simplification, and certain 
articles have been marked for omission or postponement as the 
requirements of a learner may suggest. 

In Problems involving Quadratic Equations an extra batch 
of examples of au easy character has been introduced with the 
object of training the learner to feel at home with the later 
problems. 

In this new edition certain chapters have been re-written. 
In some cases fuller explanations have been given in the book- 
work; all sets of examples have been revised. 

Variation (or Functionality) has been treated more fully, and 
a number of illustrative examples have been added. 

Permutations and Combinations have received a much fuller 
treatment, and the sets of examples in this chapter have been 
re-arranged and amplified. 

Some elementary work in Convergency and Divergency has 
been given, Vandermonde’s Theorem and a proof of the Binomial 
Theorem by meawus ot 1t have been introduced, and additional 
examples of Partial Fractions and Indeterminate Coefficients 
have been given. © 

It has been thought well also to add a chapter on the tracing 
of some miscellaneous curves—a chapter which includes the 
graphic solution of cubic equations. 
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ELEMENTARY ALGEBRA 


CHAPTER I 


DEFINITIONS, ETC. 


1, It is assumed that the beginner is already acquainted with 
the meanings and use of the ordinary symbols of operation, 
+, —, xX, +,(), as employed in Arithmetic. The symbol / is 
sometimes used to denote the operation of division. 

Thus 10/7 =10+7=4/. 


2. In Arithmetic we denote quantities by numbers, each rumber 
having a fixed value. In Algebra we denote quantities by 
symbols, generally letters, to which we may assign any value we 
please. 

Thus, in Arithmetic, 2 x3 is always equal to 6, whereas 2 xa, 
or more shortly, 2a, will have diferent values according to the 
numerical value we assign to the symbol a. 

When a=3, 24=2x3=6. If a=8, then 2a=2x8=16, 
and so on. 

In Arithmetic, 

2x64+3x6+5x6=(2+3+5) x6=10 x 6=60. 

Soin Algebra, 2a+3a+5a=10xa, or 10a. 

In the same way, 6b — 2b=40. 

We must also remember that since the symbols stand for 
numerical quantities, we may apply the ordinary Arithmetical 
laws in using them. Algebraic proofs of the various Arithmetical 
laws will be given at a later stage. 

As in Arithmetic 2x7=7x2, so in Algebra axb=bxa, or 
ab =ba. 


B.B.A. & 
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In the same way, just as 2 and 7 are the factors of the product 
2x7, so a and b are the factors of the product ab, remembering 
that by ab we mean a x b. 


Also axbxc=axcxb=bxaxc, or abc=acb=bac, 


just as 2x7x8=7x2x8=7x8x2. 
Thus 3abe + 2ach + Tcab 
= 3abe + 2abe + Tabe - 
=12abe. 


In performing the above addition we look upon abc as a single 
quantity. 


Examples. I. a. 


Write down, or read off, the values of the following : 


1. 3a4+4a. 2. a+a. 3. 2a-—a. 4, ix —32. 
5. lla —4e2. 6. 2-2. 7. 3ab + 5ab. 8. 2ab + 3ba. 
9. ab —ba. 10. llzy —7xy. 11. 9xy —3yzx. 12. 6ab —ba. 
13. 8abe —3cab. 14. 3a +4a +52. 15 3ab +4ab +2ab. 
16. 5ab + 6ba + 1lab. 17. a+6a+7a+2a. 18. 3abc +4cab + Tacb. 
19. a+a+a+a+a. 20. 38a+4e+a+2x+4 52. 
What is the value of 8x 
21. when x=2, 22. when x«=4, 23. when x=}, 
pt Ne ae x=, BB UaT Se voc 2=3, OG ae cee x=2)? 
What is the value of 5 
27. whenz=4, 28. when «=16, 29. when x=3, 
$0... adds. w=, Bl. tek x=", Snes. wes e=2-5? 
Find the value of 3x 
33. whena=1, 34. when x=3, 35. when z=8, 
36, Aus w=2t, SS Fethiae v=2-4, SES Moose 7=1°6. 
Find the value of 3 
39. when 2=6, 40. when x=12, _41. when 2=7°5, 
GN. cnet %=2-4, gS ee x2=-6, pees x=-024, 


3. Symbolical Expression. 
5£=(20 x 5) shillings, 
.. @£=20a shillings. 
In the same way, a£=240a pence. 
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Again, 360 shillings=(360—20)£, 


w# 
.. @ shillings = (a+20)£ 
a 
=50 a 
x half-crowns = 30. pence, 
just as 7 half-crowns = (30 x 7) pence. 


£2 +y shillings = (20z+y) shillings. 
If I give 6 pence to each of 4 boys, I giveaway (6 x 4) pencealtogether. 
6 6a 


Examples. I. b. 


1. What is the number which is 2 greater than x? 
2. What is the number which is 3 less than x ? 
3. If each article costs x pence, 


(i) what is the cost of 3 articles ? (ii) what is the cost of 7 articles ? 
BA eee sorciesas voveorstisiens ET Sisesostas ? (TV) ia ecsccececsccunee ones GRE 2 
4, Express x£ (i) in shillings, (ii) in’ half-sovereigns, 
(iii) in half-crowns, (iv) in florins, (v) in pence. 
5. If I walk x miles an hour, how far do I walk 
(i) in 2 hours ? (ii) in 7 hours ? 
(iii) in half-an-hour ? (iv) in a hours ? 
6. Express x yards (i) in feet, (ii) in inches. 
7. Express x inches (i) in feet, (ii) in yards. 


8. If I give 2 shillings to each boy, how many shillings do I give to 
zx boys? How many pence do I give them ? 
9. If I divide z shillings equally amongst 7 boys, how many shillings 
does each boy get ? How many pence does each boy get ? 
10. If there are x forms in a school, how many boys are there in the 
school (i) when each form contains 16 boys ? 
(ULV eer coat sctecscesecsencdesinsw eve y boys ? 
11. What is the total number of pence in £2, and y shillings ? 
12. What is the cost in pence of x articles at y pence each? How many 
shillings do they cost ? 
13. Express x square feet in square inches. 
14. Express x square inches in square feet. 
15. Express x metres 


(i).in decimetres, (ii) in centimetres, 
(iii) in millimetres, (iv) in kilometres. 
16. Express x millimetres 
(i) in centimetres, (ii) in decimetres, 


4$i) in metres, (iv) in kilometres, 
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17. What is the double 


(i) of a? (ii) of 3a ? (iii) of Tx ? (iv) of ax? 
(v) of © (vi) of es t  givilal 4 


18. If I buy a horse for £z and sell it for £y, how much do I gain ? 


19. If I buy a horse for £2 and sell it at a loss of £y, how much do I 
sell it for ? 


20. If I buy a horse for £% and gain £y by sellimg-it, how much do I 
sell it for ? 

4, An Algebraic Expression. Any collection of symbols, 
figures, and signs involving only arithmetical operations, is called 
an algebraic expression. 

‘Term. The different parts of the expression connected by the 
signs plus (+) and minus (—) are called terms. 

Thus, 5e+7y—4z is an algebraic expression, and 52, Ty, 
and — 42 are its terms. 

When no sign is prefixed to a term, the positive sign (+) is 
always understood. 

A, simple expression consists of one term only; a compound 
expression of two or more terms. 

An expression of one term is sometimes called a monomial. 

Coefficient. In the case of a product, such as 3x7, each 
of the factors 3 and 7 is said to be the coefficient of the other. 
In the same way, a is the coefficient of be in the product abc, or 
b is the coefficient of ac, or c of ab. 

When one of the factors is expressed in figures, it is called 
the numerical coefficient of the product of the other factors. 

Thus in the expression 12xyz, 12 is the numerical coefficient 
of wyz. 

Power. The power of any number or quantity is the result 
obtained when the number or quantity is multiplied by itself 
once or any other number of times. 

Thus aa is called the second power of a, aaa the third power, and 
80 on. 

Instead of writing aa, we write it thus a2, and call it ‘a 
squared.’ In the same way we write a? instead of aaa, a5 
instead of aaaaza, and so on. 

Hence a* denotes the fourth power of a. 
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Index. The number written above, called the index or 
exponent, indicates the number of factors. 

axa@xaxaxa... to n factors=a", 

Square; Cube. The second power of a quantity is called 
its square, the third power its cube. 

N.B.—a' is the same as a. 

Square root. The square root of a number is that number 
which, multiplied by itself, gives the original number. 

* The symbol // is used to denote a square root. 

Thus /25=5, for 5x5=25. 

J16a? =4a, for 4a x 4a = 16a2. 

Cube root, The cube root of a quantity is that quantity 
whose third power is equal to the original quantity. 

Thus, since 2*=8, 2 is the cube root of 8. 

The cube root of a is written thus, Va. 

In the same way the fourth, fifth, etc., root of any quantity is 
that quantity whose fourth, fifth, etc., power is equal to the original 
quantity. 

The n™ root of a is written thus, </a. 

Like and Unlike Terms. In any algebraic expression, 
those terms which differ only in their numerical coefficients are 
said to be lke terms. ; 

In the expression “4 , 

6ax? — Tax — 9abex — 11a?x — bed - 3ax* 
6axz? and —3az? are like terms, also —7a’x and —lla’x; —9abcx 
and —bcd are unlike to one another and to all the other terms. 


-5, Examples. a®*xa=axaxa=a'. 
a xa=axaxaxaxa=a’, 
at x a? =eleven a’s multiplied together =a". 

N.B.—a? is not a multiplied by itself three times, but is the product of 
three factors, a, a, a. 
; ab xb=axaxbxb=a’*b*. 

a3b? x a2b4 =a? x a? x Bb? x b4=a5D, 

a? x Bx=a*o. 
3ab x 8a=9 xaxaxb=9a%d. 
l2abe x 2abc =24 xaxa®xbxb xc xc=24a5b%c*, , 
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The square of Ga=Axe—ae 
C=e xe =—as 
aestscsesetees 4a2=4 x4xa?xa?=16a* 


The square root of a‘ is a”, for a* x a?=a*. 


Ub 


fais culate «ESR OEE a’ is a3, for a? x a =a’. 


Examples. I.c. 


Give three examples of 
(1) a simple algebraic expression, 
(2) a compound algebraic expression, 
(3) a simple algebraic expression with a numerical coefficient. 


2. Express the product ab2? in different forms. 
3. Do the'same with 3z*y’, 6a*b8c4, 12ab%. 
What is the 

4, second power of 3, _‘5. third power of 4, 6. fiftti power of 2, 

7. product of x and 2, 8. product of a? and a, 

Os ccneeaees a3 and x’, 10M 30S ab and 6c, 
Tee etenedee< 4a and 30, 12. ttt nt Hed 4a? and 5a, 
A ee sce 12abe and 8abc, 1 Rear Sonera 12a’y? and Tayz, 
15. square root of x, 16. square root of 2°, 
UW Ee reer cs pA 16a?, bb Pace esa ed oh 
19. square of 5, 20. square of 2°, 
Dy gesucecuayynes ab, by eee emer 4a5y4, 
23. cube of 2, 24. cube of ay’, 25. cube of 2a?y4, 
26. cube root of 2°, 27.. cube root of 8a3, 28. cube root of 27a® ? 
29. What is the coefficient of a in the expression 6a, 
BO a derhaaneddtdesaarsh ees tvekeee Gath Lea 3a*b, 
DLs Sdvecaoaewsteancennch say eocueacyt Ue piecseanehanevnusces xy, 
Date te cases le sacwdcuocaag sr ereers Bs tease Ae ysonenc es once? ya, 
Se oi seas seigs ovesisigcseaeesncyevases WAS ophnag tarsacsae ten *B3atb2c, 
OS sie cei tenthineec Caseeeeeyscctt tenes We Natkaxecuaecueceeares Saba 2 

Find the values of 

35. 22+3, 36. (2+3)%, 37. 3?+4?, 38. (3 +4), 
39. 72-52%, 40. (7-5), 41. /25-N16, 42, 25-16, 
43, 132-52, 44, (13 —5)?, 45 /25- 9, 46. 25-9. 


6. Substitution. 
(1) If a=3, 2a=2x3=6. 


@=axa=3x3=9. 
4=4xaxaxa=4x3x3 x3=12 x9=108. 


(2) Ifz=5, 4a =4 x5 =20, 


402 =4 x5 x5=100. 
fa8=8 x5 x5x5=6x5x5=150, 
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(3) If a=2, b=3, c=4, 
abe=2 x3 x4=24. 
a*b=2 x2x3=12. 
ab*c=2 x3 x3 x4=6x12=72, 
(4) If a=0, b=1, c=3, x=3, 
a*=0. a®=0 a‘=0. 
abc=0 x1 x3=0. 
a*bc=0 x0 x1 x3=0. 
6c? =1 x1 x3x3=9. 
6c$=1 x1 x1x3x3x3x3=81. 
=o ook X= Ss 
a = 31 =—3.- 
27 =S/27 =3. 


Examples. I.d._ 
If a=5, b=3, c=1, x=7, find the value of 
1. 3a. 250! Se Cre 4, 27, 5. 36%. 6. 403, 
7.) 9c?, 8. cz: 9. 54. 10. 4a3. 11. 227. 12. 11c4, 
If a=1, b=2, c=3, x=4, y=5, evaluate the fellowing : 
13. 7a*b. 14. 6abc. 15. 9x?y. 16. atbe. 
17. 36%. 18. +h.acy. 19. 8a5d. 20. 8az. 
21. 33,64. 22. a?. 23. ct. 24. be. 
25. a, 26. 5%, 27. +4507. 28. Sc’. 
af = 
29. Ce 30. 5 b7cx?. 31. t,a%c8x. 32. ~852y?. 
If a=0, b=1, c=2, x=}, evaluate the following : 
33. 7a*. 34. 6ab. 35. 3az. 36. 4ca?. 
37. abcx. 38. a®ctz. 39, 5b%c%x?. 40. 2b%cx%. 
41. a%b’c!. 42. </b%?. 43, </2b%c!. 44, 0/8 B88, 
CHAPTER II : 


NEGATIVE QUANTITIES 


7, Any quantity with the sign + prefixed, or understood, is 
called a positive quantity, and any quantity with the sign — pre- 
fixed is called a negative quantity. 
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Negative Quantities. Arithmetically we cannot subtract 6 
from 3, ¢.e. the expression 3—6 has no arithmetical meaning. 

In Algebra however such an expression has an intelligible 
‘Interpretation. 

This is best seen by considering a few examples. 

If a farmer buys 7 cows, and sells 4 cows, he has 3 more than 
he had at the start. On the other hand, if he buys 4 cows, and 
sells 7, he has 3 less than at first. 

We express this algebraically thus, 

7 cows —4 cows= +3 cows. 
4 cows—7 cows= —3 cows. 

Again, if a man gains £10 and loses £6, he has £10- £6, 7.e. 
£4, more than at first.. If, on the other hand, he gains £6 and 
loses £10, he has £4 less than at first, 
1.€. £10-— £6= + £4, 
and £6 — £10 = — £4. 

Moreover, if he loses £10 and then gains £6, he will then 
have £4 less than at first, * 
1.€. — £10+ £6 = — £4. 

If a man runs 120 yds. along a road, and then runs 90 yds. 
towards his starting point, he will be 30 yds. from his starting 
place. But if he first runs 90 yds. and then 120 yds. backwards, 
he will still be 30 yds. from his starting place, but on the opposite 
side of it. 

120 -90=30, 90 — 120 = — 30. 

Thus we see that +4 and —4 are the exact opposite of one 
another. If we consider a man’s income, + £4 will represent an 
ierease, whilst — £4 will represent an equal decrease. +4 yds. and 
~ 4 yds. represent 4 yds. in opposite directions, and so on. 

Suppose a man loses first £10 and then again loses £4, he is 
£14 poorer than at first. 

Thatis, POs eee ele, 

Thus -3-2= —5,and -5-6=-—-11. 

Now instead of using £, or cows, or yards, let us use a symbol 
a. 


0] NEGATIVE QUANTITIES 9 


We then have, 10a— 6a= +4a. 
6a —10a = —4a. 

— 6a-—10a= —Il6a. 

-10a—- 6a=—-16a. 

-10a+ 6a= —4a. 


8. Graphical [llustrations. Take a str. line XOX’ of 
unlimited length, and let all distances measured to the right be 
considered positive, whilst all distances measured in the opposite 
_ direction, from right to left, are taken as negative. 


Hy 
facets icf alias: HI aa 
Sbususasatasstensstasosesevest oeeresenee seunatenevenentuses SERSaEEEEE 
Take OA, =A,A,=A,A, =... =b along OX, 
and Oa, =a,4,=a.4,=...=b along OX’. 


‘Taking O as the starting point in each case, 
OA, denotes +6), whilst Oa, denotes — 6b, and so on. 
Also A,A, denotes +46, whilst A,A; denotes — 40. 
Thus 65 is denoted by OA, (6 spaces to the right), and A,Ay 
denotes — 26 (2 spaces to the left) ; 
*, 6b -2b=0A,=4b. 
Again, still starting from O, —26 is denoted by Oa, (2 spaces to 
_ the left) and +56 by a,A, (5 spaces to the right) 
P *, —264+5b=O0A, =3b. 
Again, — 3b is denoted by Oa,, and —46 by a,a,, both distances 
being measured to the left, 
*, —38b-4b=0a,= —7b. 


Once more, 
—7b is denoted by Oa, (7 spaces in the negative direction) 
Oar atxes veests perce bee | Eicoee taverns e cares PORLAV ES. soe cvicwr sss ), 
*, —7b+46 is denoted by Oag, 
1. —7b+46= — 36. 


Examples. II. a. 
What is the value of © 
1. 5-3, 2. 3-& 3. 11-7. 4, -3-2. 
5. ~7-11. 6. 7-11. 7. 4a -2a. 8. 2a -4a. 
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What is the value of 


9. —2a—4a. 10. —4a+6a. 11. 32-92. 12. 92-32. 
13. 7a? —3a?. 14, —322-1llz%. 15. —lla?+822. 16, 2a?-9a7. 
17. a? —4a?. 18. 8ab —4ab. 19. -Sab-—4ab. 20. —ab-ab. 
21. 4ab —1lab. 22. 3xry — 8xy. 23. 3a2b-12a"b. 24. ab—ab. 
25. ab —5ab. 26. -4-5. 27. —42+4+72. 28. —5ab+2ab. 
29. -abe-liabe. 30. 3abe—5cab. 31. —2xy—5yx. 32. —3abe+Tacb. 
33. -3abc —7bca. 34, 14a —11x. 35. lla —142. 
36. —127+152. 37. —23 —23. 38. 122-172. 
39. -—12¢ -—172. 40. —132+172. 41. -—1527+ 627. 
Graphical Examples. 


Use graphical illustrations to prove the following (squared paper will be 
found useful) : 


42. 4-3=1. 43. 7-4=3. 44, 6-2=4. 

45. -8+5=-3. 46. 2-5=-3. 47. -7+2=-5. 
48, -2-3=-5. 49. -4-5= -9. 50. 5a —3%=22. 
§1. —324+82=52. 52. —2% -4r%= —6z. 53. -—5a+e2= —4a. 
64, -2¢-3x= — 5a. 55. —7e+4e= -32. 


9. The order in which additions and subtractions are performed 
is immaterial. If you take 4 from 6 and then add 3 the result is 
the same as if you first add the 3 to the 6 and then subtract the 
4. The same principle holds good with regard to algebraical 
expression, thus 6a — 4b + 3c is equal to 6a + 3c — 4b. 

This is generally accepted as axiomatic, but may with 
advantage be illustrated graphically. 


With the above diagram, using the same hypotheses with regard 
to signs, etc., as in Art. 8, 
4b + 3b — 5b takes us from O to Ay (4 spaces), then from A, to A; 
(3 spaces), then from A, to Ay (5 spaces in the negative direction) ; 
.. 464+3b-—5b=0A,=2b. 
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In the same way 4b—5b+3b takes us first from O to Ay, then 
from A, to a, (5 spaces in the negative direction), then from 
Oy to A, (3 spaces in a positive direction), 7.e. to the same point as 
in the first case ; 

.. 46+3b—50 is the same as 4b —5b +30. 

Again, 6)—4b—3b takes us first from O to A, (6 spaces), then 
from A, to A, (4 spaces in the negative direction), then from 
A, tc a, (3 spaces in the negative direction) ; 

*, 66-46-3b=O0a, = -b. 

In the same way —4b-—3b+6b takes us first from O to a 
(4 spaces in the negative direction), then from a, to a, (3 spaces 
in the negative direction), and then from a, to a, (6 spaces in the 
positive direction) ; 

*, —4b-36+6b=Qa, = -8, 
4.€. 6b — 4b —- 3b = — 4b - 36+ 6b. 


Graphical Examples. II. b. 
Prove the following graphically, using squared paper : 


1. 64+5-3=8. 2. 3-442=1. 

3. —-54+4-2=-3. 4, -1-2 -3=-6. 

5. 7-74+2=2. 6. -64+34+4=1. 

7. 8-5-3=0. 8. 1-24+3-44+5=3. 

9. -2+1-3+4+2-44+3=-3. 10. -2+5-7+4=0. 

11. 6a -7a+4a=3a. 12. 3a —4a —5a= — 6a. 

13. 3a+4a-9a= —2a. 14, —4a-32+7a=0. 

15. -64+4%+5e2=22. : 16. —T7x+42+"= —-22. 

17. 3a —5a+4a—-2a=0. 18. —-9a+8a+3a —5a= —3a. 


19. -a-3a-—6a= —10a. 20. —7a+4a—3a+6a=0. 


10. Substitutions. 
Example 1. When a=2, b=3, c=1, d=0, find the value of 4/2 


af ee x3 _¢. 


Cc ale 1 


a*b? 


Example 2. With the same values of a, b,c and d, find the value of 


—b*+c* -qd. 
—b? +c? -qd=2x2-3x3+1x1-qx0 


=4-9+] qx0=0) 
= -4, 
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Example 3. With the same values of a, b, c and d, evaluate the 
5 4a bc* ——_ 
expression 3 ,°/ a 2 ri —e Sab. 
ay ae ES ae 


: oe pea 
The given expression ={ 


Example 4. Find the values of x?-52+4 for the following values of 
x:—0, 1, 2, 3, 4, 5. 


When x =o 1 
Fr = 0 1 
— 5a =} 0 -5 
4 =| 4 4 
/ xv-5a+4=| 4 0 
—— 


., 4,0, —2, —2, 0, 4 are the required values. 


Examples. II. c. 
If a=3, find the value of 
1. a, 2. -—a’. 3. a—4. 4. a®-2. 5. 3a2-2a. 6. a-2a3. 
If c=1, y=2, find the value of 
7. Qe®+y. 8. a-2Qy. 9. ay. 10. xy? Ly tay? a a 
If a= —3, find the value of 
13,042, 14 a+3. 15, 20-7. 16, 50415. 17. $41. 18, 442. 
If x=0, y=4, a=7, b=3, c=8, find the value of 


B99, ai me | ng Vine I VE 
19. NE 20. A/F. 2. Vat, 22, 93. Nay 24. 555: 
25. a2+b2+c%. 26. 2%. 27. a8y. = 28. px. 29. qa? + be —20y. 


30. 3ab — 4bc - 2ay. 31. a?+b2+c?-a-y%, 82. tab —1ey - By’, 
33. abx® —Tacy* + 9a%cy. 
If a=0, b=4, c=9, d=25, find the value of 


34. Jab-Jbc+Ned. 36. eereaals, 86. oo ee 


37. Jbed - Vacd - 8/26 + 8/5. 38. bcd +av/bd — 44/be — 2/6be 
39. Find the values of «2 -6%+9, when a has the values 0, 1, 2, 3, 4, 5. 
Tabulate the work. 


40. Find the values of 22-32-10, when x has the values 0, 2, 4, 6, 8. 
Tabulate the work. 
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41. Find the values of 42?-—52+4 when z has the values 0, -5, 1, 1:5, 2. 

‘ Tabulate the work. 
42. Prove that 2x? —-232+63=0, when r=7. 


43, Prove that x? — = - =i =0, when x=3. 


11, An algebraic expression consisting entirely of 
unlike terms cannot be simplified unless the values of 
the symbols are given. 

If a man has 7 pigs, 3 cows, and 3 geese, he does not know the 
value of 7 pigs+3 cows +5 geese, unless he knows the value of a 
pig, the value of a cow, and the value of a goose. 

In the same way we cannot simplify the expression 7a + 36 + 5c, 
unless we are given the values of a, b, and c. 

On the other hand, if an algebraical expression consists entirely 
of like terms, we can collect these terms into one. 


Just as 2 cows+3 cows+5 cows=10 cows, 
SO 2a + 3a + 5a=10a. 
7 pigs—3 pigs=4 pigs. 

In the same way Ta — 3a =4a. 
11 geese —4 geese =7 geese ; 

“. lla-—4¢=72. 
12 horses —7 horses +2 horses=7 horses. 

In the same way 12y —Ty+2y=Ty. 


12. In Arithmetic we know that 
2(34+4)=2x3+2x4=64+8=14. 


Or otherwise, 2(3+4)=2x« 7=14. 
In Algebra 2(3¢+4a)=2x3a+2 x 4a=6a +8a=14a, 
Or otherwise, 2 (3a + 4a) =2 x Ta = 14a. 


Let us now consider the expression 2 (3a + 46), noticing that the 
terms 3a and 46 are unlike. 

2 (3a + 4b) =2 x 8a +2 x 4b=6a +80, and this expression cannot 
be further simplified unless the values of a and 6 are given, for 
the terms 6a and 8d are unlike. 

Thus we see that the second method used in the above arith- 
metical examples cannot be used in Algebra when the terms are 


unlike. 
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13, Example 1. Express 4a +2b—3c—2a+6—c in its simplest form. 
4a+2b%\ 3c -2a+b-c 
=4a -2a+2b+6-3c-c 
(collecting like terms) 
=2a+36 —4e. 
Example 2. Find the simplest form of 
3a?y — 403 — day? — 62? + 2ay? — 3a%y — 5z* — 32° +6. . 
The given expression 
=32%y — 32°y — 423 — 323 — dary? + Qay? — 6x? - 527 +6 
(collecting like terms) 
= — 723 —2ay? - 112? +6. 


Examples. II. d. 


Find simple forms of the following expressions : 


. 111-744-342. 
. 3a —-6a+4a—-a. 
. dbc — Tbe — 9bc + 18be. 


© sao aH 


. 4(9a - 3a - 2a). 


. 9a? — l4ary + 2y? + Bry — 6a? — 5y?. 


2. —-64+9-11+2. 

4, -lla-—4a+2a. 

6. —32°y —Tx*y +4ay? — 3ry*. 

8. 2(6a—4a+2a). 
16a? — a? — Ta? 


10. —————-~. 
4 


Prove that the following statements are true when +=1, y=2 and z=4, 
M1. a t+y?+2=21. 12. 2*y+y%z=18. 


pie Os be Rasen. Up ae 
13. yz? -2y?z —5a8 = -5, 14, é "ake ) 
2 2 
feats tun 18! Oe) ee 
Yo Sak i Bee 
Wie a eras 
Li. - y? - =6}, 18. 2?-y?-2= -19, 
19. Vyz —A/16az + Y/xy22t =2. 20. yr +27 +27=19, 


CHAPTER III 


SIMPLE BRACKETS 

14. In Arithmetic when a number of terms are included within 
brackets (__) it is understood that the terms within the brackets 
should be considered as a whole. 

Thus 8+(7+5) means that we first add 7 and 5, and thon add 
the xesult to 8. 

When a group of terms within brackets has the positive ‘sign 
(+ ) prefixed, the brackets may be removed without: changing 
any of the signs within the brackets. 
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I. To prove that a+(b+c)=a+b+e. 
a 6 
° Q R S 
Let the straight lines PQ, QR, RS represent a, b, c respectively. 
Then a+(b+c)=PQ+(QR+RS)=PQ+QS 
=PQ+QR+RS=a+b+t+e. 
Il. To prove that a+(b-—c)=a+b-c. 


a HY 
P Q Ss R (Fig. 1.) 


—_—_——— 
P S Q R (Fig. 2.) 


Representing a, b, ¢ by straight lines as before, remembering 
that we must draw RS in the opposite direction to PQ and QR, 
(see Art. 9) a+(b-—c) =PQ+(QR-—SR) 

=PQ+QS in fig. (1) and PQ -SQ in fig. (2) 
=PS in each case 
=PQ +QR —SR in each case 
=at+b-ce. 
Also. since we may write algebraic terms in any order, 
—c+b=b-c; 
*, a+(-—c+b)=a+(b-c)=a+b-c=a-c+b. 

We have thus proved the rule. 

When a group of terms within brackets has the negative sign 
{ — ) prefixed, the brackets may be removed on changing the signs 
of all the terms within the brackets. 

Te Fey a | 

As above a —(b +c) =PQ —(RQ+SR) =PQ--SQ=PS 

=PQ-—-RQ-SR=a-b-c. 


P R S Q 


Also a —(b—c) =PQ —(RQ—RS) -PQ-—SQ=PS 
=PQ—RQ+RS=a—b+e. 
Mosine. since terms may be written in any order, 
— a@-(-¢c+b)=a-(b-¢) =a-b+e=a+c-6, 
The rule is therefore established. 
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3 
15. In addition to the ordinary brackets, we sometimes use a 
fine, called a “ vinculum,” drawn over the terms to be connected. 


Thus a —2b+3c is the same as a — (25+ 3c). ’ 
" ; 3+5. SUD 
In Arithmetic we know that a 8 the samie as 5 + 5° 


So in Algebra te is the same as +2 , 


Here the “ vinculum” , drawn underneath. has the 
same value as a pair of brackets. 


‘ 2x -4 2e 4 
For instance 3+ re ee =3+3(2e-4)=3 +373 
Also 3 -7*=" =3- (22-4) = 3-4 2 
As in a sibeetio 3(2+5)=3x24+3x5, 
so in Algebra 4(a+b)=4a+ 4b. 


16. Example 1. Prove, by removing the brackets, that 
—(%+2)+(3 -—2x) -( -—6%+3)=5+32. 
The given expression =7 —%-2+3 -—22+6x-3 
=7+3-—-2-346%-x-2e 
=10-5+46x%-—3x 
=5+32, : Q.E.D. 
Example 2. Prove that 4a -2(a+6)+3(a-—6b)=5a —5bd. 
4a -—2(a+6)+3(a-—6)=4a -2a -264 3a -36 
=4a+3a —2a - 2b -—36 
=Ta —2a—5d 
=5a — 5b. Q.E.D 
Example 8 3. Simplify the expression 
Se-15 12-42% 27x - 54 


5 6 9 
: , Se 15 12 42e Q7e 54 
Th 3 S505 ns ms ke) ae ae tom ae! 
® given expression i pa ae a 6 + 9 9 


=2-3-2+7e+30-6 
=lle-11, 


Examples, III. a. 
What are the values of 


1. 6+(4—2). 9. 6 -(e 42) 3. 9+(3-4). 
~(3 -4). 5. 11-(8 +4). a) SGT OF (H= 10): 
1 14=(S410p 8 11 =(42=3). 9. 17+(5-6). 
10. -2-(344). 11. = 9 (Boald): 126-— 7 +{ H4411) 


mj SIMPLE BRACKETS. « i? 


‘\ 


. 21 -(25 —23). 14. —(4+7)+15. 15. 6a +(4a— 2a). 

. 6a —(4a — 2a). 17. 6a —(4a+2a). 18. 6a —( —4a —2a). 
. a@—(a+a). 20, a+(a—a). 21. -a-(a+a). 

. —(a+a)+5a. 23. 3a? — (5a? —7a*). 24. 6ab —(2ab + 4ab). 
. — 2? -( —3x*) +( - 52). 26. —2*+(72* — 62%), 


’ Prove the following by removing brackets : 
27. 6+(x —2)-—(3 + 4x) + (6% +1) =324+2. 


ae Dak ged 
3a+12 Qa-4 22-332 _ 


8. (3a —2) — (4a —5) +(x +7) =10. 

. (9a —b) +( —2a +35) — (6a +56) =a - 30. 

. «6a — (22 —3a) — (a — 6x) =5x — 4a. 

» (a+6-c) —(a—b-c)+(a—b+c)=a+b+e. 

. 8a -2b + 3c — (2a —5b — 3c) + (3a —3b —2c) = 4a +40. 
. a—b+b-¢ —-a—-c=0, 

. 4a — 2b + 5c - 2a -3b +70 +3b + 9c — 2a =4b + Te: 

. 2(a@-1)+3(1 —2) -2(2 -32) =52 -3. 

. 3(2-a) -7(a+ 6) +6(2a+7)=2a+6. 37. 2(a+b) —(2a —b) =36. 
. 3(2a-c) -7(¢ -3a) —4(5a —2c) =7a — 2c. 

. 3(a—b+c) -4(b+a-c) —2(c-—a—b) =a-56 +5c. 


. 2(2¢ +12) +3(a—4) -4(22 43) =2. 41. 


22. 


ce eal Be 
2 Seater 


Sz-9 4e-12 Se+12_ iy 


Pg ag oa Were ec s : 

6z-8 102-5 14x-21 

—at B ea — =32 -2. 

8-92 7T-2lxe 20+252 
+o-3 = 


3 7 


maths +55. 


ADDITION 


17, In Arithmetic the sum of 2 and 3 may be written 2+ 3. 
So in Algebra the sum of a and bisa+b. 
Using the'rules for removing brackets, the sum of a and <6 is 


a+(-—6b)=a-b. 


When like terms are to be added together, they may (Art. 9) be 


collected into one term. 
' Unlike terms cannot thus be collected. 


The sum of 2a, —3a, and 5a is 
Qa + ( — 3a) +5a = 2a — 3a + 5a =: 4a. 


B.B.A. 3 
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The sum of 2?, — 3a, and —6 is 22+(-—3z) +(-6) which is equal 
to x2-3x-—6; and this cannot be shortened, since the terms are 
all unlike. ; 

When a number of like terms are collected into one term, the 
result is called their algebraic sum, even though some of the 
terms may be connected by the negative or minus sign. 


5 
18. Example 1. Add together - and = 
, The sum required =" +2 
(DX: Ot, gt Oa tat od : 2 
=sx6 tE xe (8m Arithmetic) 
25x + 6x _ 3lz 
ae a 
Example 2. Find the sum of ~ . et a ‘ 
The sum required == - <2 
ie Tx 3 x 222 
axa) xo 
_Tz—62t_2 
a. wolves 
Examples. III. b. 
Add together the following quantities : 
1. 4. and —7. 2. 5 and —3. 3. —4.and -2. 
4, -7 and 6. 5. -—4 and 4. 6. 9 and -9. 
7. 3” and —2z2. 8. -—22 and —4a. 9, —Tx and 92. 
10. —7x and 32. 11. 3a and 4a. 12. 3a and — 4a, 
13. —3a and -6a. 14. 6a and —2a, 15. —2a and 7a. 
16. a? and —32*. 17. abc and acb. 18. bea and —cab. 
19. x and > 20. x and -5: 21. —2x2 and —iz. 
22 -5 and 32. 23. 2a? and 2a. 24. 3a? and —3a. 
25. - 62% and -2e. 26, — 223 and x. 27. 3 and i: 
2 Ae x x x 

28 g and 4 29. g and 5 30. i) and ha! 
3a x ae 3 

31. > and 7 32. —7 and x 33, Zayz and —tayz, 
x x 5a? a2 ? 

4. and —§. 3. ©" and a 36, 32% and —2y2, 


- 


mJ 


19. Example 1. 


‘ 


ADDITION 


The sum of 32 —4a and 27+3a 


=32 —4a+27+34 
=32 +227 -—4a+3a 


=52-a. 


Example 2. The sum of 4(x—y) and 5(x-y) 


=9(xz—-y). 


Here we look upon x —y as a single quantity, and just as 
4a +5a=9a, 
4 cats +5 cats=9 cats, 


or 
sO 


| 4(x@—y)+5(2—-y) 


=9(x-y). 


Example 3. Find the sum of $(2a—6) and 4(2a—5). 
Here we may look upon +(2a—5) as a single quantity, and therefore the 


sum required 


=9 times 4 (2a -b) 


=$(2a-5) 
=2a-6. 
Examples. III. c. 
Find the sum of 
1, a+b anda-ob. 2. 2x -—a and 3a+a. 
3. -a+aand x+a. 4, 2x+a and 3x+a. 
5. a-—36 and a+20. 6. 2a—6 and 3a-5. 
7. 2? +y" and 2? -y?, 8. 227 —y? and 3x? —2y?, 
Ss a 6b a a b 6 
9. 5+5 ands-5 10. 5 +5 and 5+5. 
11. a+ 6 and a+ 306. 12. $a-3b and ja+ 50. 
13. a-6 and b-c. Vigo cand b-c, 
15. 2a —36 and a—3ce. 16. 227+52 and «+4. 
17. 32? —5z and 2x -3. 18. 2? —32? and 22? --2. 
x zx x ae 
aos a —5 and 5 +2. 20. 32? +5 and 5 5. 
21. a+b-canda-b+e. 22. 3a —2b —2c and 3a +26 -c. 
(23. x+y—z and 3x -2y+4z. - 24, a? -6?-—c* and —a*?+26?+c*. 
25. 30?+4a2+1 and 2a?-2 -1. 26. x? -2ay+y? and 2? +2a¢y+y’. 
27. 3(a—b) and 2(a—5). 28. 4(a + b) and }(a+6). 
29, 2 (a? —y?) and }(z*-y’). 30. $(v+5) and (+5). 
31. 2(a—6) and -4(a-5). 32. -#(#-3) and —}(x-3). 
33. 9 times 8} and —8 times 83. 34. 5 times 33 and —4 times 33. 
35, 3 times 1} and twice 14. 36. 8 times 12 and —3 times 13. 
37. 4(a—b) and 2(a+b). 38. 3(x+y) and ~2(- y)- 
39. 5(z—1) and 5(#—-2). 40. 7(1 -x) and 2(1+2). 
41. 3(1+2x) and 2(3 -2z). 42. 2(a—6) and x(a +6). 
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20, Example 1. The sum of 3a, —4a, 6a, -2a, 7a 
=3a —4a + 6a -2a+7a 
=3a+6a+7a —4a —2a 
=16a —6a=10a. 

Example 2. The sum of 92?, — 6x, 32%, — 22°, 62%, —3a2 
= 92? — 62? + 62? + 32? — 32? — 22° 
=977—2AS ia 


Examples. III. d. 
Find the sum of 


1, 2a, 3a, 4a, 5a. 2. 2a, -—a, 3a, —2a. 

3. —2, —2%, —32, —42. 4, 52%, —327, —227, 92%. 

5. Ty, —3y, —2y, —5y. 6. 6p, —4p, 3p, -2p, -3p. 
7. —3ab, —7ab, 10ab, dab. 8. 7a, —3a, 9a, —Ta, 3a, —9G 
9 


Qa 723, —323, —223, — 723. 10. Sa, Q2, iz, —2%. ’ 
lista, -$0, -42, 60,24. 12. a tai oe 
13. Sa, 3a, da, -Sm. 14, 22, -5a, -142, ga. 
Collect the terms in the following : . 
15. 3a -—2a+4a -a. 16. 72? — 32° — 224223, 
17. 3ab —Tab + ab —2ab + 9ab. 18. 1la®y —82%y —2a®y + 4a%y —a2y.. 
19. 4abc —9abc + 6abce — Tabe. 20. — 3a —4a4 — Tat —at 
21, — 923 — 6x? + 8x? — 228 +928, 22, Teta, 
23. Se +20 —-S2, 24, — 3a? + 5a? — a? —2a%, 


21, Example 1. Find the sum of 3a-—46 -2c, 4a+2b—c and 2a—b—30 
First Method. The required sum 


=3a —4b -2c + (4a + 2b —c) + (2a —b —3c) 

=3a —4b -2c+4a+2b —c+2a-—6b —3c 

=3a+4a+2a—-4b+2b -b-2c¢-c-3c 
(collecting like terms) 

=9a —3b — 6c. 


Second Method. Arrange the given expressions in lines so that the like 
terms appear in the same vertical columns: then add each column. 
* 3a —4b — 2c , 
‘ 4a+2b= ¢ . 
2a-— b-3c 


9a - 36 — 6c. 
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Example 2. Find the sum of 423 —1 —32, 522 -32 +223, and 7 —22 +222. 
Arranging the expressions so that like terms appear in the same vertical 
column, 
423 —32? -l 
223 + 5a? —3a 
; 2a? —22+7 


62° + 42? —5x2+6, the required sum. 
Example 3. Find the sum of $(x—y+3z), }(4a-8y-—z), 4(2x+2y -2z), 


2a 2 3z 
The reqd. sum =" — 22432 -6y-F+ae+y—z 


Qa 2 3z ks 
=3 +3e ; Rae NOS ae 

(collecting like terms) 
=a($+3+1)+y(1 -6 -%)+2(2-1-3) 


=Me-Lyt}e 


Examples. III. e. 
Yind the sum of 
1. a? —b2+c%, —a? —b? —c?, a2 +b? +2. 
2. 2a+36 —4c, 3a —26+4c, @+56+ 6c. i 
3. 82 —4y +42, —2a + by —5z, x -—3y — 82. 
4, -a-b-c, —2a-2b-2c, —3a—36 -3c. 
5. 4ax —3by + 5cz, Tax + 8by —2cz, 2ax —2by +cz. 
6. a+b, b+e, c+a. ; 7. 2(a —b), 2(a +6). 
8. a+b—-c, 3(a-—b +c), 4(a —b -c). 
9. 22 +2ey+y?, 22 —Yy?, 2ry+y*. 
10. 22+ 32°y —3ay?+y%, z° —3a%y + 32ry? -y%, F+y%. 
11. 42 —62? —1 +223, 327-4 —27 + 5x, 12-2. 
12. 3a? — 2c? — d3, b? +c? + 4d, a? — 36 — 4c?. 
13. 23 -32°y +3ay?, —2a*%y —ay? —y%, 2° + 4y%. 

(14, 4p? - 39? —4r —3, g? -2r -4, 6r -2 -327, 9-9. 
15. 7x*yz —5ayz*, 3ry2z—4a%yz, — 5axy?z —Txyz*, 2atyz - 4ay?z + 6ayz*. 
16. a? —be —2ac, 6? +ac —c®, 6? —3ac —4be, ab+ac+be. . 
17. a? —b? — Sate, b8 — Babe + Sact, Gabe +7a%e — 2ac®. 
18. 4(a+b+c), 3(2a-—b —c), 8(6 -a +20). 

19. 1(x+y-2), 3(x@-y-2), 3(-et+y +2) 
20. 24+246, 3a —c, 36+ 6e. 
21. 3(8x-12y), 3 (6x -9y), 4 (122 +30y). 
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SUBTRACTION 
22, 2a subtracted from 5a=5a-—2a=Ja. 
Dh -sbcbiukutecn connects —5a= —5a-—2a= —-Ta. 

ws SE oe cara el ce ac Ta=Ta —(-—3a)=7a+3a=10a. 
EEE ou Sea ews ceo oans —2a= —2a—(-—4a) = —2a+4a=2a. 
DRE sis ce 408 eas cate at+y=at+y—(e—-y)=a+y—-xt+y=2ye 
oh Ap |p eRe MER a a? —5a=a2 —5ae-(x-2) 

=o -—5r-—x2+2 

=27-6r+2. 


Examples. III. f. 


Subtract 
1. a from 4a. 2. -—a from 4a. 3. 2a from —3a. 
4, —b from 6b. 5. —b from — 60. ~ 6. —56 from —56. 
7. —8b from 110. 8. x from —2. 9, —2y from 2y. 
10. 32° from 2°. 11. Taz? from 1laz*. 12. —7azx® from —llaz*%, 
13. —7ax? from llaz®. 14. Taz? from —13axz*. 15. a from 0. 
16. lla from 0. 17. -—3a from 0. 18. 3a+26 from 0. 
19. a—6 from 0. 20. a—b from a+6. 21. 2a —b from 3a — 36. 
22. ta -4b from 4a +10. 23, a+b from a+b. 
24, fa - 14 from a —b. 25. c from a+b. 
26. a+b from C. 27. a from az. 
28. —a from az. 29. —a from —az. 30. 2 from 2x?, 
What must be added to 
31. 2a —6 to make 2a ? ‘32. 2a +36 to make 2a ? 
33. a+b-—c to make a? 34. 3a—6 —c to make 3a+56? 
35, 2? -y?—2? to make 3y?+2? ? 36. 2? -5a—6 to make 57+6? 


37, a2°+pa+q to make 32% — px ? 


23. Example 1. Subtract 3a —2b +2c from 5a +3b — 4c. , 
The a result = 5a +36 — 4c — (3a — 2b + 2c) 


=6a.4+3b — 4c —3a+2b —2e ......cccccceseneesceees (1) 
, =5a —3a+3b +2b -—40 -26 ....cictecceccesen sees +-(2) 
(collecting like terms) =2a+5b — 6c. 


Example 2. Subtract 32 —22%-6 from Ta —5 —2x% +423, 


In cases such as this it is generally best to arrange the expressions in 
ascending or descending powers of 2. 


Arranging the expressions in descending powers of a, 
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the reqd. result =425 —- 22° + 7x —5 —{ - 22% +32 -6) 


= 423 — 2a? + Tx —5 + 22? —32+6 oo. cccerseowe (1) 
493 — 2x? + 252 +7 — Be —5 4B csccccccscoveesess (2) 
=423+42+1. 


When the student has had a little practice, he will be able to shorten 
the work by omitting lines marked (1) and (2) in the above. 

24. The work of subtraction is often conveniently arranged as 
follows. 

Subtract 5a — 3b -++ 4¢ from 6a — 5b — 3c. 

6a — 5b — 3¢ 
5a — 3b + 4c 
a—2b-Te. 

Explanation. We see from the examples previously worked 
out, that we must change the signs of all terms in the expression 
to be subtracted and then take the algebraic sum of the two 
lines. 

6a — 5a =a, —5b+3b= — 26, —3ce-—4c= —Te. 

The signs need not be actually changed; the change may be 
made mentally. 

Subtract 3a — 4a° + 2a? +5a from 2a° + 3a* —5a +4. 

2a5 + 3a4 — 5a+4 
3a* — 4a? +2a?+ 5a 
Qa + 4a? — 2a? - 10a +4. 
Explanation. 2a°—-0=2a5, 3a4-3at=0, 0+4a°=4a3, 
0 -—2a?= -—2a?, -—5a—5a=-10a, 4-0=4. 


Examples. III. g. 


Subtract 
1, a? +2ab —6? from a? + 2ab + b*. 2. 2+3y +32 from 52+ 7y —2z. 
3. 5a? -32+2 from 7x? —-5x+6. 4, 3x? — 2ary — 3y* from 2? + 2ay + 5y? 
5. 2a —b —4d from a —3b +e. 6. 3a —4a+11 from 52 — 8a —-2. 
7. Sab — 262 +11 from 6b? + 5ab +2. 
8. 5a —3c+4d from 6a — 2b - 3c — 2d. 
9. 23 - 6x?y —3ay? from 23 — 92*y — Sry? +y%. 


From 
10. 6a —b+c—3d take 83a+6-c-d. 
11. 62 -3y —42+7 take 5a + 2y -32 +9. 
12. 5a? -7ab -12 take —3ab+2. 
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From 
13. 32—423 + 7x? —9 take 8 — 2a — 823 — 227. 
14. 5a? —-9a?+3 take 4a% —6a —3. 
15. ab —be —cd —ad take —ab +be —3cd. 
16. a®?-1 —2a* —-3a + 5a’ take 3a? —4a*-+ 6a? - 2. 
17. 624 —36 + 8x? — 92x take 323 —7 + 82? —- 32. 
By how much does 


18. 7 exceed 4 ? 19. 7 exceed -4? 

20. —7 exceed -9? 21. 3a exceed -a? 

22. 227+1 exceed x?+17? 23. 2? -—22+1 exceed 24+1? 

24. a—b exceed a—3b? 25. 3a —4a exceed a+72? 
Find the excess of 

26. 6a over —2a. 27. Ta over 5. 

28, 3a% over —2. 29. 6—2? over —2?. 

30. 3(a+0) over 2(a—-b). 31. 8 times 3} over 6 times 3}. 


32. 9 times 3} over 5 times 3}. é 

33. Subtract the sum of 3a—6 and a+20 from 6a —7b. . 
34, Subtract 3x -—y-—z from the sum of x+y —z, and 3y —z. 
35. By how much does zero exceed 7% —6 ? 

36. Subtract 3a? — 5? +c? from zero ? 


37. Subtract the sum of 3a —b+2c—5d and a+6-2c+3d from the eXcess 
of 6a —c —d over a—b—-c. 


38. Take 3 from 22? and the result from x? —3%-3. 


CHAPTER IV © 


MULTIPLICATION 


Rule of Signs. 
25. We know that : 
+2x+3=+6; also +ax +b is represented by +ab. ...(1) 
Again, -3x +2 means —3 taken twice. 
2.€. ‘-3x +2=-34+(-3)=-3-3= -6. 
We therefore deduce that -ax +b=-ab. ........ eae (a) 
Next let us consider +3 x —2. 
This means +3 taken —2 times, and therefore has no 
arithmetical meaning. 
It bears however an algebraic interpretation. 
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_ Remembering the convention of signs for direction (Art. 8), we 
see that +3 taken —2 times is the same as +3 taken +2 times, 
but in the opposite direction. 
*, +3x —2=+3.x +2 with the opposite sign, 
= +6 with the opposite sign, 
= —-6. 
Algebraically therefore, 
+ax —b=-ab. wo... riakese sea (3) 
Lastly let us consider the product —3x —2. 
This denotes —3 taken —2 times. 
*, remembering the convention of sign for direction, this is the 
same as —3 taken twice, but in the opposite direction, 
= —6 in the opposite direction, 
= +6. 
.”. in algebra we say that -ax —b=+ab. ......... (4) 
Examining the results (1), (2), (3), (4), we have the following 
tule of signs. 
Terms with like signs multiplied together give plus ( + ). 
Terms with unlike signs multiplied together give minus (-). 


Indices. 


26. By definition, a*=axaxa, 
and at=axaxaxa. 
* @xat=axaxaxaxaxaxa . (7 factors) 
=a" by definition. 
th the same way a?xa?=axaxaxa xa 
a: See 
In each case the index of the product is the sum of the indices 


of the factors. 

We therefore deduce the following law. 

To multiply two powers of the same quantity, add the indices 
of the factors. ; 

The continued product of a number of quantities is the result 
when they are all multiplied together. 
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Thus the continued product of 2, 3, 4 is 2x3x4=24. 


EAE cede uomaeaee ) de OR at Gas abe: 
Pe ee Pr eee rn a?, a®, a‘ is a’. 
Reais 4. Ree Nt bere tp ae . —a, 2a, —3a is 6a%. 
J cureidocon Se teae see cest ae adeecesanscees -—a, —2a, —3a is — 6a, 
27, Examples. 
(1) a?b? x a5b? =a? x a® x 68 x 68 
=a’"b®. 
(2) 3a*b x —4b= -3x4xa*xbx6 (Unlike signs give minus) 
= —12ab?. 
(3) —428yx —5Sa8y=+4x5xa%xa3xyxy (Like signs give plus) 
= 2025 y?, 


(4) (3a —4b) x -2= —6a+8b. 
(5) —4a?y3 (a? — 3yz + 52?) ‘ 
= —4a%y8 x x? — 4x%y8 x ( —3yz) — 4a2y8 x (523) 
= ~darty? + 122%ytz — 202%y922, 
(6) 24a(2a? - 16? + 3c) =24a x 2a? — 24a x 16? + 24a x Bbe 
| = 16a? — 6ab? + 9abe. 
(7) (3a = $b -c) x —Zab%c= — Zab c x ta + Zab% x 3b + Zab xe 
= —7)ya%b?e + Zab ec + Zab 7c? 


Examples. IV. a. \ 
Multiply 
1. 2a by 3. ~ 2. 3a by —3. 3. —2a by —4. 
4. a by 2a’. 5. —2a? by a?. 6. —3ab by 2ab. 
7. 3x by 4y. . 8. -—32 by —2y. 9. —5x by 3y. 
10. 722 by —2Qe. 11. abe by abc. 12. a% by —62c. 
13. —a? by 2°. 14, -2a? by —3ab. 15, 42? by — 22°. 
16. p" by —p*. 17. —p'q by — pq’. 18. -—3p?q by 2pq3. 
19. a*b®ct by abc’. 20. $a by 30. 21. a? by — 407. 
22, 82% by — 82. 23, -22%y by —2y%. 24, — B-a% by 33bc% 
Write down, or read off, the continued product of 
25. -2, -3,.4. 26. a, —b, c. 27. a?, —b%, c. : 
28. 6%, —c%, -@. 29. 2a, 3b, 5c. : 30. 3a, —2b, —4e. 
31. a®x, x, -y. 32. 3a, 7, — 22 33. -—a, —a, —a. 


34, -2a, -2a, -2a. 35. a, b3, Act, 36. 3p%, 2pq, 4qr. 
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Write down, or read off, the values of 


37. (-a)*. 38. (-a)®. 39. (-a)® 
40* ( — 2a). 41. (x2)8, 42. (a3)? 

43. ( —2?)8. 44, ( —2zxy)*. 45. ( -—2ay)*. 
46. (—1)’. 47, (-1)8. 48, (—1)4, 
49. ( —2%)’, 50. (-29)°, 51. ( —22%)8, 
52. ( -2a%)?. 53. ( —3a%y)3. 54, (—32ry2)4. 


Examples, IV. b. 
Multiply 
1. a@+5b -3c by 5. 2. 2a—36+2c by -4. 
3. a+b+c by 2a. 4, 3a?-2a+5 by —2a. 
5. 6a — 4a? —2a —5 by 7a. 6. ab —be+ca by be. 
7. 2ab —3bce —4ca by —3abc. 8. 2? -Qzry+y? by 2. 


9. 23 —32°y + 32y?-y* by —32?. 10. a?+ab+b*—ac—be by —e. 
11. 3ab+2ac —be vy abe. 12. 1 -32-22?+2° by -—2z2. 
13. a? -32?+3x%+1 by 22. 14. 324-227+6 by —5a. 
15. —3a*-2ab+b? by — 267. 16. —5a? —abtc? + 9b*c? by — 12a%b4e*. 
- Find the continued product of 
17. 2-8, a, b. 18. a* —2ab —6?, 2a, and 3c. 
19. 2? —52+3, 22, and —3z. 20. 24 —322 + 222-3, —62, and —2z, 
Following the law of indices, what is the product of 
21. a™ and a”. : 22. a™ and -a”. 
23. a™ and. a™. : 24, a™ and a?™, 
(25. —a? and —a”, 26. —a® and a”. 
27. a?” and a?™, ; 28. a2” and a”, 
29. -2a”™ and a™. : 30. —3a™b” and —5a"b™, 
31. a® +a? and a”. 32. e2% —eX +1 and e*”, 
33. a™—1 and a™+1, 34, a™-6 and a™~?, 
When a= —2, what is the value of 
35. a? -2. 36. 2a2-a+4. 37. a +8. 
38. 3a2+2a-16. 39. 2a?+16. 40. a4+3a? +2a7-a. 
When a= —1, b=2, find the value of 
41. a?+05. 42. a? —30. 43, a2+b%, — 
44, Sa? — 6°. 45. a2+ab+0b?. 46. a§ +53. 
When «=0, y= -1, z=2, find the value of 
47. 2? —Qyz+y?. 48, xy t+yz+2n. 
49. +y3+2 © 50. a2 -+y2 +27 - ay —y2z- 22. 


§1. aAtytt+e. 52. (x -—y)®+(y -—2)? + (z-2)% 


- 
\ 
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28, To find the product of (w+3) and (¢+4). ° 
First let us regard (x +3) as a single quantity, a suppose. 
(e+3) x (a+4) =a x (x+4) 
=ax+4a 
=(%+3) xv+4(x+3) 
=22+30+40+12 
=2° +72 +12. 
Examining the above, we see that it is the same as multiplying 
(~+8) by x and by 4 and adding the results. 


To find the product of («—2) and (x—5). 
Regarding (x — ‘? as a single quantity, a suppose, 
(a — 2) x (w-5) =a x (x —5) 
=ax—5a 
=2(%—2) —5(a—-2) 
=2?-2x-5xr+10 
=2?-—7Tx+10. 
Again, we see that this is the same as multiplying (7-2) by 2 
and by —5, and then taking their algebraic sum. 
The work may conveniently be arranged thus : 
x—2 
a—5 : 
xv? — 2x (multiplying 7-2 by 2) 
—5¢+10 (multiplying x-2 by —5, and placing like 
a*—7z+10. (adding) terms underneath one another) 
N.B.—(x +3) x (w — 2) is usually written thus, (x +3)(a—2). 
29, Example 1. Multiply x+a by 7+0. 
x+a 
x+b 
e+ ax 
ba +ab 
x +ax+be+ab. 
This may ba written x? +(a+b)e +ab. 
This result is true whatever values we give to a and b, positive or 
negative. 
Hence (%+2)(%+5) =a? +(542)a+5 x2=a9+7x+10. 
(a —3)(« -5)=a2+(-3~-5)"+(—5)(—3) =a? -8¢425, 
(x —3)(e+7)=22+(-347)2+(-3)(7)=a2+4e —21. 
(2-+3)(2 -9)=23 + (3 -9)x+(3)( —9) =a - 6x - 27. 
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After a little practice the student will be able to write down such products 
at sight. 
Example 2. Multiply 5+32 by 7-22. 
: 5 +32 
ae 
35 +212 
— 10x — 622 
35 + liz - 627 
Example 3. Multiply ay+6 by cy -d. 
“—_ ay+b 
Mo fe 
acy* + bey 
—ady — bd 
acy? + bey — ady —bd 


Example 4. Multiply a+b by a—-b. 


j 


a —b 

ie. (a+b)(a—b) =a? —b’. ’ 
This result is very important. It is true-for all values of a and & 
Hence (a +2) (a —2) =a? —2?=a? —4, 

(a+1)(a-—1) =a? -1. 

(x +a)(% —a) =2? -a?, 

2% + 3a) (2% - 3a) = (2x)? — (3a)? 
=42* —9u*. 


Examples. IV. c. 


[After a little practice, the student will be able to write down the results 
in many of the following, without showing any work.] 


Find the product of 

1. +2, «+3. * 2. %—2,..0=3s “ 3. 2+2, «7-3. 
4, x-2, «+3. 5. +3, 2+9. 6. «-3, «+6. 

7. c-l1l, 2-7. 8. 2+11, 2-7. 9. l+a, 1422. 
10. 1+4z, 1-32. 11. 1-2, 1-22. 12. 2+2, 3+2. 
13. 5+2, 6+2. 14, $f2, 7+2. -15. 1-92, 14+ 7%. 
16. 1-7z, 1+32. 17s w+1,. «7—1. 18. w@+2, #-2, 
19. «-3, 2+3. 20. «-7, «+7. 21 a, a 
22. 2+4, 2-2. 23, 7-a, 7+. 24..9-2x, 9+2. 
25. e+y, ety. 26. 2+2y, ~+3y. 27. ~-2y, w+2y. 


28. x-3y, x-2y. 29, 2-3y, w+2y. 30. x-—5y, x+4y. 
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Find the product of 
31. Qa+y, 2u+y. 32: 32 -—y, 3x-—y. 33. 24-3, 344. 
34, 22-1, 3a -4. 35. 52+6, 2%+3. 36. 37-7, 5”+2. 
37. 2-32, 3-22. 38. 5—4a, 6472. 39. 2-32, 2+32. 
40. 2a -5, 2x+5. 41. 52-7, 54+7. 42. 62-5, 64+5. 
43. 97+8, 9x -8. 44. 4e+7, 40-7. 45. x-a, «+b. 
46. x+a, x-b. 47. a+b, a+b. 48. ax+b, ax+b. 
49. a-—b, a-b. 50. ax —b, ax —b. 51. px-g, px-q. 
52. p+qx, p+qu. 53. a+32, a—5z. 54, 3-2, 7+2z. 
55. w+ay, x -ay. 56. pxr—g, px+gq. 57. px+g, px+q. 
58. cw -d, cx —d. 59. 3a—4y, 4a —3y. 60. 3a+4y, 4a —5y. 
61. 7%+8c, 6x —4e. 62. 2av+3, 3ax+2. 63. a? — 5%, a? +67. 
64. a?-4b, a? +40. 65. a?+6b, a? —40. 66. a?-3b, a? —5b. 
67. 4a2-36, 4a? +30. 68. 5a2-267, 5a2+267, 69. 22 -2a?, 22+ 2a?. 
70. 22-p, x2?+>p. 71. a-68, a+b. 72. a—b’, a-B. 
73. 22+1, 2-1. . 74, 2-2, 2342. 75. ax?+1, az*-1. 
76. ba®+c, bz? -c. 77. ax+l1, bx+1. 78. ax +1, bx-1. 
79. 2+2y, 3¢+1. 80. 22-a, 37+. 81. a +6, c+d. 
82. a-b, c—d. 83. 2a =6, 3c+4d. 84. a+3b, 2c—5d. 
85. a+, 22-36. 86. az? +bz, ax+ b. 87. ax? -—bx, ax+b. 
88. 2?+a7, x+a. 89. x2 -a2, x+a. 90. x2 -4y?, a -—2y,. 

SQUARES 
30. (x+a)?=(x+a)(v+a)=22 +an+axr+a2 


=x*+2ax+a?, 


This is true for all values of a. 
(w+ 2)?=2?+47+4. 
(w+ 7)?=27+14e +49, 


Hence 


(x —a)?=(x—a)(t—a) =a? -axz-axr+a? 
=x? — 2ax+ a2, 


° 


This is also true for all values of a. 
Hence (2-3)? =22 -6749. 
(x —8)? =a? —- 16x + 64. 
From the above we gather that : 
The square of the sum of two quantities is equal to the sum of 


their squares plus twice their product. 


The square of the difference of two quantities is equal to the 


sum of their squares minus twice their product. 


rv.] 


following : 
1. (a+6)?. = 
5. (~ +7)? 6. 
9. (c —d)?. 10. 
13. (2p +3)?. 14. 
17. (x-1)%.° 18. 
21. (1 —5z)?. 22. 


25. (42% —3y)?. 26. 
"29. (-22+3a). 30. 
33. (a? — 52). 34. 
37. (4a7+367)7, 38. 
41. (227+). 42. 
45. (-1-22)?. 46. 
49, (2p°+3q")?. 50. 


SQUARES 


Examples. 


(a+2)*. 
(p+3)?. 
(x — 4), 
(3p +9). 
(3a —1)2. 
(l+p)*. 
(-a+6)?. 
(4p +5q)?. 
(a? + 6). 
(a +6)? 


(3a* —y?)?. 


(24 +a4)?. 
(a —a5)*. 


3. (c+d)*. 4, 
7. (a —6)?. 8. 
11. (2-9). 12. 
15. (2p —5)*. 16. 
19. (1 —2)?. 20. 
23. (1+7p)*. 24, 
27. (-2a+z2)?. 28. 
31. (5p —4¢)*. 32. 
35. (a? —p)?. 36. 
39. (x? +y%)*. 40. 
43. (1 — 227)? 44, 
47. (xt -—y*)?. 48, 
(See Art. 


IV. d. 


Doing all the work mentally, write down the expanded values of the 


31, Example 1. (x+2) (x2 —2)=2? -2?=22 -4, 
Example 2. (2x —3)(2x%+3) =(2zx)? —(3)?=42? -9. 
Example 3. (-a+2)(-a@-2)=(-a)? -2?=a? -2*. 
Example 4. (px —q)(px+q)=p*x* —q?. 


1. (+1)(x-1). 

4, (x+5)(x —5). 

7. (b-a)(b+a). 

10. (a —36)(a+36). 
13. (-—a-—b)(-a+5). 


16. (—a—76)(-a+76). 


19. (px —q)(px+q). 


25. (1 —23)(1+25), » 
28, (11 —7x)(11 +72). 


Examples. 
Write down the following products : 
2. (2 —2)(a +2). 
5. (3 -y)(3+y). 
8. (2p +9) (2p — 4). 
11. (3p + 2g) (3p — 29). 
14, (—-2a+2)(—2a-z). 


IV. e. 


17. (a? —y?)(x*+y?"). 


20. (a —6x)(a+bz). 
22. (-22-a)(-2?+a). 23. (2a? +2) (2a* —2). 
26. (1 +a?) (1 —az*). 
29. (9 —8z)(9 + 8z). 


*32. The formulae. 
(a+b)?=a?+2ab+b? and (a—b)?=a?—2ab+b? 
may be used with great advantage in arithmetical work. 
992=(100 — 1)2=10,000- 200+ 1=9,801. 
1012=(100+ 1)2=10,000+ 200+ i=10,201. 
- 1052=(100 + 5)2=10,000 + 1000+ 25 =11,025. 


(x +4). 

(a —2)*, 
(p—4)*, 
(4p -1)?. 

(1 —2a)?. 
(2a +36)*. 
(2x2 —3a)?. 
(a? +b?)?, 
(2a? — 3b?)?, 
(x3 —y?)?*. 
(—1-2)?. 
(224 — 3y4)2. 


29, Ex. 4.) 


(1+2)(1-2). 


. (7- 
. (3p +9) (3p — 9). 
. (5% —4a) (5x + 4a). 
. (a- 
. (a? + 26?) (a? — 26%), 
An Coe 
. (2a? —32)(2a? + 3x). 
. (3- 
. (7a —9) (Tx +9). 


x)(7 +2). 


7b) (a +76). 
a®) (a + a*), 


a®) (3 +a°), 


100-5? = (100 + -5)?=10,000+ 100+ -25 = 10,100-25. 
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These formulae may often be used in approximations. 
(100-03) = (100 + -03)2 
= 10,000 + 200 x -03 + -0009 
= 10,000 + 6 + -0009 
=10,006-00 correct to two dec. places. 
In giving approximate values, -5 or more counts as unity. Thus 
79-7, 79-5, 79-8 would count as 80, correct in whole numbers. 
On the other hand, 79:3, 79-2 would be taken as 79. 
In the same way, 6:035729 would be taken as 
6-04 correct to two decimal places. 


G:OS60 Sisweccsshec DAEOC Gkeleokan eke 
GeOS5T. ajaseess bes FOUTdavage eee eRe 
GO35T3 tikes okie Hye } Slee 


Using the formula (a +b) (a —b) =a* — 6. 
99 x 101 =(100 — 1) (100 +1) 

= 10,000 —-1=9999. 
Also 99-6 x 100-4 = (100 — -4) (100 + -4) 

= 10,000 — -16 

= 9999-84. 

15-6 x 14-4=(15 + -6) (15 — -6) 
= 225 — -36 
= 224-64. 


‘Examples. IV. f. 
Without doing the actual multiplication, find the value of 


1. 98%. 2. 2013. - +98, 1023, 4, 103?. 
5, 1072. 6. 99992. 7. 1001?. 8. 10022. 
2520:03) 10. 10,0032. 11. 20,0012. 12. 999-82. 
13. 20,0102. 14, 2,005. 15. 100-37. . 16. 1008. 
TT. 990°. 18. 99-972. 19. 80-22. 20. 600-52. 
21. 899-6. 22. 500-37. 23, 9-006. 24, 7:9962. 
25. 100-022, correct to three decimal places. 

26.” 10067, Biheg. sate. owe hows (hicksodncgenehess 

ZITO OSE erscta denna ThREG ne casivahoweceecben 

28), 999-967, nce cas TWO! seucurnn see oitexttebe 

29.) 100058, occeieceee {OUP tiie cccnste eee 

80. 1002 x 998. 3. 203 x 197. 32. 97 x 103. 33. 83 x 77. 

34. 115x105. 35, 9:3x10-7 36. 82 x78. 37. 20-04 x 19-96, 


' 38. 1:72 x 1-68 39. 196x204. 40, 9000-4 x 8999-6. 


w.} SQUARES 


u3, Example 1. Multiply 2? -27+5 by 2+2. 


3 — 277 4+ 5a 
__2a*-42 +10 


es +2+10 
Example 2, Multiply a—b+c by b-c. 


a-—b+c 

b-c 
ab —67+ be 

— ac + be-c? 
ab —ac —b? + 2bc —c* 


Examples. IV. g. 


Find the product of 

. 27 4+4e4+4, oth. 

. —Qe+4, +2. 

. B27 -274+4, Qe+5. 
» 2607 +5e+3, 5a —2. 
9, a? +b?, a+b. . w+ar+a*, x—a. 
11. a?-3?, a+b. . 22-6249, x3. 


. 2-241, x-1. 2 
4 
6 
8 
10 
12. 

13. 4e7+27+1, 2¢-1. 14, 427-27 -5, 22-7. 
16 
18 
20 
et 
24, 


1 
3. 2a7-3e+1, 2%-1. 
5. 92? +3241, 3”-1. 
7, x*-ax+a*, x-a. 


15. 427-3, x-2. . B+32—4, og? -2, 

1%. 92? -32+1, 3”7+1. . 2+ 3a%+3e+1, 2-1. 

19, c—a, 2-6, t—c. . ©-2a, x4+2a, z2?+403. 
21. +36, x-—36, 2? —9b?. » 2e+8, 22-7, Bu+rh ° 
23. a—b, a+b, a-—c. a+b-c, a-h 

25. 2a+3b-<, 3a-46. 


Examples. IV. hu 


Find, by inspection, the coefficient of 
1. x in the product (x + 2)(%+7). 


Be KE Beeoneresdeewesss (x —3)(x+7). 

FIND SER oe ae er REC (2a —1)(3x -1). 
CSOT TSE Suede ieee (2a +38)(3x +4). 

5 gel ales ane (3x —5)(a +2). 

en D deisias sioscicsacersslen (5a —4)(2x% —1). 
EEE eee ee (a+2)(x%+3). 

Rm as sclas See sient arise (w —2)(% +36). 

SPM ci cea ve dele bis Basie (x + 2a) (3x —5). 
LO Aor tsa oars cages (x +2a)(x — 5a). 
Meee OS Licieets (22% +" +1)(%+2). 


B.B.A. ; Ga. 
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Find, by inspection, the coefficient of 
12. 2? in the product (32 —2a+4)(5x+7). 


bee ee at. (522 — 3a —11)(5243). iY 
Ne net acacrne ae coece (ax? + 3x +4)(2¢—-1). 

50a 2. caets anecense (Ga? —ax+7)(6x +a). 

Gay tbs tc cers neeceaees (32? — 22 +4)(5a—7). 

MT giOrbeeas toeaeecne ccc. (az? +bx+c)(x+d). 

A Soqeee Betas tecaate sere (aa? — ba +c) (ax +6). 

OS et esate clio node (5a* — 2a +4)(5¢+7). 

PS I S Seeicg eosteocdocs (9a? — 8% +3)(52 —2). 

Qe Sen ow scn eee racaee (ax? — bx +c)(cx —b). 

QOSeOGN Git ecdacseateeios (ax* + bx +c)(ba —c). 


23. Simplify [a(3 — 6) +6(a+1) —2a] x (a+b). 
24, Find the product of 32(a —3) +2(222+1), and 4(2-1) -(x-9). 
25. Simplify (2 +3)? —(x —2)(¢+2)+(%+1)(#-18). 
26. Without doing the complete multiplication, determine the coefficient 
of x? in the product (52% — 9x" — 7a —13)(3x”—-7). 
27. If X=3x—2a, and Y=2zx —8a, find the value of (2X —Y)(3X-2Y). 
28. Find the value of (X + Y)(X — Y) when X=5z-2 and Y=3z-2. 
29. Simplify (vx+1)(x+9) —4(x —2)?+3(%+1)(2-1). 
Check your result by using some particular value of x. 
30. If X=3px* -px-—4, and Y=16+ qs —3q2*, find the value of gX +pY. 
31. Multiply the sum of 2x(%-1)-(x-4), 2x-3, and 2?+1 by the 
remainder when (x +1)(%—1) —(#+6) is subtracted from 
(% —2)(%@+2)+2(a% -2). 


82. Simplify (5-23) (Py*-°5*). 


2 2 2 
33. Find the value of (3% ~—1) (4x +5) —2(2a% —1)* —4(2—-1)(%+5), 
when x= —2. 


34. Prove that 4(2x +1)? —3(a —2)(2x —1) -2(5x —1)(4+2)=13¢+2. 
35. Simplify 2(” +2)? —(@-1)(%+1) -—(#-3)% 


CHAPTER V 
DIVISION 


34, Rule of signs. +ab=+ax +b; 
.. t+ab—+a= +0, 


or coe +B eee eT 
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~ab=-ax +6, 
*, -ab—-a=+), 
—ab 
or “See asa mes Coes nas ee (2) 


+ab=-ax oe: 


ab 
or eo SAP ta yee Sine seersisas ves (3) 
—ab=+ax—-b; 
.. —ab—+a=—b, 
—ab 
or Se PS oa dpe WR waln'b Ws, sieiolewiain -(4) 


Examining the results in (1), (2), (3), (4), we have the following 
rule of signs for division. 

Terms with like signs divided i one another give plus ( + ). 
Terms with unlike signs divided by one another give minus ( — ). 

N.B.—The rule of signs in diyision is the same as that in multi- 


plication. 
- 35. a’=a xaxaxaxa, by definition, 
and G=O0XGXae 


. 5 3 FXUXaXaXG 
.. &—a? = ——_———- =a xa 
axXaxa 


=, 
LS are wan Pee we EO XOX OKOKG, 
van axaxa 
=a*, 

In each case the index of the quotient is the index of the 
dividend diminished by the index of the divisor. 

We therefore deduce the following law. 

To divide one power of a quantity by another power of the 
same quantity, subtract the index of the divisor from the index 


of the dividend. 


36. Examples. : 
(2) Sat = =a 
7 d 
(2) 5a"? - 5272 = oa (Unlike signs give minus.) 


mee Sipe) 
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(3) —35a*b’e— —Tabe 
2 
= i 3 (Like signs give plus.) 


=5a°b. ’ 


(4) (6a — 9b + 3c)-- -3 


(5) (28a7b4 — 20a*b3 — 36a4b®) ~4a°* 
=7a5b? — 5a%b — 9a. 
4aty - lday?-22ay day day? 22ery 
Qxy ~ Qay ay = ay 
=22-Ty-11. 


After a little practice, the student will be able to write the answer down 
at once in examples like the above. 


(6) 


Examples. V.a. (Oral.) 


Divide 
1.:3¢ by 3: 2. 3a by 2. 3. -3e by -3. 4. —32 by 3. 
5. Tabe by 7a. 6. 7abc by -—7a. 7. a bya. 8. a? by -a. 
9, -2* by a. 10. -2? by -x 11. a by a’. 12, -—at by a’. 
13. a® by a. 14, a® by -a’. 15. 24a by 623. 
16. 212° by —7x. 17. 8a? by -4a%, / 18. —6a? by —2a. 
19. 7a%xt by —az. 20. —atb’ by —a?b?. 21. —54a*be by 6abe. 


22. 16a*b%c? by 4abc. 23. —2laat by Ta°a. 24, 63ad5c? by — Tab8c%. 
Simplify the following : 


a5. Bae, 26, 8. eae 8. ae 
240°? aty2z2 96a7b8 — 27 p%q?x2 
29. ——. , ee ce Aer Mah st SPN 
5 30 ou 31. abt" 32. oan 
— 56a°%8cS 49nq?r —322mn 
33. —Batpict _ 34, oy" 35. age 
—T2a%%c? B4a%act 1322%y? 
Sohal Sale a: 31. ~ Sab 38. Tyna)" 
Rar" Examples. V. b: 
ivide 
1, 3a -60 by 3. 2. 3a-9b by -3. 
3. ao, On RS 4. y°-6y by -y. 
5. a?+ab by a. 6. —b?+ab by -5. 


7. 3a - Gab by 3a. 8. 4a% — 12ab* by dab, 
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9. 9a°b -21ab? by —3ab. 
11. ax+bx by —z. 
13. —7zt+92z3 by —23, 
15. —3a%bc +7ab*c by —abe. 
17. 14a°b —7ab® by —Tab. 
19. 12a4 —24a*b? by 6a*. 
21. 12a-—9b-18c by -3. 
23. 3ac —4cd —12cx by —c. 
25. 2a? —8ab+16ac by —2a. 
27. ax* —a?x3 + a°2* by —ax*. 
. abe —ab*c + abc? by —abe. 
31. 15y4 — 5y8x -—30y2 by 5y. 


33. 4aty® — 8a5y® — 2825y4 by .— 42773. 


10. ab+ac by a. 

12. 42° — 52% by 22. 

14, ab? — a3b4 by a%b?. 

16. 6a7y°z° — 5a5y72z6 by a3y4z?. 

18, —3324y? —1823y9 by —32%y?. 
20. —5m®n+20m?n? by —5mn. 
22. ab+bce+bd by b. 

24. —a®x —ax*® —a®x* by az. 

26. 2° +3a%-3a by =. 

28. 7a*b? + 35a%b* —21a3b3 by 7a%b*. 
30, 424-223 +82°-2z2 by —2Qz. 
32, 9u?y? —21ary? —323y by —3zy. 


34, 27aAtyez® —45a5y4z + 54aSy724 by-923y3z?, 
Following the law of indices, what is the quotient when 


35. a™ is divided by a”. 
37, 2 I ek Sa RA xP. 
Bird OY iis. sa o0 feiss varia 3aty™ 


36, a” is divided by a, 
38. G2? a wadtedetees — 2x4. 
A) a Aaa sccss dence —62%y", 


37. We have already seen that «(x +2) =27+2z. 
The converse therefore is true, viz. 


v2 +2e=2(x+2). 


Hence (x? + 22) 
Divide x? +57+6 by +2. 


45a +6 


+(%+2)= 


x(x+2) _ 
t+2 


_t+20+3e+6 


x2+2 
_vt+2e 


mre a oe ie 


3x +6 
x+2 


(Just as 2£9=2 +3 in Arithmetic.) 


_a(a+2)  8a+6 


x+2 
382+6 
x+2 
3(2+2) 
ba x+2 


="+ 


=2+3. 


a+2 


The above is worked out in full detail and should he studied 


carefully. 


| 
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The work however is more conveniently arranged as follows : 
u+2)2?+52+6(2%4+3 
x4 2x 
+3246 
+32 +6 
If the two methods are compared, it will be seen that they 
differ only in arrangement. 
It should be observed that the second method is analogous to 
that used in Arithmetic. 


38, Example 1. Divide 152?-26r+8 by 52-2. 
5a -2) 1522-26748 (32-4 


15a? = 6G ca cesctantawenecshycee heres aceae dete (1) 
SACS — eos wasicutaucs suckoessve wenn taraees (2) 
= DOGS Sete. (or ean tee aeseeeee erate (3) 
152?+52=32; ., 3x is the first term of the quotient. 


3a(5a —2) =15x? — 6x, and we thus obtain line (1). 

Line (2) is obtained by subtraction, and by bringing down the term +8, 
—2x+5a=-4; .. —4 is the second term of the quotient. 

—4(52 —2)= —20x+8, and we thus obtain line (3). 

There is no remainder. 


Example 2. Divide 2-16 by «+4. 


x+4)2?-16(x-4 
x?+4a 
—4z-16 
—42-16 


Example 3. Divide 6-13a+6a? by 2 —3a. 
2 -3a ) 6 -13a+ 6a? (3 -2a 
6-— 9a 


—- 4a+6a? 
— 4a+6a? 


Examples. V. c. 


Divide : 

1, a? +7%+12 by +3. 2. 22 —Tx+12 by x-3. 

3. a2+3a+2 by a4+2. 4. a? -5a+4 by a—4, 

5. 6°+13b +42 by 6+6. 6. 27+62+9 by 7+3. 

7. x*—-14¢+49 by # -7. 8. 2?-22+1 by x-1. 

9. a®-15a+54 by a-9. 10. y2+13y+36 by y+4. 
11, 22? -3x -2 by 2a+1. 12. 10a -14%-12 by 2a -4. 
13, 2074+32-2 by #42. 14, 327-2 —-14 by «+2. 


' 15, 927-32 -2 by 3-2. 16. 1022-14-12 by 544+3. 


\ 


17. 4+42+2% by 2+2. 

19. 9-6z+22 by 3-2. 

21. 25 -30a+9a* by 5 —3a. 
23. 2% —a* by x+a. 

25. a? —42* by a—2e. 

27. 1 —42? by 1 -2z. 


31, a? —b%c? by a+bc. 


. 1 -16pq + 64p?q? by 1 — 8pg. 


DIVISION 


. 1-5xz+62? by 1-32. 

. 3a" -8a+4 by 3a-2. 

. 35y?+32y —99 by Ty -9. 
. 2522-16 by 52-4. 

. 25-2? by 542. 

. x —2y+6y? by x-3y. 

. 12a? —7ab +b? by 4a-6. 
. 4at —49 by 222-7. 

. 2524 —16y4 by 5a? — 4y?. 
- 1-100b4 by 1 — 1062. 


33. 8125-1 by 923+1. 34 
35. 100 --2? by 10+2. 36 
Prove the following by division : 
x24 7x+15 3 
37. ass = ia Pee 38 
aa = 
pe eS get 40. 
a-9 a-9 
35a? + 32ab — 916? 852 
41. Se =5a+11b +7 op. 
= 2 
43. = “scan iP ys ass 44, 
5-2 5-2 
39. Example 1. Divide 2° — az? +ax -a® by x-a. 


a—a) 2 —ax*+a°x -a5 ( 2+? 


a3 — ax? 


+a%x — a8 
+ax—a3 
eee 


Example 2. Divide 352? + 5acx + 7pqx —acpq by 7x — ac. 


Tx —ac ) 35a? —5acx + Tpqx —acpgq ( 5x+ pq 
35a? —5acx 


+ Tpqz —acpq 
+7 pyz —acpy 


Examples. 


V.d. 


Find the quotient in the following cases : 


1, (23 +02? +a*x +a°)—(%+a). 
3. (2% —ax -—bx +ab)—(x —6). 

5. (23 +027 + a®x + a’) (2? +-a?). 
7. (per+pratatp)+ (e+ p). 

9. (a3 —ax* + aa — a3) + (a +47). 
11. (ax? — Tax —5cex + 35c)+(x% —-7). 


Zs 
- 4, (32? +2y+32+y)+(3x7+y). 

6. (32? + xy — 6x — 2y)+(3x+y). 

8. (3px*® +9qx+3px+q)—(3px +9). 
10. (px? +2x —p*ax —2p)+(x —p). 
12. (ax? + aba + acx +bc)+ (ax +6). 


13. (ax? — Tax + 5cx% —35c)+(ax + 5c). 


14, (Sapa? —3aqz + 5bpx — 3bq)+ (5px — 39). 


(x? + ax +bx +ab)~(x +a). 


15. (2lapx? — 3agu + 14bpx — 26g) (Tpr —g). 


39 


x*—14x+48 1 
- ECE « cans ob 
2 a 
see 6 -2r+4-—4 
ee ee 
Se a1 -42- 
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Find the quotient in the following cases : 


16. (ax? —abx — ace +be)+(ax —c). 
17. (27x? + 3bcx —9ax —abc)+(3x —a). 


. (1422 — 2apx + Thgx — abpq)+(7x — ap). 

. (abu? — 2hex + acx — 2c*)=-(ax — 2c). 

. (5apx® — 5bpax + 8agqze —3bq) + (ax — 6). 

. Divide the sum of x(z—-3) and 2(3 —2) by x-2. 

. Divide the product of 37 —6a and 5x —1lda by az —2a. 

. Simplify [62(2~1)+5(x—3)]+(3¢—-5). Check your result by putting 
e=3. 


24. Divide the sum of 2?+1 and 32(~+1) by.x+1. Check your result. 
425. Simplify (3x +9) (7x —21)+(# —8). 


. Find the product of 22? - 92-5 and x-1, and divide it by 2x+1. 


27. Simplify [6x(2-—1)+(a2-—6)]+(3%+2). Check your result. 


. Find the expanded value of (a +6)(a—6)*. 

. Without doing all the multiplication, determine the coefficient of 2? 
in the product (23 — 2a? + 6x —9)(2a —3). 

. Divide 223-17x by «-—3, and hence determine what_number must be 


added to the first expression to make it exactly divisible by the 
second, 


. Divide the sum of 2x -—7 — 32%, 522 +1 -32, and 7 —4a +222 by 4a -1. 


32. Divide 5(a —1)(x+1)+32(3x+1) by 7e+5. 


- What must be added to the expression 323 — 827 +102 to make it exactly 
divisible by 3x-2 ? 


34. Divide x(b% —c)+¢(bx —c) by w+. 
35. Simplify [a?(x?-1)+(a—-6)(a+6)]+(ax +6). 
36. Divide (a —26)(a +26) +4b(a +b) +462 by a +20. ! 


CHAPTER VI 
REVISION EXAMPLES 
VI. a. (Oral.) 
1. Read off the simplest form of 
(i) Ned (ii) pa ose x 
OWGES Dy (iii) x ->5 
. b 
(iv) 4ab +5. (v) Babe - bca. (vi) 2a - 5 +a 


2. What is the value of 52-1 when 
(i) w=2, (ii) «= -2, (iii) a =-2, . 
(iv) «=-4, (v) «= -°8, (vi) c=:3? 


41 


vi.) REVISION EXAMPLES 
3. What is 
(i) the second power of 5, (ii) the second power of -3, 
ULE). scape Wegat tun teers } MiG Sc ck hese ec Oe -4, 
(v) the square of —1, (vi) the cube of —1, 
3 ab 4 ab 
(VEL) Srodaceneetecte 9? CVEID) PS cance vaste a) 2 
4, What are the values of 
(i) (-2)?+(-3)?, (il) (-2-3), (ili) (= 2)? -( -3)?, 
(iv) (-2+3), (v) 1-(-2)°, (vi) [1 -(-2)]*? 
5. Simplify 
(i) 7-5+3, (ii) 7a -a —Ta, (iti) -a—5a+3a, 
(iv) 2? —3a7 +92, (v) 3ay—Tyx+4ry, (vi)5-443-2+4+2-1, 
6. What is the value of 2? —1 when 
(ie — Je (ii) z=2, (iii) x =}, 
(iv) c= —3, (v) x= -11, (vi) z= 21 ? 
7. What is the value of 2? -52+7 when ; 
(ij) c=0, (ii). 2=1, (iii) x= -1, 
(iv) «=2, (v) x=3, (vi) v=-3? 
8. What is the value of x3 —-22?+22~-—1 when 
(ijro=0, (i), Gn) 2= =1; 
(iv) «=2, (Vv) c=3, (vi) z= -3? 


9. Read off the simplest values of 


(i) 5-5(1-2). 
(iii) 2a? — (32? — 422), 


(v) 2(@ -1)+3(% -2)+4(x-3). 


10. Simplify 
= 6 2x- 8 
(i) 3 
ees 5a —5 
ear idl 
cis 9 4 2tl 
(v) 2 
i ae 32-3 
MOS a a 


92-3 


(ii) 6a +( -—3a + 2a). 
(iv) —2ab —(3ab — Tab). 


(viii) (a+b —c) -(a—b-c)+(a-b+¢). 
11. In the expression az? + bax*y —2cay”? +2y3, what is the coefficient of 


(i) Yy 


(ili) a? 


(vi) 3(2a -1) -2(3a+1) +7, 


12. In the exprattion ax? —bu —c —bx*+ca +d, what is the coefficient of 


(i) 2, 


(ii) x? 
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13. What is the sum of 
(i) 3a and —7a. 


(iii) 3. -5 


[cHaP. 


(ii) 2a, —5a, Ta. 


: a 
9? — 9 &. (iv) ar ES °° uv. 
(v) Fe. (vi) 2-22, 2¢ +1, 


(vii) 23-32", 322-42, 4¢+1. 
(ix) 3(a@-1), 4(x-1). 
(xi) $(@+62), %(4+bz). 


(xiii) 22(b-c), 22(b +c). 


(viii) 22-32, 1-22. 


(x) 3(2-3), $(x-3). 
(xii) $(a+6),. 4(a—4). 
Br ol! 1 
(xiv) ait +2), git). 
14, Add together 
(i) e-2y+3z, 2e+y—-32z, x-2y+z. 
(ii) v7 -2¢+1, 3u—-1, 222-2. 
(ili) 2(a-b+c), 3(a+b-c), 4(b+c-a). 
(iv) 23 —4a®y + 5ay?, 32°y -2ay2+y3, —2ary?-y%. 
(v) 303 —72*° +52, 23 -—Tx+2, 3x°+2a —-7. 
5a 3b Tc 7b ¢ a_ 


(vi) ie tor Sao ta 


y 3c 
4.02? 6 aha ay 


15. In each of the following cases, subtract the second expression from 
the first : 


(i) #, —32. (ii) a, -—ay. 
i (iv) 0, 2% -—3y. 
(v) -a%e, —3a%x. 
(vii) 2(~?-—1), 2a? -2. 
(ix) 3(@-—2), 7(a%—2), 
(xi) a, 3a —20. 
(xiii) a -1, 2-1. 
(xv) 4(t-y), 2(v-y). 
(xvii) 3(a? —3%+42), 3(2 -—32). 
(xix) 7(%-—y)—2, 5(@-—y) —32. 


(vi) a+3b, a—5b. 

(viii) a—b+c, b+c-a. 

(x) 3a, 2a-6. 

(xii) a? -3x-2, 2% -5a4+4. 
(xiv) 5%5 —62?+3, 22-52 +2. 
(xvi) 5(2a—b), 7(2a —b). 

(xvili) c(a +b), c(a—b). 


16. In each of th following cases find the excess of the first’ expression 
over the second : . 
(i) 2a, -—2a. (ii) 7a, 4. 
(iii) -—3a7, - 2a, (iv) -3a%x, —5ax. 
(v) 6-2, a. : (vi) 2(a-—6), -—2(a—b). 
(vii) 2° —7a?, Tx? -5, (viii) —5(a? —b?), 2(a* —6?). 
(ix) 3 times 141, twice 141. 


(x) 5 times 24, 3 times 23. 
(xi) 4 times the square of 9, 3 times the square of 9. 


(xii) 5 times the cube of 2, twice the cube of 2. 
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17. Simplify the following : 


(i) —2a x 30. (li) —2a~+2a. 
(iti) — a x $2. (iv) {a?a+Tas. 
(v) gab?c x 2a%bc?. (vi) —?ab?— —1ab. 
(vii) — 3395 x pu". (viii) 23a, 
2,0 4c D252 8 
(ix) 3a x 3 x % (x) {2°y+ Say. 
(xi) —spax ex — 2x. (xii) —2? x a?—az. 
(xiii) (- o x ( a (xiv) (-—a>)+(-a)4. 
(xv) (-a’*) xa. (xvi) (-—a)? x (-a)? +a’. 
18. Read off the products of the following expressions : 
@) SY, 1229, (ii) SS . 182 
(iii) 124%+162-8, 4. (iv) 1223 — 62? +92, = 
ie es a 2. (vi) 3a? -22+1, 32, —2z. 
19. Multiply out: 
(i) (1 +2) (1-2). (ii) (1+). (iii) (1 —22)?. 
_ (iv) (a +26)? (v) (© +3)(%+5). (vi) (7-3) (~+2). 
(vii) ( — 2y)(x — 3y). (viii) (3a +1) (3a -1). (ix) (5 —p) (6 —p). 
(x) (a? —3) (a? +3). (xi) (8a —5) (3a +5). (xii) (a22 +1). 
(xiii) 2(x —4)(x +4). (xiv) (2? +3y) (2? +2y). (xv) (1 -2x)(1 +42). 
(xvi) 4(2a+46)(a—26). (xvii) $(3+6x)(1+2x). (xviii) $(2a+2x)(2a—22), 
(xix) 4(a—})(a+)» (xx) 9(a? -1)(a? +4), 
20. Give the following expressions in their expanded form : 
(i) (3a — 20)? (ii) (2a —y)?. (iii) (a7, —2)?. 
(iv) (2+5)- (v) 4(@-2). (vi) (2-4) 
(vii) (7 —x)(3 +2). (viii) 3(5 —x)(5+z2). (ix) 2(%-y)?. 
: fx © ey ° e 
(x) (v+c)(z-a). (xi) 6 (5-1) (5-1). (xii) (a —%) (x +2). 
(xiii) (a —2x”)(a +42). (xiv) (aw—1)(ba-1). | (xv) (83a —+)(3a+4). 
(xvi) 9(2¢%+1)(2e-—3). (xvii) (5% -3)(2%+3). (xvili) (3a +7) (5x —2), 
(xix) (32 +2)(5¢+1). (xx) (7x —3y) (2a +y). 3 


21. Read off the coefficient of x? in the products : 
(i) (x2 +2a+1)(x+1). (ii) (2% 3a +4)(2x -1). 
(iii) (6x2 — 52 +2)(3a -2). (iv) (a3 2c) (x +4). 
22. Read off the coefficients of x in the above products. 
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23. Read off the quotients in the following : 


A a een 4a3_ Ta be 
(i) 4. Gi) Sr CB) abo” 
2 007k 24p?qr? -27p’¢* a 
(iv) a7. (v) éptar (vi) 7 De 
aa ., 3a%x —4aa* 
(vii) (6ab — 8a?) + 2a. (viii) (—9a° —3x)+ —32. (ix) Oe 
12ab*c — 16a%bec ab —b?e + bc? <., 42? — 92 
(=) Se ie = —b a oy 
x) A é a2 — 2a 
(xiii) ie ae (xiv) 4(a —b)?+2(a—-6). (xv) oar 
5a? —10ab ., (a+z)8 27a*x — 5ax® 
(xvi) 35 (svi) (<vill) Sa 6a 
6a? — 4b? (a—2)* 
(xix) 507952" (5%) (@=a) 
REVISION PAPERS 
VI. b. 
1. What is the value of x? —-22+1, 
(i) when z=1, (ii) when 2=2, (iii) when x= -2? 


2. Arrange the following expression in descending powers of 2, and then 
collect like terms : 


3a — 428 +7u? +7 +20 — 328 + Qat — Ta? — 10, 


What is the coefficient of z°, and what is the coefficient of x? in the 
result ? 


3. Prove that 4+2(6-—3)=10, by two different methods. 


4. Find the sum of 6a-—(2a-—6) and b-(3a—26); and subtract a—-—2b 
from the result. 


5. Multiply 2%+5a by 3a -—4a, and find the continued product of a, x—a, 
> @+a. 


6. Write down the quotients in the following cases : 
(i) 7a8 a. » (ii) —9a3 +32. (iii) (2a8 — 3a*b + 4ab?) =a. 
7. Divide 622 —52y+y by 2a-—y, and check your result by multiplication. 


VI. c. 
. What is the value of 2? +27 +1, 
(i) when «= -1, (ii) when + =2, (iii) when x= —-2? 


. Arrange the following expression in ascending powers of qa, and then 
* collect like terms : 


a*b* —'7a%b + 5abS + 4a%b — Zab? + at +644 4a2b2. 
What is the coefficient of a® in the result ? 
. Prove that a —2(4a —-a)= —5a by two different methods. 
4, Subtract 4a? —5 from the sum of 822 -(%+1) and # +222-5. 


_ 


tS 


oo 
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5. Find the product of z-3a and x+3a; and the continued product of 
,. @,%—2a, x+a. 
6. Write down the quotients in the following cases : 
(i) -—7a?~+ —T7zx. (ii) (-—S3ax+27)+2. (ili) a*bc—( —a)?*. 
7. Divide 6a? — ab — 126? by 2a —38, and check your result by multiplication. 


VI. d. 
1. What is the value of a? —5ab + 602, 
(i) when a=0, 6=1, (ii) whena=-1,6=1, (iii) when a=20? 


2. Arrange the following expression in descending powers of 2; then 
collect like terms, and find the value of the expression when w=1; 


: x —T — 827 +423 + 22 — 32° +52°+6, 
3. Simplify the expressions : 

(i) 5(e-3)-3(z-2)-(22-9). (ii) = Bea rab 
4, Take 4c —26 from the sum of 2a —3b —4c, a+2b —3c, and 5b —-2a —2e, 
5. State the results of the following multiplications : 

(i) (-a)*(-6)?. (ii) (—a@?x)*(ax)®. (iit) ( — a*be) ( — ab*c) ( — abc), 
6. Multiply 3z+12a by 2% -—3a, and divide the result by 2 +4a. 
7. Multiply 7p -9q by 3p +4g, and check your result by division. 


/ 


VIL. 
1. What is the value of (x +1), 
(i) when x=0, (ii) when z= —2, (iii) when x=3 ? 
2. Use squared paper to illustrate the following : 
(i) 7-5 =2. (ii) 7-2 -8=-3. 
3. Simplify the expressions : 
(i) ta~2(x-$) +4(2+5). (ii) 2° — (2-2) +3(a* -2 — 52). 


_ Find the value of the second expression when x= — 2. 

. Subtract the sum of 2%7-—3(a-1) and $e e 2) from the sum of 
5a? — (2 —2) and 2? -2(%+1). 

If X stands for x—a, and Y for 2%+a, find the "Product of X+Y and 
X4+2Y. 

. Divide az? —5ax+6a by x —2. 

. Find the remainder when 14a? -27xy +3y? is divided by 7x —3y. 


Nit, 
1. What is the value of (22 —a), 
(i) when z=0,a=1, (ii) e=-1,a=—2, (iii) when e=2,a=4? 
2. Use squared paper to illustrate the following : 
(i) 2a +5a -3a=4a. | (ii) a-7a+3a= -3a. 
3. Simplify the expressions: | 
(i) (a? -4a@ -21)+(a+38). (ii) 4(@- 1) -$(@-1) - $(@-1). 
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. Find the value of the sum of 2*-3a(x-1), 2?+2(z-1), and 
x — 2a (x% —x*) when 7=2. 

. If X stands for’ 2x—a, and Y for x+2a, find the product of 2X+3Y 
and X-Y. 


. Multiply 52? -2(a*-a) by 2a -3(a — 22). 
. Divide 10 (a -2ax) —3 (ax —4a*) by 2x —-3a. 


VI. g. 


. What is the value of a? — 3b? —2ac, 
(i) when a=0, b= -1, c=1, (ii) when a= —2, b=2, c= -3? 
. A man walks 4 miles East, then 7 miles West, then again 5 miles Kast. 
How far is he then from his starting point? Mlustrate with a 
diagram. , 
. Simplify the expressions : 
(i) (a° — 3aa? + 3a2x — a’) +(x -a). 
(ii) a(a—2&) ~5 (2a —2z) +5 (3a — 62). 
. If X stands for az? +5ba%+5c, and Y for az* — 6bx — 6c, find the value of 
6X+5Y. 
. Find the expanded value of ap —bp when p stands for 2a — 30. 
. Write down the results of the following multiplications : 
(i) (2% —a) (2% +a). (ii) (zw? —3) (x? +3). (ili) (a — p?)(a +p). 
. Prove that [(x? - 62 +9)+(«-3)] +[(y?+y -6)+(y -2)]=a+4+y. 


VI. Lh 
. Find the value of (a +6 —c)? +(b+¢-a)?+(a+c-6)2, 
(i) when a=b=c=3. (ii) when a= —6=c=2. 


. What must be added to 2?-3xz(%-1)-1 to make it equal to 
x +3a(%+1)+1? 


3. Find the sum of 3(% —a)+2(y-a) and 2(x+a) —3(y +a). 


 ) 


. If X stands for x ec and Y forz—- 3 find the product of 3X +2 Y and X. 
5. Find the values of 522+2-3 when a= -2, -1, 0,1, 2. Tabulate 
your work. ‘ 

. Find the continued product of (x —2y), (w+2y), (x —2y). 
. Divide 2a°2? +6apx +agx+3pq by 2ax+q. 


\ 


VI. k. 
. Find the value of (2% —y)? - (38y —2)?, 
(i) when z= —-1, y=2. (ii) when «= -1, y= -2. 


. By how much does 52? -2(%+3) exceed 3(22-2)+2? 
Subtract a(b+c—a) from the sum of 6(c +a —b) and c(a+b-c). 
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4. If X stands for a(x+y), and Y for 6(x-y), find the values of 
>. ¢ ey’ 
ab Gy in 
5. Find the values of 322-52+1 when x= -2, -1, 0,1, 2. Tabulate 
your work. 


6. Find the continued product of x—a, x+a, x+a. 
7. Divide 46x? -5bx -16cx+20c by ba —4c. 


CHAPTER VII 
SIMPLE EQUATIONS WITH ONE UNKNOWN QUANTITY 


40. When we express algebraically the fact that two ex- 
pressions are equal, that statement is called an equation. 

Thus 2a — 3b = — 3b + 2a is an equation. 

Moreover, the above equation is true for all values of a ae b, 
the symbols used. 

On the other hand, the equation +3=5, is evidently Pi! true 
when x is equal to 2; x—3=0 is true only when z is equal to 3. 

An equation which is only true when the symbols have certain 
particular values is called a conditional equation, or an equation 
of condition. 

An equation which is true for all values of the symbols used is 
called an identity. 


Simple Equations of Condition. 

The two parts of an equation on either side of the sign of 
»quality are called its sides or members. 

We see that the equation z—4=0 is true when z=4. 

The value 4 is said to satisfy the equation. 

The process of finding that value of z which will satisfy an 
quation is called solving the equation. 

An equation which, when simplified, involves one symbol in the 
irst degree only is called a simple equation with regard to that 
ymbol, and the symbol used is called the unknown quantity. 

The value of the unknown quantity which satisfies an equation 
3 called a root of the equation, a solution of the equaticn. 
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41, It will be scen later, that the solution of equations is a 
most important branch of Mathematics. 
In the case of Simple Equations with one unknown quantity 
the process consists mainly in the use of four axioms. 
(1) If equals be added to equals the sums are equal. 
Thusif =a, 2£+2=a+2. 
(2) If equals be taken from equals the remainders are equal. 
Ifa=b, «2-5=b-5. 
(3) If equals be multiplied by equals the products are equal. 
If za, 3x4=3da. 
(4) If equals be divided by equals the quotients are equal. 
If 52=10, wv=2. 


Examples. VII. a. 
Find the yalues »f # which satisfy the following equations : 


1. 22=6. 2. 32=9. 3. 5a=20. 4, 4e= -20. 

5. 17z=51. 6. lic= —33. 7. —2#=6. 5." 17=0: 
ae ey tee fo Peta 

9. -3r+-15. 10. 5=1. 11. 5=4. 12. -5=4. 

13. = 4) 14, -4x=0. 15. 22=5. 16. 83¢=7. 

a aa xl 3x 6 

17,22 zi 3x _6 ¥ 
3 <6 18. 5=5. 19. F=5. 20. 15a=10. 
e ol aime oe oe 52a 6x ‘ 

PAIR 6 12° oo: [3-15 ede |G 710. 24, 5 = 718. 
3 5a. 15 

25. <F=0. 26. -=a7- | 27. Gu-2Q7=12. 28. 2x —5e=9. 

29. -—6a+7x=7-5. 30. 7+227 —6x=0. 31. 9x —S5x= —36 +30. 

32. -—lla+7*«= -—8+4+12. 33. «2 —5a —42= —16, 

34. "Ix -22 -a=19 -3. 35. -3x —4¢ —Tx= —48 +20. 

36. 15¢—-3a+2=57-11. 37. Te+a—5a=—21-1644. 

38. -2-20 -8a= -7-4-10. 39. lle —5a+6x= —35+11. 

40. -5¢=1. 41, -27=4. 42. *7%=2:1; 43. -3a=-2. 


44, 52 =:05, 45.78 ="2 loot dG, = Sas -24, 


vu.] SIMPLE EQUATIONS 49 


42, Example 1. Solve the equation 32 +2 =22 —72. 
3% +2=22-—Te. 


Adding 7x to both sides, 32+7x+2= — 7a+72, , (Ax. 1) 
te. 102 4+2=22. a 
Taking 2 from each side, 107 +2-—2=—22~-2, (Az. 2.) 
. ie. 102=20. 
Dividing both sides by 10, =a (Ax. 4.) 


. 2 is the reqd. root of the equation. 


To verify the fact that 2 is a root of the equation 3x+2=22 —7x. 
When z=2, 3242=3x2+2=8. 
Bsc: winwa ad oh 22 —Txz=22 —-7x2=22 -14=8. 
. kee 3x +2=22 —7z, i.e. the equation is then satisfied. Q.E.D. 


Examples. VII. b. 


Solve the following equations, giving reasons for each step, and verifying 
each solution : 


1. t=6— 22. 2. 3x2=12 +22. 3. 40=42—27, “4, 5=16 — Tix. 
§..17-7e=-4. 6. —5ea=-—6x4+12. 7. 34-—4=0. 8. 62+18=0. 
9. 4x -6=32 -6. 10. 5¢-13=72-13. Tl. 52 +6=22 +12, 
12. 82 -12=27+2. 13. 22+5=35/—42. 14. 132 —21 =12a —24, 
15. -22-4= —52r+11. 16. 17x -—35=132 -19. 

17. 62+15=92+413 —5z2. 18. 5 -Gxe-6=72-1. 

19.9-—32=6 +22 -12.° 20. 37+4+2x7%+6=0. 


{When denominators occur, multiply both sides of the equation by the 
least common multiple of the various denominators. 
This operation will clear away the fractions. 


32-4 5 
Thus if “0 Te" 
multiply both sides by 60, 
10 * (3% — j=5 x 60, 
br”. ieeeeeetine “. 18¢—24=25.] 
ee 20_5 as he oe 1's 
21. 3-3: PAP he 3.46" 23. 9 — Zhe 24, ae Aaa 
5a -3 : Dipl 
Bt —2 26 =a 27 ree 28. 4 g=0 
Wig 13 ame in Sy 31 20-5 32. 3(2—1)=3 
| Slee) aaa a ale 7 eds 
zl 2e-1_ 3e+5_, 20 5 
33. el : 34, 3 =F 35. | 7 ae: 36. 3 570: 
57. 6(a% —3) =0. 38. 3(x+5)=0. 39. 3(x-10)=0 
10. 5(2a —7)=0. 41, 3(3a+7)=0. 42. $(6a—15)=0. 


x 
3. 42 (19% — 27x) =0. 44, Ar (5 1)=0. 


B.B.A. D 
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43. Let us consider the equation 2x+5=10—4r. 

Adding 42 to both sides, 22+4x+5=10. | 

[N.B.—The result of this operation is that — 4x disappears from 
the right hand side, and appears on the left, with its sign changed.] 


te. 62+5=10. 
Taking 5 from each side, 6x=10-5. 


[N.B.—Again, the result is that 5 disappears from the left hand 
side, and appears on the right, with its sign changed. ] 
We therefore deduce the following most important rule. 


Any term may be transposed from one side of an equation. to 
the other by changing its sign. 


Example 1. Solve the equation 3¢-—4+52-4=3x-10+7x+16. 


Transposing.so that we have all the terms containing x on the left, and _ 
the other terms on the right, 


_ 8a+5e-32-Txe= -104+164+4+4, 
i.e. 8-102 =24-10, 
—2z=14. 
Dividing both sides by -2, x= —7, the required solution. 
Verification. When x= —7, the left side , 
=-7x3-4-7x5-4= -21-4-35-4= - 64. 
When x= —7, the right hand side 


=-7x3-10- tate LO 2) Site 49+16= —64=the left hand side. 
Q.E.D. 


Example 2, Solve the equation x? —- 8x +423 =2(#-—3) -2(%—4)+3. 
Removing the brackets, 2? - 8% +23 =a —3a —-2x4+8+3. 
Transposing all the terms containing x, or powers of x, to the left, and 
other terms to the otae 
— 8x -2°+3x+2x%=84+3-23; 
ie. —8x4+5e= -23+11, 
—3ze= -12. 

Dividing both sides by -—3, x=4, the required solution. 
Verification. When x=4, ; 


the left hand side=4 x4-—8x4+423 : 
=16 -32 +23 =7. 
When «=4, the right hand side=4(4 —3) -2(4-4)+3 
=443=7 
=the left hand side. Q.E.D. 
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Example 3. Solve the equation 
(a —1) (+6) =(x -—2)(x-3) +3. 


. Multiplying out, +52 -6=2?-52+6+3. 
Transposing, a +52 -—2°+52=646+3, 
. 10e=15, - 
z=1}. 


Examples. VII. c. 
[The beginner ts advised to verify each solution.]} 

~ Solve the following equations : 

1. 62-18 =42 —8 —3x+5. 2. 102-10 -—6z -27=3. 

3. 242 +10 - 20x +100 =5a +96. 

4, 6x -18 -127+60=32+3 -8xr+17. 

5 

7. 


. 128-18 -324+3-42=0. 6, 62 +18=42 -8 +32 -2. 
. Te +15 -344+4=22-3. 8. 5(z-1)=4 (2-2). 
9, 32 —(2x-5)=12. 10. 3(32+1) —(a-1)=6(x+10) 


11. 3(2x+5) —4(x—3)=5 (3a +2) -4. 
12. 11(a-2) -2(4 -3z) —4(1 — 2x2) =17(x-1)+7. 


13. 2(z+4)=2? +36. 14. (x+3)(x —2)=2? - 26. 
15. 2?+8=(2+2)%. 16. x(x —2)=2? —4. 

17. 2a? -7=2 (2% —3). 18. 327-5 -—x(3%+1)=0. 

19. (w+1)(~+4)=2(%+2). 20, 2(2-—1)(%+1)=22? -—4z. 

21. (x -3)?=22 +42 +29. 22, (2 —4)2=(x -1)?-3. 

23. (2 —2)2=(x —5)? - 15. 24, (x-3)(x+3)=(x +4) (x -—7) +40. 


25. a(a-9) -4=(x-7)(x+7). 
26. 2(a —6)(x+6) +12 =(22 —1)(x —8). 


44, When the equations are in fractional form, the fractions 


should be cleared first. 
Example 1. Solve the equation it ; =} - at i 
Multiplying both sides by 20, the L.c.m. of 4, 5, and 2, 
52+12=5 -4x+70. 
Transposing, 5a+4¢=5+70 -12, 
9x =63, 
e=7T. 
: , 3.4 23 = 
Example 2. Solve the equation 5* 10s" Be 1. 
Multiplying both sides by 10, 
3x2e+4=23 «24102, 
62 +4=46 +102, 
62 —-10”%=46 -4, 
-—42%=42. 
Dividing both sides by -4, w= -42=>-21= -10}. 


‘ 
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Verification. When 
the left hand side 


8 
ll 


+ oe 
dee 
pl 
| 
te 


Il 
| 


D VWSe ones | 
iv) 

| 

aed 

| 

len 19 

o 


& 
a 
1 
He NY : 
ae 
| 
to 
of? 
ah. 
—_ 


\| 


eS 


When «= — 103, the right han 


=the left hand side. Q.E.D. 


x-3 2-5 w+l w-4 
Pr eee 
Multiplymg both sides by 24, the L.c.m. of 4, 2, 8, and 3, 
6 (a —3) —12(%-5)=3(%+1) -8(x—-4), 


Example 3. Solve the equation 


0:6: Gz —18 -12%+60=3x2+3 -8x+32. 
Transposing, 6x — 12% —-3x+8%=3+32418 -60, 
1.8. -%=-7, 
: : tt he 
Verification. When 2=7, the left hand side =473 -755=1-1=0. 
When x=7, the right hand side=7+1-—7=4, 
=]-1=0 
=the left hand side. Q.E.D. 


Useful facts to note in connection with decimals, 


\ 4 id AA : 4 ff 
4x =e oe 2 a 
Tee 8 
Thus 55 =—z-=28. Also Toe iz = 8x16 
Toh AOb nies: 5 (ae be Boge 
025. 40x -025° 75 4x-75 3° 


Example 4. Solve the equation ~ ee =3°3, 


“125 125 :. 
8(@+:15) 4 (a —-25) _ 
I sapare hay eie =3:'3, 
8a+1:2 —4a4+1=3°3, 
40=3'3 - 2:2, 
i 4x7 =1:-1, 


e2=°275. 
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Examples. VII. d. 


Solve the equations : 


1. §-5=8 2, 22841. 3. Fae 4, 
5. Faz 4. 6. 5+g=gt5h 7. 5-48 4+30=20418. 
5-6-0. |. 9 = SA7hg io, #73_2—? 
11. = ose 12. aie za) 1 
3,.2-2=79 1, 14 742-9042 15, S12} 
16. igo 2 228. : 17. Set Be 8 ett 
18. oot to ee B Ho. -. 19, 2(2-3)-2(2-4)=1. 
29. FF ug -2t2 5-5 a1, 227 4 paw) 
29, 1-2-2, 248 23, 224.2? _g, 
24, 8 ea 120-9 25, $(4e -1)-4 (3x +2)=64+2(5r - 2). 
28. gr dG +a)422=0. 29, Be = _ Te 8 Set 83-0. 
30. br Ph age Sy 7, a, F_2=S_ § (4 4 9) 8 
82, 1(32+5)-2(27+7)=%-10. 33, EM _Se NTT 
34. 1 (2x +11) —1(5 62) =Te +12. 
35, 82) _9(¢_9) Seth 53 EE | 
36. 7 ~1(E-2)=10(e +8) -2. 37. Sin tap aaa 

§ _5n48(2+})=40 +3}. 39, 1}-3(3 -2)=3(2-2), 

1 


(2-5) +4(# - 3) = 9, (5x -3). 
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42. 
44, 
46. 
48. 
50. 
52. 
54. 


56. 


58. 
60. 


Ce 
64. 


66. - 


67. 
68. 


69. 


70. 


71, 


Solve the equations : 
s=7 e=—1t 2 =10 


S593 ay ar eae) =2. 43. 4(5a+1)+}(v+3)=2. 
3z4+5 21+2% 5g =388— 2) iz fo. 
= ae +54 —39=—3—.- 45, 7 Siero 2 5 (47 +2). 
4 -3 ” +2 Ss vc 38 
- 772 =23-FS. 47, 432 -4)-2(5-3)=so Ge +3) 
- Ba+1 2x+1 
$e-H)-Fe+gtgqo, 49. “eal. 
35x xt+3 x+4 x+5 «+6 
19 —3(14x%-—31)=4 5t-35 51: 7, Ee ee Se 
ae daa Ga 53. 4(«+2)-3(«-6) = 7(%- 4a 
2 x-4 3x-2 22451. De a8) oti tle 
78-3 (20-7) =be 4" --— =. 56, Sp a. 
#e-1) + FTE 18. 87 te B= edd. 
1:44:32 =:52—-1°7. — 59. 09a -—-Ola=-14 —-06e. 
03a +:02 =-17 — 07x. 61. -004x + -412 =-0072 — -008. 
eit x x 
5757 48 63. 95 = 775 0 
x-1 #-2 Qx-3 3x-4 
cs 125 =4-2. 65 5 = 125 7 24, 
252-025 I-45, 
“E25 iit 9 91525 ‘ 
What value of x will make te 3x) (7 —2x) equal to (11 —6x)(3 —2x)? 
Loe Seo 
What value of « will make 4 nas ae 18 equal to the fraction aq? 
Under what circumstances is 


(w+3)(%+4) equal to (+5)(%+7) ? 
Simplify the expression (x% — 2)? —(#%—3)(#-1). 
What do you dedute about the equation (x — 2)? —(a—3)(~-1)=0? 


Go through the process of solving the equation 
(2% -1) (3% —4) =(6%-—5)(x-1). What do you deduce ? 


Approximate Solutions. 


45. In finding approximate values, 
One half, or more than one half, counts as unity, 
4.0; 3D etn wet +O ome amoyew swash ukeepemeaie fs 
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Phas = 3-TAG D6 2: osldes oes de oSikaceeetae : 
x=3-7 correct to one dec. place, 
OT ius es two dec. places, 
SEA Seecek SHES see as : 
=3-7453 ...... es ne 
In solving the equation Tx =25, . 
dividing both sides by 7, 2=3-571428.......... 


*, a=4, to the nearest integer, 
=3-6 correct to one dec. place, 
BDI. pets. dest AW Oss3& 50 places, 


Thus, in approximations, if the first figure neglected is 5 or 
more than 5, increase by one the last figure retained. 


Examples. VII. e. 


Find approximate values of x in the following equations ; 

1. 10(x —1) — 6x —26 =3, correct to the nearest integer. 

2. 5(x-—1)=11(zx —3), correct to one dec. place. 

3. 322 —7 —3x(x +3) =0, correct to two dec. places. 

4, (x —2)?=(a —5)?+5, correct to two dec. places. 

5. (a —3)(x+3)=(x —7)(x+7) +72, correct to two dec. places. 
6 


: 7=5 — 5, correct to the nearest integer. 

7. tae correct to two dec. places. 
8. oa < : 2+ =14, correct to two dec. places. i 
9. Ses +23 = 2 =0, correct to two dec. places. 


10. + (3% +5)- 3 (2a +7) =F —2, correct to two dec. places. 


3 35 
11. 43 -3(14% - 31) =5 7 correct to two dec. places. 


12. ee + +262 correct to two dec. places. 
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CHAPTER VII 
SYMBOLICAL EXPRESSION 


46. Algebra is largely used for solving problems of various 
kinds, but before attempting this the beginner must learn 
how to express given statements symbolically, 7.e. in algebraic 
form. 


Let us,take a few simple cases. 
There are (3 x 4) ft. in 4 yards. 

Thus we see that there are 3e ft. in w yds. 
There are (20 x5) shillings in £5. 
Hence there are 20z shillings in £2. 


There are (12 x 7) pence in 7 shillings. 
There are 12x pence in @ shillings. 


Just as 2’x 6 is a number which is double of 6, so 2a represents 
a number which is double the number represented by a. 


The number which is 3 greater than 6 is 6 +3. 
The number which is 3 greater than z is 7 +3. 
The number which is @ greater than x is x+a, 


7 buns at 2 pence each, cost 7 x 2 pence. 
Hence x buns at 2 pence each cost (x x 2) pence, #.e. 2x penca, 
235 shillings =(235+20)£ ; 
(  *. w shillings =(~—+20)£ 


=f 
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14 pounds and 6 shillings are the same as (14 x 20 +6) shillings. 
' In the same way x pounds +y shillings = (20”+y) shillings. 


6 pounds +5 shillings +4 pence=(6 x 240+5x12+4) pence. 
.. « pounds +y shillings +z pence =(2402+12y +2) pence. 


If 13 articles cost 54 shillings, each article costs $4 shillings. 


is 

LES eee Ee a cate re: 
x 
y 

0 as Ree eee ee ee » .ccartiles See nt. otters ~ 


An even number is a number which has 2 for a factor. 


.. if @ is any whole number, 
2z is an even number. 
*, ff zis any whole number, 
2x2+1 is an odd number. 
2z—1 is also an odd number. 


47, Example 1. “What is the cost of a articles at b shillings each? 12 
articles at 3 shillings each cost 12 x 3 shillings. 
. by analogy, a articles at 6 shillings each cost ab shillings. 
ee 2..A man walks x abe an hour, How far does he walk 
in y hours? If he walks 4 miles ar hour, he will walk 4 x 6 miles in 6 hours. 


i by analogy, if he walks x miles an hour, he will walk xy miles in 
y hours. 


Example 3. A man has x crowns and y florins, how many shillings has 
he? w crowns=5a ae iapee and y florins =2y shillings, 


. he has (5a +2y) shillings. 


Example 4, If I test z shillings out of £y, how many pence have I 
ee 2 £y=240y Bence; and x shillings =12z pence, 


. Lhave (240y — ~ 122) pence left, 


Examples, VIII. a, 


1, One part of x is 20: what is the other part ? 
2, One part of 35 is y: what is the other part ? 
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. What number is less than x by 20 ? 

. What number is less than 34 by x ? 

. What number multiplied by x will give 56 ? 

. What number divided by 2 will give 35 ? 

. If 16 is less than x by 5, what is the value of x ? 


. The sum of two numbers is z, and one of them is 23: what is the 
other ? 


9. Tho sum of two numbers is y, and- one of them is x: what is the 
other ? 


10. The difference of two numbers is 13, and 2 is the greater: what is 
the other ? 


11. How many times is x contained in 78 ? 
12. How many times is y contained in x ? 
13. How many times is 3a contained in 56 ? 


14. I have £z and give away y shillings: how many shillings have I 
left ? 


15. The sum of three numbers is 96. One of them is 2, another y: what 
is the third? . 


16. The sum of two numbers is a+50, and one of them is 3b: what is 
the other ? 


17. The difference of two numbers is 2—y, and the greater is y: what 
is the other ? 


18. If a book costs x pence, how many can be bought for y pence ? 
19,: If a penknife costs x pence, how many can be bought for y shillings ? 


20. I gave x shillings for y pencils: how many pence did I give for 
each ? 


21. If I spend z half-crowns. out of a sum of fy, how many shillings 
have I left? © 


22. What number exceeds x by 4 ? 
23. What number exceeds 4 by x? 
24. By how much does 20 exceed a ? 
25. What number is less than 40 by a? 
26. If 75 contains x three times, what is the value of x ? 
27. If x oranges cost fourpence, what is the price of one ? 
28. I am x years old now: how old shall I be in 7 years ? 
How old shall I be in y years ? 
How old was I 11 years ago ? 
29. Find a number half as great again as a ? 
30. If I walk # miles in 6 hours, how many do I walk in one hour ? 
How many do I walk in y hours ? 
How long do I take to walk one mile ? 
How long do I take to walk y miles ? 


31. The sum of two numbers is a+b; one of them is a—b; what is 
the other ? 


32. I row x miles at the rate of y miles an hour: how many hours do I 
take to do it ? 


ont oO 
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33. What is the value of x eggs at 3 pence apiece ? 

34. What is the value of x eggs at 3 pence a dozen ? 

35. By how much does x —5 exceed x -7 ? 

36. If eggs sell at x pence a dozen, how much does each egg cost ? 

How many will you get for a shilling ? 
How many will you get for y shillings ? 

37. If 3 lbs. of sugar cost 8 pence, what will x lbs. cost ? r 

38. If x lbs. of sugar cost y pence, what will z Ibs. cost ? 

39. Write down three consecutive numbers of which n is the least. 

40. Write down three consecutive numbers of which n is the greatest. 

41. Write down three consecutive numbers of which x is the middle one. 

42. The greatest of four consecutive numbers is »+3: what are the 
others ? 

43. Write down five consecutive numbers of which the middle one is n. 

44, What ii the cost in pounds of x cakes at y shillings apiece ? 

45. By how much does 3x -y exceed x+y? 

46. What number added to a —36 will make'a+b ? 

47. A bill is made up of £a, 6 shillings, and c pence: what is the total 
number of pence in it ? 

48. A train travels at the rate of x miles an hour: how many yards 
does it go in a minute ? 

49, How far is it from A to B, if a man, bicycling at the rate of 10 miles 
an hour, does the journey inz hours? ~ 

50. A horse eats x bushels a week. How many days will it take him to 
eat 76 bushels ? How many days will it take y horses to eat the same 
amount ? 

51. What is the maar which exceeds one-quarter of x by 25? 

52.. Write down five consecutive numbers of which 27-3 is the middle 


one. 
53. Write down five consecutive odd numbers of which 27-1 is the 
middle one. 
54, What is the area in square feet of a room a feet long and 6 feet ° 


wide ? 
55. The area of a room is x square feet and its length is y feet: what 


is its width ? 

56. A square has sides x feet long: what is its area ? 

Express the following statements in the form of equations : 

57. The excess of x over 20 is y. 
. 58, Three times x exceeds y by 25. 

59. The sixth part of x —8 is equal to the seventh part of 27 +3. 

60. Three times x — 4 is equal to five times 7-1... 

61. There are z shillings in £y and z florins. 

62. There are a pence in £6, c half-crowns, and d shillings. 

63. The product of two consecutive numbers, of which x is the 
greater, is y. 

64. The product of three consecutive numbers, of which « is the middle 
- one, is a’. 
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65. A is x years old, B is 5 years older. The sum of their ages is y. 


66. A man is x years old, and his son y years younger. The sum of their 
ages is a years. 


67. A has £z, and B ‘Ly. After B has given A £a, they have equal 
amounts. 


68. When z is divided by y, the quotient is 15 and the remainder 7. 
69. When a is divided by b, the quotient.is x and the remainder y. 
70. The area of a room 2 feet long, and y feet wide is a square feet. 
71. The area of a courtyard, a feet by 6 feet, is x square yards. 

72, The product of x and y is three times the excess of a over b. 

73, The excess of x over y is five times the excess of a over b. 


Substitution in formulae. 


48. If r is the radius of a circle, and C its circumference, the 
two quantities r and C are connected by the formula 
| C=2rr, where 7 =32. 
(This is only an approximate value of =.) 
Thus if we know the radius of a circle, we can find its circum- 
ference. | 


Example 1. Find the circumference of a circle whose radius is 21 feet. 


If C denote the circumference,. substituting the given value of 7 in the 
formula C =2rr, 


C=2r x21 feet 

=2 x22 x21 feet, for r=22 
==2 x22 feeb 

=6 x 22=182 feet. 


Example 2, Given that the circumference of a circle is 99 ft. in length, 
find its radius. 


If r denote its radius, 2rr=99; 
. 2x22r=99, 


r= 


> 


7x99 mine 
2x22 feet 


=S8=15$ ie 
15 feet 9 inches. ; 


The area, A, of the floor of a‘room whose length is 1, and 
breadth b, is given by the formula 
_  Azeh cb. . 
Example 3. Find the area of a room 164 feet long and 10} feet wide, 
If A denote the area, substituting in the above formula, 
A=16} x10} sq. ft. 


= 88 y21_ 99% 7) 


y= 2 ONT = £95 (multiplying by factors) . 
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Example 4, Find, to the nearest inch, the length of the circumference 
of a circle of radius 6 inches. 


Let C denote the circumference in inches. 
Substituting the values of 7 and r in the formula 
C=2rr, 
C=2 x 22 x6 inches 


=4+ x 6 inches 


==$+ inches 
=37-7... inches 
=38 in. (to the nearest inch). 


Example 5. Given that the area of a circle (A) and its radius (r) are 
connected by the formula A=zr? when 7=22, find, to the nearest tenth of 
a square inch, the area of a circle of radius 3 inches. 


Ti A sq. in. denote the reqd. area, substituting the values of 7 and r’ 
the formula 
A=7r, 


A=22 x(3)?=22 x9'= 
=28-28... sq. inches 
=28-3 sq. in. (to the nearest tenth). 


; 


Examples. VIII. b. 


Given that the circumference (C) of a circle and its radius (r) are con- 
nected by the formula C =2zr,.where 7 ==, find: 


1. The circumference of a cixcle of radius 7 inches. 


Pidigewevicevece es pence neces eters t-casesera D INCHES. 
3, The radius of a circle whose circumference is 110 feet long. 
MEM One Bee Viena daeieidovcRe can sasecatesssses es Seeceseacete 12 feet long. 


5. The circumference (correct to a tenth of an inch) of a circle whose 
radius is 5 in. long. 
6. The radius (correct to a tenth of an inch) of a circle whose circum- 
ference is 16 inches long. 
7. The radius (correct to a tenth of an seat e of a circle whose circum- 
ference is 20 inches long. ° 
The area (A) of a circle is idea with its radius (r) by the formula 
A=7r, where r= 72, 
8. Find the area (correct to a tenth of a square inch) of a circle whose 
radius is 4 inches. 
9. Find the radius of a circle whose area is 154 sq. inches. 
The area (A) of a room’is connected with its length (/) and its breadth (5) 
by the formula A=1b. 
10. Find the area of a room 154 ft. long and 12 ft. wide. 
11. Find, to the nearest foot, the length of a room whose area is 246 éq. ft. 
‘and width 11 ft. 
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12. Find, to the nearest inch, the length of a room whose area is 
112 sq. feet and width 9 feet. : , 

If A is the area of the walls of a room,-I its length, 6 its breadth, h its 
height, A=2h(1+6). ; 

13. Find the area of the walls of a room, 10 ft. high, 16 ft. long, and 
12 ft. wide. ‘ 


14, The area of the walls of a room is 750 sq. ft.; its length is 18 ft. 
and its breadth 12 feet: find its height. ° 5 

15. The area of the walls of a room is 650 sq. ft. ; its length is 18 ft. and 
its breadth 12 ft.: find its height.- 

The volume (V) of a cylinder on a circular base of radius r, and of 
height h, is given by the formula 


29 


V=rh, where r==2. 
16. Find the volume of a cylinder of height 7 feet on a circular base 
of radius 3 feet. 
17. The volume of a cylinder on a circular base of radius 7 ft. is 693 cubic 
feet: find its height. ; 
The area, A, of a triangle of height h, on a base 6, is given by the 
formula : A=thb. ; 


18. Find the area of a triangle of height 3 feet and base 2 ft. 3 in. 


19. A triangle of area 36 sq. ft. stands on a base of 10 ft.: find its height 
to the nearest inch. 


If a body falls freely under the acceleration, g, of gravity for t seconds, 
the space (in feet) it falls through is given by the formula 


S=gt?, where g=32. 
20. Find the space a body under the acceleration of gravity falls through 
in 6 secs. 


21, Find how long a body under the acceleration of gravity takes to fall 
through 144 feet. 


If a body, starting with a velocity of w feet per second, and moving under 
an acceleration f, acquires a velocity of v ft. per second in ¢ seconds, v is 
given by the formula v=utft. 


22. Find the velocity of a body in 7 seconds if it starts with a velocity 
of 3 ft. per second and moyes under an acceleration 4. 


a,a+b, a+2b, a+36 ... being a series of numbers, the value, p, of the nth 


is given by the formula p=a+(n-1)b. 
23. Find the twenty-first number of the following series : ¢ 
Fiton Diy tans : 


24, Find the twenty-fifth term of the series : 
: ws dy hells eae ee F 
If in a series of numbers the numbers increase by regular intervals, their 
sum is given by the formula 


n 
s =9(4 +1), 
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where S denotes the sum, n the number of terms, a the first term, and It 
last term of the series. eo a 


25. Find the sum of the first 25 natural numbers. 
26. Find the sum of the consecutive numbers from 9 to 31 inclusive, 


find the sum of the series: 

27. 9, 12, 15, 18 ... to 11 terms. 
28. 6, 10, 14, 18 ... to 12 terms. 
29. 97, 94, 91 ... 37, 34, 31, 28. 


Find the sum of: 

30. The first 43 even numbers. 

31. The first 21 odd numbers. 

32. All the even numbers between 5 and 51. 


Soe All the Odd. 3. <.2¥.-sc0seree.<onee 40 and 90. 
34, The first 17 numbers each of which is divisible by 4. 
5 ee oe PAM EGS SS Sone ee Ean ee 3. 
The sum (S) of the squares of the first » natural numbers is given by tha 
formula - g (nm +1) (20 +1) : ? 
5 ; 6 \ 


Find the sum of : 
36. The squares of the first 15 natural numbers. 
37. The squareg of ali numbers from 7 to 21 inclusive. 


38. The squares of all numbers between 12 and 35. 
The volume (v) of a sphere of radius 7, is given by the formula 
v=4nr?, where r=7,2. 
39. Find, correct to two decimal places, the volume in cubic feet of a 
sphere of radius 3 feet. 
40. The volume of a sphere is 4851 cubic feet: find its radius. 


41. A clerk starting with a salary of 100£, has a salary of 105£ in his 
‘ second year, 110£ in his third year, 115£ in his fourth year, and soon. By 
means of the formula in Example 23, find his salary in his twenty-first 


year of service. ; 


Tf when A is divided by B, Q is the quotient and R the remainder, 
A=BQ+R. 

42. A certain number when divided by 22 has a quotient 15 and a 
remainder 4: find the number. 

If two sides of a triangle, of lengths a and 8, contain a right angle, the 
third side c is obtained from the formula c* =a? + b?. 

[NV.B.—The above may be written, c? -a?=6, or c? ~b?=a?.] 

Which of the triaagles whose sides are of the fcllowing lengths will be 
right-angled ? 
43. 3, 4, 5 feet. 44, 13, 12, 6 inches. 43, 25, 24, 7 centimetres, 
46. 1-5, 2, 2-5 yards. AT, 1-3, 1-2,,-7 feet. | 48, 30a, 24a, 18a. 
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FUNCTIGNAL NOTATION 


When we speak of a function cof x we mean an expression 
containing x or powers of x. It may also contain constants and 
various symbols of operation. 


It is called an algebraic function if these symbols are only those 
of the algebraic operations, addition, subtraction, maulfiplication, 
division and extraction of a root. 


A function of may be denoted by f(x), F(z), (x yo or a similar 
form. 2a2+3x2+7 is a function of x: so we might write 


J (a) = 207 + 3a+T ; 

and f(4) would here mean the value of 227+3x+7 when 4 was 
substituted for a. 

Thus f(4)=2x44+3x447=51. 
f(Q)=2« 124+3x«14+7=12. 
f(-1)=2 x(-1)?+38x(-1)+7=2-34+7=6. 

f (0) =7, for 2 x0?=0 and 3 x0=0. 

Sometimes a function of x is denoted by another letter, usually 
the letter y. 

Thus, in the above case, we might write y=22?+3x+7. 

In such a case the student must be careful to express clearly 
what is meant when he uses different values of x. 

y=2x424+3x4+7 would not be sufficient. 
Write y=2x42+3x4+7 when x=4, to make it quite clear. 


Examples. VIII. b,. 
1. If f(x) =22 +3, find ‘he value of ee 
fi) f(5)5 ii) f(s Git) F(-1) 3 Giv) F(Q). 
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2. If f(x)=5x+7, find the value of f(1) and f(2). 
3. If f(x) =a+4bzx, what does f(1) x f(-—1) become ? 
4. If f(x) =a? —42 +3, find the value of (1) +/(2)+f(3)- 


‘6. If f(e)=2+%, prove that f(2)=f (5): é 

6. If f(x) =a — 22, prove that f(x)+f(-—xz)=0. 

1, If f(x) =3e —4 and ¢(x) =5x +7, find the value of 

(i) f()+4¢(1), Gi) £2) +4(3). 

8. If two sides of a rectangle are 3x+5 and 3x —5 respectively, and f(z 
denotes its area, express f(x) in its simplest form, and find the value 
of f(10). 

9. If f(x)=122 —3, for what value of z is f(x) equal to 33? 

10. If f(x)=32 +9, find the value of x which makes f(z) equal to -2. 


Examples. VIII. c. 
1. Ti f(z)=2*+2+1, find the value of 
(i) f(0), (i) FL), (ti) (2). 


2. If f(n)=— ae 


(i) f(5), (ii) f(7), (iii) f(-3), (iv) f(n +1), (v) f(n-3). 
3. If $(z)=(x —1)(x —2)(x —3), find the value of 
* (i) 6(0), (ii) ¢(1), (ili) $(3), (iv) $(5), (v) ¢(-2). 


4. If ¢(n)=(2n -1)(2n +1) —(n —1), find the value of 
(i) $(0), (ii) $(3); (iii) ¢(2n), 
(iv) ¢(2n +1), (v) ¢(n+1), (vi) ¢(3)- 


; find the value of 


5. If f(x) =2x? -5a+3, prove that 
(i) f(@+1) +f (x -1) -2f(x) =4. 
(ii) f(w+2) +f (wv -2) - 2f (x) =16. 
6. If f(x) =20? -6a+5 and ¢(x)=2a? -6x+7, find the value of 
(i) $(0)-F), Gi) G(2)-F(2), iii). @ (4) - F(2)- 
_E 


B.B.A. 
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7. If f(z)=20*%+a and (x) =a? + 2a, find the value of ‘ 
f(e+1)-4(e-1). 
8. If f(x) =ax?+ba+c, and ¢() =az*—bax +c, find the value of 
; f(e+1)-¢(#4+1). 
9. If f(x) =az?+ba+c, and (x) =a —bx +cx*, find the value of 
(i) f(0)- (0), . Gi) fC.) - 9), 
(iii) f(2) -¢(2), (iv) f(3) — ¢(2). 
10. If ¢(x) =a3 +322+3x2+1, find the value of ¢(«-—1) in its simplest form. 
11. A man walked for 32 hours at the rate of « miles an hour; then he 
walked back towards his starting-point for 2 hours at +1 miles 
er hour, and then for 1 hour at 4 miles an hour in his original 


irection. Express as a function of 2 (i) his final distance from the 
starting-point, (ii) the total distance travelled. 


12. If ¢(t) denote the distance in feet fallen by a body in the first ¢ seconds 
of its fall, what will denote the distance fallen in the third second ? 
Find also the numerical result if ¢(¢)=16¢*. 


CHAPTER IX 
EASY PROBLEMS 


49, We will now proceed to solve some easy problems : : 


Example 1. Three times a certain number diminished by 15 comes te 
45: find the number. : 


Let x be the number required. 
Three times the number diminished by 15 is 3a -—15, 
*, 84-15=45; E 
*, 3¢=45 +15=60 ; 
- .. &=20, 
i.e. the required number is 20, 
Verification, 3 x 20-15=60 -15=45, 
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Example 2. A man is twice as old as his son, and ten years ago he was 
three times as old. Find the present ages of the father and son. 
Let x be the present age of the son. 
Then, by hypothesis, the present age of the father is 2x years. 
10 years ago the son was x —10 years old. 
Also 10 years ago the father was 2x —10 years old. 
' .. 2x—10=3(2 —10), 
22-10 =32 —30, 
2x -3x= -—30+10, 
—x= -—20, 
*. C= 20, . 
.. the father is now 40, and the son 20 years old. 


The student should verify the result. 


Example 3. A man paid a bill of £6. 10s. in sovereigns and florins. If 
he used three times as ‘many florins as sovereigns, find the number of 
sovereigns he paid away and the number of florins. 

Let x be the number of sovereigns he used. 

Then 3z is the number of florins he used. 

x sovereigns = 20 shillings, and 3x florins =6z shillings. 
Also £6. 10s. =130 shillings, 
.. 202 + 6x =130, 
262 =130, 
c=, 
i.e. he used 5 sovereigns and 15 florins. 


Example 4. The number 55 is divided into two parts such that one. 
third of one part, together with one-fifth of the other part, is equal to 17, 
Find the parts. 

Let 2 be one part. Then 55 -~ is the other part. 

4 pepe ince on™ 17 
» gt ali. 


Multiply both sides by 15, 
5a +3(55 -2)=17 x 15, 
5x2 +165 —3x2 =255, 
5a —3x2 =255 — 165, 
22=90 ; 
“. ©=45; 
and 55 —-~=55 —45=10. 


“. 45 and 10 are the reqd. parts. 


Example 5. A and B travel in opposite directions from two places 54 
miles apart, and meet in 6 hours. If A goes twice as fast as B, find their 


rates of travelling. 
~ Suppose B travels x miles an hour, then A travels 2” miles an hour. 
In 6 hours, B goes 6x miles. . : 
feodesckoeess UA Goes d2eMiles. | 
But the total distance travelled by A and B in 6 hours is 54 miles. 
-; 6%+12¢=54, 
B38, 
i.e. A travels 6 miles an hour, and B 3 miles. an hour. 
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Examples. IX. a. 


1. One man has £x, another man £2x, and they together have £30. 
How much has each man ? ; 

2. A boy has a certain number of apples, ‘and when he is given 20 
more he finds he has three times as many as at first: how many had he at 
first ? 

3. A certain number when trebled is 54 more than before: what is the 
number ? 

4. Axhas a certain sum of money, and B has £10 more than A. They 
together have £40: how, much has each ? 

5. To three times a certain number of apples I add 17, and then find 1 
have 77. How many apples had I at first ? 

6. From four times a certain number I take 23, and obtain 61 as the 
result : what was the original number ? 

7. A man walked a certain number of miles, and then bicycled for 
three hours at 10 miles an hour. He finds he has altogether travelled four 
times as far as he walked: how many miles did he walk ? 

8. A man has a certain number of shillings, and an equal number of 
pin in His total sum of money is 63 shillmgs. How many sovereigns 

as he? 

9. A man has a certain number of half-crowns, and double that 
number of florins. If his total sum of money amounts to £3. 18s., how 
many half-crowns has he ? 


10. A man is 28 years older than his son, and the sum of the ages o% 
father and son is 48. Find their ages. : 


11, Find the number which exceeds its sixth part by 30. - 


12. A man has five children, each three years older than the next one, 
and their united ages amount to 70. Find the age of the eldest. 


15.' Three persons A, B, C together have £144. B has £10 more than 
A, and C £10 less than A. How much has each ? 


14. Two numbers differ by 18, and their sum is 42. Find them. 
15. Find the number which exceeds its fourth part by 15. 


16. Find a number such that its third part exceeds 24 by as much as 24 
exceeds its fifth part. 

17. Out of a cask of wine 4 full, 10 gallons are drawn, and the cask is 
then $ full. How much can it hold ? 


18. Find the three consecutive numbers whose sum is 96. 


19. Ten times a certain number exceeds 24 by as much as 102 exceeds 
four times the number: find the number. 


20. A man has a certain number of pennies, one half that number of 
shillings, and one-third that number of florins, his total sum of money 
amounting to 22s. 6d. How many of each coin has.he ? 

21. Two men have £49 between them. If one has six times as much as 
the other, how much has each ? 


ee " has £3 less than B, and they together have £41. Find the share 
of each. 


f ‘ ic 
23. £500 is divided between A and B, so that A receives £172 more 
than B. Find their shares. 


- 
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24. The sixth and seventh parts of a certain sum amount to £2. 12s.: 
_ what is the whole ? 

25. A is 25 years older than B, and in five years he will be twice as old 
as B. Find their present ages. 

26. A is 23 years older than B, and A’s age is as much below 90 as B’s 
age is above 13. Find their ages. 

27. A is three times as old as B, and 9 years ago their united ages 
amounted to 66. Find their ages. 

28. A is 6 times as old as B, and A’s age 32 years ago is equal to B’s age 
28 years hence: find their ages. * 

29. Three boys A, B, C divide the apples on a tree. A takes one-third 
of the apples, B takes 21 and C the rest. If A has 2 more apples than C, 
how many apples were there on the tree ? 

30. Find a number such that, if you divide it by 2 and add-11, the 
result will be three times as great as that which you would obtain by 
multiplying it by 2 and adding 11. 

31. The half of a certain integer exceeds the third of the next greater 
integer by three: find the integer. 

32. A man bought a house, and gained five-sixths of what he gave for it 
by selling it for £770. How much did he give for it ? 

33. The sum of three consecutive numbers is 105: find them. 

34, The sum of three consecutive odd numbers is 135. Find them. 

35. A sheep costs twice as much as a turkey, and I spend £18. 1s. in buying 
6 sheep and 7 turkeys. Find the price of each sheep and each turkey. 

36. A man walks a certain distance, bicycles twice that distance, swims 
half as far as he walked, and finds he has covered 14 miles. How far did 
he swim ? 

37. A and B divide a sum of £40 between them, so that A has £6. 10s. 
more than B. What is the share of each ? 

38. Two persons have £4320 between them: if the first has five times 
as much as the second, how much has each ? : 

39. Divide £36 into two shares so that one-third of the less is equal to 
one-fifth of the greater. : > 

40. The number 57 is divided into two parts, so that one-third of the first 
and one-seventh of the second are together equal'to 11 : what are the parts ? 

41. In a village consisting of 151 persons, there are 17 more women than 
men, and 30 more children than women: how many men, women, and 
children are there ? 

42. A man makes 304 runs in 15 innings at cricket: how many must he 
make in the next three innings to have an average of 20 ? . 

43. A; travelling half as fast again as B, and starting 9 miles behind 
him, catches him up in 6 hours: find théir rates of travelling. 

44. Two trains, one of which travels half as fast again as the other, 
start at the same time from two places 300 miles apart, and meet: in 
5 hours. Find their rates of travelling. 

45. A and B run round a circular course of 1000 yards, starting fror 
the same point, at the same time, and in the same direction. A, after 
running 24 times round the course in 10 minutes, just.overtakes B: find B’s 
trate of travelling. 
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46. A travels from P to Q, a distance of 30 miles, and back again at the 
rate of 9 miles an hour. On his way back, he meets B, who travels at the 
rate of 6 miles an hour, and who started at the same time from P. Find 
the distance of their meeting point from P. ; 


47, A starts at noon to travel from P to Q at the rate of 6 miles an hour, 
and B starts at 1 p.m. to travel from Q to P at the rate of 5 miles an hour. 
‘If they meet at 4.30 p.m., find the distance from P to Q. 

48. A man does one-third of a journey at the rate of 4 miles an hour, 
one-third at 5 miles an hour, and the remaining third at 6 miles an hour, 
completing the journey in 6 hours and 10 minutes. Find the length of the 
journey. 

49, A man walks one-half of a journey at the rate of 4 miles an hour, 
bicycles one-third at 12 miles an hour, and rides the remainder on horseback 
at 9 miles an hour, completing the journey in 3 hours and 10 minutes. 
Find the length of the journey. 


50. In a journey of 72 miles, a man does one-quarter of the distance at 
the rate of 6 miles an hour, one-third at the rate of 9 miles an hour, and 


does the whole journey in 7 hours and 40 minutes. What is his ‘rate of 
travelling over the last part ? 


USE OF SQUARED PAPER 
[The most convenient paper for beginners is that ruled to show 
inches and tenths of an inch.] 


50. Zo find the length of a straight line joining the corners of any 
two squares, with the aid of a pair of compasses. 


| 
BI 
V4 


N 


1S Ses Ba Ba we as cad 
ESAS 
ab tab tata da 


Take points A and B at corner of squares. 
With centre A and radius AB describe an arc of a circle cutting 
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the horizontal line through A at C. We see that the point C falls 
as nearly as possible at the middle point of a side of a small 
square. : 

Therefore, from the diagram AB =AC =2-15 inches. 

51. A man travels 8 miles due east, then 9 miles north, then 15 
miles west, and finally 14 miles south. Find to the nearest half-mile 
his distance at the finish from the starting point. 


rb 


‘a 
: 
| 


: 
Hu 
: 


Using a side of each square to represent one mile. with the 
accompanying diagrams, 8 m. east. takes him from 0 to A, 


y i Orie NOT seaeecnettesaneccas A to B, 
Lent. Weston. dese dines B to C, 
and.4 ms south 56.4 wan C to D. 


With centre O and radius OD describe a circle cutting the line 
OW atF. The reqd. distance =OD =OF =8} miles to the nearest 
half-mile, from the diagram. 
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52. Two vertical posts, 16 ft. and 26 ft. high, are 40 ft. apart. 
Find, to the nearest foot, the length of the straight wire joining their 


upper ends. 
\ ans aann PPM alee 
RBwWekee 
Herren 


EEC Be HH 

| 
+ hii in RH aan 
Ean oe ii 


alias Fe 


Taking one- tenth of an ag to represent one foot, one es 
will represent 10 feet. 

Mark the points A and B 4 inches apart, tes the point C 2-6 
inches vertically above A, and the point D 1-6 inches vertically 
above B. Join CD. 
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AB=4 inches and therefore represents 40 feet. 
Ree TABOB EN i once. cecwecewecns onesie 26 feet. 
ives Tarienes $502. cai... A. .0k Ge 16 feet. 
Therefore CD represents the wire whose length is required. 
With centre D and radius DC, describe an arc of a circle to cut the 
. horizontal line through D at E. . 
From the diagram we see that DE =4-i inches. 
*, DC=4-1 inches, and the wire is 10 x 4-1, 7.e. 41 feet long. 


53. A ladder 30 ft. long has its foot at a distance of 10 feet from 
a vertical wall. How far up the wall does it reach ? 


Ra ee 


ae: 


saee 


Let A be the foot of.the ladder, and, taking a side of a square 
to represent one foot, take B 10 units in a horizontal line from A» 
so that B is the foot of the wall. 5 

With centre A and radius 30 units describe a circle to cut the 


vertical through B at C. 
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AC represents 30 feet so that C is the point in the walt to which 
the ladder reaches. 

From the diagram it is seen that BC the required dis- 
tance =28-3 feet. Here we-estimate the decimal of a foot by eye. 

54, Two sides of a triangle contain a right angle and are 1-6, and. 
1-2 feet long respectively : to find, by means of squared paper, the 
length of the third side. 


Taking an inch to represent a foot, AB 1-6 in. long represents . 
the longer side, and BC at right angles to it and 1-2 in. long 
represents the shorter side. Join AC. 

With centre A and radius AC, describe an arc of a circle cutting 
the vertical line through A at D. 

AC =AD =2 in. from the diagram. 

.. the side required is 2 feet long. | 

Those who are familiar with the proposition in geometry which 
proves that ‘‘the square on the hypotenuse of a right-angled 
triangle is equal to the sum of the squares on its sides” can 
readily verify the above as follows. 

AC? — AB? = 2? — 1-6? = (2 + 1-6)(2 — 1-6) 
=3-6 x -4 
=1-44=1-2?=BC? 

1.e. AC? =AB?+BC2, 


- 


Ix.] USE OF SQUARED PAPER 73 


Examples. IX. b. 
PROBLEMS INVOLVING THE USE OF SQUARED PAPER 


1, A man travels 9 miles west, then 11 miles south, and finally 4 miles 
east : fon far from the starting point, to the nearest mile, is he at the 


2. A man after travelling 7 miles due east, and a certain distance due 
north, finds himself 15 miles from his starting point. How far north did 
he travel ? 

3. A ship steaming at the rate of 8 miles an hour due east, drifts at the 
' same time with a current at the rate of 3 miles an hour due north. Find 
its distance from its starting point in 2 hours, 

4. A ship steaming at the rate of 10 miles an hour due west, and drifting 
due north with a current is found to be 32 miles from its starting point in 
3 hours. Find the rate at which the current flows, 


_ 5. A balloon after sailing 5 miles horizontally from its starting point, 
is found to be at an altitude of 2 miles. Prove that.it is approximately 
5:4 miles from its starting point. 

6. Two vertical posts, 6 ft. and 9 ft. high, are four feet apart: find the 
length of the straight line joining their upper ends. 

7. A ladder with its foot at a horizontal distance of 20 ft. from a vertical 
wall, just reaches a point on the wall 30 ft. from the ground: find, to the 
nearest tenth of a foot, the length of the ladder. : 

8. A ball rolls 3 ft. east, then 5 ft. north, then 1 ft. west, and lastly 
3 ft. in a direct line towards its starting point. How far is it then from its 
starting point ? 

9. A man walks 2 miles east, then 3 miles north-east : how far is he 
then from his starting point ? 

/10. A man, haying walked a certain distance in a north-westerly 
direction, finds that he is 25 miles west of his starting point: how far has 
he walked ? 

11. A boy bicycles 2:7 miles east, and then 3-4 miles north: how far is 
he then from his starting point, to the nearest half-mile ? 

12. A man swims in a north-easterly direction until he is 2 miles north 
of his original position, and then 3 miles to the north-west: how far is he 
then from his' starting-point ? ; 

13. A room is 56 metres long, and 3:4 metres wide: find the distance 
_ between two opposite corners, as accurately as you can. 

14. On a base of 3 inches, describe a triangle whose. other sides are 
4 inches and 4} inches long : find the altitude of the triangle to the nearest 
tenth of an inch. 

15. Find, as accurately as you can, the length of the diagonal of a square 
whose sides are three inches long. 

16. Find, as accurately as possible, the length of the diagonal of a 
rectangular board 2 ft. wide and 3 ft. long. 
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17. Find the altitude of an equilateral triangle whose sides are 3 
inches long. 


18. Draw two circles of 1} inches radius, with their centres 2 inches 
apart. Find the length of the line joining their points of intersection. 


19. With centres 3 inches apart, draw two circles of radii 2 in. and 


' 21 in, Find the length of the line joining their points of intersection. 


. 


20. A man walks due east from a town P which lies 4 miles due north 
of a town Q. How far from Q is he when he has walked 5 miles ? 


21. A man walks south-east from a place P which lies 3 miles north of Q. 
How far from Q is he when he has walked 4 miles ? 


22. Multiply 2:3 by 3°5 by means of squared paper. 
23. Multiply 3-4 by 4:7 by means of squared paper. 


24. The road from A to B is inclined upwards at 30° to the horizon for 
2 miles, then at 20° for 2 miles, and then descends at an inclination of 27° 
to B, which is on the same level as A. Measure the length of the descent 
to B. 


25. A travels east at 12 miles an hour, and B, starting at the same time 
from the same place, travels north-east at 20 miles an hour. Find, to the 
nearest mile, their distance apart at the end of 1, 2 and 3 hours. (Use 
one-tenth of an inch to represent one mile.) 


26. A and B are two places 6 miles apart, B lying due east of A. One 
man walks at 2 miles an hour from A towards the north-east, another man, 
starting at the same time, walks north-west from B at 3 miles an hour. 
Find their distances apart to the nearest tenth of a mile in one hour. (Use 
one inch to represent one mile.) 


27, A’donkey tethered to a post can graze over a circle of 24 ft. radius. 
The shortest distance from the post to a straight hedge is 17 ft. Over what 
length of hedge can the donkey graze ? 


28. A man walks 2:8 miles north, then 3-4 miles west, and then 1-6 miles 
south-east. How far is he then from his starting point ? 


) 


55, Exhibition of Statistics by means of Graphs. The 


-accompanying diagram gives a portion of a barometric chart, 


from which we can read off the height cf the barometer at any 
hour of the dates given. 

We determine the height of the barometer from the vertical 
lines, and the date and hour from the horizontal lines. 


Ix.] 


USE OF SQUARED PAPER 


Thus the height of the barometer at 


4a.m. onthe 14th is given by AL=29-8 inches. 


6 aan.’ 7... ax. L6th SCRA BM=29-65 ...... 

Sepemiseaerix: D5ths =o. CN=30-2 2.5.0, 

8! pate ns bees. Ibth ees DR=30-15 ...... 
August. 


Friday 14. Saturday 15. Sunday 16, 


Noon Noon Noon 


iid) 
EaRARa 
‘Gotes a 


‘Ry tp a a 
Jw a bl 8 AO PE 
SeeeeeeheeSe 
L M 


29 


75 


Also we see that the barometer was falling from midnight 


Thurs. 13th to 8 p.m. on Fri. 14th, a 
14th to 8 a.m. on the 16th. 


56. Construct a graph to exhibit the following : 
Premiums of Life-insurance at various ages (for 1008). 


} Age in years. | 21 | 25 | so | 3 | 40 | 45 | 50 | 55 | 60 


Premium, |£1.16s.| £2. | £2. 60, | £2. 188,| £3. 24, £9, 124, |£4,7s.| £5. 10s.| £7.14. 


nd rising from 8 p.m. on the 


s 
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From the diagram estimate the premium at the ages of 32, 51, 
and 58. ; 


Premtum 
7 


: 
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20°26." 30° 35 40° 46. 50 65 60:Ageg 


Measuring the ages horizontally, the premiums vertically, we 
plot the given points as shown in the diagram, the point O 
denoting age 20, and premium 1£ (not premium 1£ at age 20). 

The dotted lines AB, CD, EF give the premiums at the ages 32, 
51, 58 respectively. 

They are £2. 9s., £4. lis., £6. 85. . 
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Examples. IX. c. 


‘1. Construct a graph to show the following : 
Premiums of Life-insurance at various ages (for 100£). 


Age in years | 20 | 25 | 30 | 35 | 40 | 45 | 50 | 55 | 60 


Premium in £ | 2 |22 [25/28 |32|38|46|55|69 


Estimate the premium for £1000 insurance at ages 28 and 43 to the 
nearest £. 


2. Population of England and Wales. 
Year | 1801 | isll | 1821 | 1831 | 1841 | 1851 | 1861 | 1871 / 1881 | 1891 


Millions 


Draw a graph to exhibit the above. Estimate the population in 1837, 
and the year in which the population was 24 millions. 


3. The temperature taken every two hours one day showed: 


Number = 8-9 |102 | 12-0 13-9 159 [17-9 | 200 | 22-7 | 26-0 | 29-0 


Midnight, 46-0° 2 p.m., 66-7° 
2 a.m., 44-8° 4 p.m., 67:5° 
4a.m., 44-6° 6 p.m., 58-5° 
6 a.m., 47:5° 8 p.m., 54-6° 
8 a.m., 52-6° 10 p.m., 51-4° 

10 a.m., 56-8° Midnight, 50°6° 
Noon, 61-0° ‘ 


Draw a curve to show the variation of temperature throughout the day 
and estimate the temperature at 3 p.m. 


4, The following table shows a patient’s temperature at the given 
times. Construct his temperature chart. 


Fri. 


Mon. Tues, Wed. 


~ Sat. Sun. 


a.m.|p.m.| a.m, | p.m. | a.m. | p.m. | a,m. | p.m, | a.m. | p.m. {a.m.| p.m./a.m.| p.m. 


99°4°| 99°S°| 100°G? | 102°4°} 101°1° | 102°2° | 100°4°| 100°9°| 100°2°} 99-8° | 98-7°| 98-4°| 98°2"| vS-2° 


5. Rainfall in 1903 at Greenwich. 


Inches. pits SA i Inches. ceaaeas ot 
January, 2°12 4-99 July, 5:27 2-47 
February, 1:36 1-48, August, 4-8] 2°35 
March, 2:22 1:46 September, 2:23 2-21 
April, 1-84 1-66 October, 4-44 2-81 
May, 1:95 2-00 November, 2-09 2°29 
June, — \ 6:07 2-02 December, ° 1°31 1-77 


In the same figure and on the same scale construct a chart of the above, 
showing the actual rainfall in continuous lines, and the average rainfall in 
‘dotted lines. 
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6. If P ozs. is the weight required to stretch an elastic string until its 
length is x inches, show the following in a graph : 


Length in inches | 9 | 10 | ui | 12 | 13 | 14 


Weight in ozs. | 0-9|1-2 | 1-5 [1-8 | 21 | 24 


Determine the weight necessary to stretch the string to a length of 16 
inches. 


7. The price on Jan. 1st (in pence) of silver per Troy ounce in London 
was as follows: 


1890 | 1891 | 1892 | 1893 | 1894 | 1895 1896 | 1897 | 1898 | 1899 


45 | 40 | 36 | 29 | 30 | 31 | 28 


27 | 27 | 28 


Exhibit the above in a graph. 


8. Table giving the boiling-point of water in degrees Fahr. at different 
heights above sea-level. 


. | 
Height above | .g | 1000 | 2000 | 3000 | 4000 | 5000 } 6000 
sea-level in feet. aa \ 

Bollte 212° | 210-1° | 208-2° | 206-3° | 204-4° | 202-5° | 200-6° 

eg. Fahr. - F E 

att : 


Exhibit the above graphically and read off the height above sea-level 
where the boiling point is 203-5°, and the boiling point at a height of 3700 
feet. 


9. Table giving the height of the barometer at various heights above 
‘ea-level. 


Height above 
sea-level in feet. 


a0 | 2o00 | s000 | 00 | soo 1000 12000 | 


Height of baro- 
meter in inches. 


30 | 27:8 22-1 | 20°5 | 19 | 


aS 


Show the above in a graph, and from it read off the height of the 
barometer at an altitude of 3000 ft. and 6400 ft. Also the altitudes when 
the readings of the barometer are 20 in. and 24-4 in. 


25-7 | 23:8 


Diaitheter obseibcla: | 10 | ome | aah 13 | 4 | 1b | 


Corresponding area. | 78:5 | 95-0 | 113-1 | 132-7 | 153-9 176-7 


Show the above graphically, and deduce the areas of circles whose 


diameters are 11-7 in. and 14-4 ft.; also the diameter of the circle whose 
area is 136-8 sq. in. 


10. 
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CHAPTER X 


SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE IN TWO 
UNKNOWNS ¢ 


_ 57. Take the equation 3z - 4y =12. 
Be=4y+12. wnete 


For every value we give to y, we get.a corresponding value ot x. 


Thus, if y=1, gait 1, 
if y=2, ga tt me! 
2 
if y=3, | gait l _ 3 
if y= -2, - v= <Ss0 and so on. 


Hence we see that the equation 3r—4y=12 has an infinite 
number of solutions, 7.e. an infinite number of values of x and y 
can be found which will satisfy the equation. 

But suppose we are given two equations, 

rae eek Vpn ee ae a, ae ee (1) 
eA Pe Fe a cae (2) 
We can now find values of x and y which will satisfy both 


equations. 
Brom.) Sa—4y 419-7: nat 


» (2) 5¢=46-2y, 2. w= 5 


Hence, if the value of x is the same in both equations, 
Ay+12 _46-2y 
3 ite 

Multiplying both sides by 15, 5(4y+12) =3 (46 —2y), 

20y + 60 =138 — by, a 
26y =78, 
Yy=0o. 
ef oe 


B.B.A. 
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Substituting this value of y in equation (1), 
32—-4x3=12, 
32 =24, ; 
z=8. 

Thus the values c=8, y=8, will satisfy both equations. 
Verification. When x=8, and y=3, 

3u—4y=3x8-4x3=12. 

. equation (1) is satisfied. 
Again, when «=8, and y=3,\5a+2y=5x8+2x3=46. 

*, equation (2) is also satisfied. Q.E.D. 


58, We notice in the above, that in order to find the value of y 
we first get rid of x. 

_’ This process of getting rid of an unknown quantity is called 
' elimination. 

We might have effected the above solution by eliminating y, 
and obtaining the value of x first. We should then obtain the 
value of y by substituting this value of x in one of the original 
equations. 

Also we notice that having first Routh: the value of y, we may 
substitute that value in athag equation. It is advisable, of 
. course, to choose the simpler equation for this substitution. 

If we La y=3 in equation (2), we have 

5a +2.x3=46, 
5z=46 -—6 = 40, 
x =8, as before. 

Also we must observe that two simultaneous equations of the 
first degree have only one solution. 


59. The following method of elimination is the most common. 


Example 1. Solve the simultaneous equations, 


30+ 5y=29, oeccccessseee eee (1) 
May '1y Bd. GR Ase lf hae ee (2) 
Multiplying (1) by 7, 21x +35y =203, 
as (2) by 5, 10x + 35y =170. 
(N.B.—The coefficients of y in the two equations wre now equal.) 


Subtracting, llz=32, 
: z=3. 
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Substituting this value of x in equation (1), 
3x3+5y=29, 
5y =29 -9=20, 

y=4. 
hated | 

esa is the reqd. ere 

Verification. When r=3 and y=4, ic od 3x3+5x4=29, 

ey se i poy 224+ 7y=2x34+7x4=34, 


Rei 2. Solve the simultaneous equations, 


32+ 2y=2, 
5a —2y= -18. 
(N.B.—The coefficients of y are equal but of opposite sign.) 
_ Adding, 8x= — 16, 
a= -2. 


Substituting this value of x in either equation we obtain the value of y. 
This is left as an exercise for the student. 


The work may often be shortened if the coefficients of # or y 
have common factors. 


Example 3. Solve the simultaneous equations, 
OS fly SIT Wate caedgaes coavsetessakaneo de veoees( L) 
UOS2 Fle =2IOF We tv esteoatans-08.9- 25 wisesssdese(2) 
These equations may be written, 
2 x 19a” 4+17y=127, 
7x 192 +71y=479. 
Iultiplying (1) by 7, 2662 + 119y =889, 
Multiplying (2) by 2, 266z + 142y =958. 
Subtracting, —23y = —69, 
Y=s. 
Substituting this value of y in equation (1), 
38x +51 =127, 
38x =76, 
t=2. 
Pee is the reqd. solution. 
y=3J 


Examples. X. a. 


Eliminate x from the following equations (1-6) : 
1. e+y=4, «+3y=8. 2. 3a —-2y=14, 27 -5y=2. 
3. y-v=5, 38y+2x=7. 4, y=3 —4a, 5a —4y=7. 


; x x 
§. y=3x+5, 2y+3x=9. 6. gty=1, a+5= Se 
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Eliminate 2 from the following equations (7—10) : 
_ldy 2e+2y+1l & ~2Y 9 


7, 22+3y=7, 5a —y=S. Sa Mapes (haat 2 
5 3 5 8 3 2 4 3 
oe eas eer .-- > =9, =+-=11. 

oe po Ses eg as 

11. If x=3 find the value of y when 3x +4y=17. 

12. If «=5 find the value of y when 7y — 6x =5. 

13, If y= —8 find the value of x when 3% —7y=30. 

14. If y= —2 find the value of x when fe - 

-3 

15. If x=} find the value-of y when 6x -1 +2 =4, 

6y+1 2v-3 

16. If y= —} find the value of when wt + = =}. 


Solve the equations : 
17. e+2y=12, 18. 3%-—y=26, 19. 22+ y=5, 20. 3%+2y=7, 


2—3y=2. x —5y=4. x+3y=5. 5a+ y=. 

21..4¢-y=10, 22. 7x-3y=31, 23. e+y+S8=0, 24 x+y=3, 
22 -y=4.. 9x -—d5y=41. ey =2. x-y=1h. 

25. e+y=4}, /26. w-l0y=5, 27. 2a+3y=28, 28. 4e-3y=14, 
x-y=4h. 22+ 10y=40. 3a +2y =27. 3a —4y=0. 

29. 7x -—3y= —6, 30. 5x -7y=20, 31. 15¢+2y=27, 32. 7x-3y=4l1, 
x+5y=10. 3x —-2y=12. 3a +7y =45. 3%2- y=1i7. 

33. lla+13y=23, 13¢%+1ly=25. 34, 20+3y=47, 4c -—y=45. 

35, 5a+y=5, Te -y=13. 36. 5a —4y=S84, 2a+3y=14. 

37. 4x —5y=2, +10y=41. 38. 4¢+6y=11, 17x-—5y=1. 

39. 4x+3=3y+2, 54+4y=22. 40. 2a -3y=5, 3x+2y=1. 

41, 4v+3y=43, 37-2Qy=11. 42. 5a —4y=x-y= -2. 

43, 8x —4y =9x% -3y=6. 44, 37 +2y =22% —y —56=0. 

45. l0y=Ty —2%=20. 46. 5a -2y=Tx#+2y=x2+y+11. 


60. If necessary first simplify the equations. 
Example 1. Solve the equations. 


PE 8s Sys andes. fy cet ede oy ce (2) 
Multiplying (1) by 3, and simplifying, 
c+ y=6+6y, 
25.34 Giant Boa auth ssinaewaubleebeal doiecetecsteeee seen (3) 


Multiplying (2) by 5, and simplifying, 
2a —4y =23 -5y, 
2S ie 2 aes noceolaseneccs oe se nsvecter teeere sateen (4) 


We now soive equations (3) and (4) in the usual manner. 


15. 8(2a -—3y) -—(2e+3y)=1, (2%-3y)+ 7 (2a +3y) =2. 
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Example 2. Solve the equations, 
2 3 
ye ceeeetteennsneeensnneneeeennnnnne (1) 
Bor 
ae ererr rrr rrr er ree reer rere erect reer res) (2) 
In such cases as this, it is advisable to solve first for 2 : and 2 
Thus, multiplying (1) by 2, : - : =the 
Adding this ‘o (2), 2 54, 
. 126, 
x 
w=}. 
Substituting this value of x in (2), 5 x6 me =48, 
“8 _ 4g —30=18, 
® 1 
==3, 
7] 
y=3- 
*, t=} is the 
y= required solution. 
Examples. X. b. 
Solve the equations : 
eve oy RELY ere ee 
1. 3-4 Lip 5+5710 2 53 0, Z py as 
RA iG Nino ox aE ey Pee 
8. 5+=6 6-5=2 4 Stal {-p=l4 
ae Lae iY ey ie 
5. 2y -—5=22, 3y += 14. 6. 5tgt2=% ati9t2=% 
-3 x—2 
7. 3x-4¥-" =6, 4y+—3-=12 
ate -3)=4, W438 _(@42)=-8 
Tip cate Ee 2) tee of28 
Sgr aaa 5 =—4, 10. 5 +5 14, 9-573 
n z-2 10-2 _y—I0 10 2y+4 wry «+13 
7" 8 3 iret eo 8. 
10h pete Uy 2a —-4y 23 _ 
12. ows = Ly" 5 ya 2. 13. 2+2y, BOG 
‘G f+4 ery-1 5) 4 8B 2y _ 
14. = ney ee =2r4-4, 2y-4 =a =on, 
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Solve the equations : ; 
5a+6 Ily—5 5dy -12 _ Tx 


r+1 e+3 A 
16. artigl 2; a gt og B73 
18, 3(32-4y)=1(e-y-3), ¢(e@-y+7)={ (4% —3y). 
CAMS ike e=1 yrot Hee Ao 12 
19. spr nae {2 hae 20. 3 Te ea (x- Wee ay I3)= =ry— -5 
21. -3e+4y=11, -22+3y=8. 22. eae 6y=6, “3a —-2y=-01. 


23, Gx+-Ty+8-95=0, + %+10=0. 


24. -0382+-06y¥=-05, -09, —-032=-05. 
25. SES 3-4x + -02y =:126. 
Y 12-3, + 


— QT 5 “615 °5 

27. In 3a +5y=16, and 2a —3y=17, find the value of s+ y. 

28. If 3u+2y=8, and 2x+3y=2, find the values of +y, and s—-y. 

29. If 7e+lly=2, and 8%+13y=1, find the value of 5x + 8y. 

30. Given that 13¢—lly=17, and 1lla-13y=7, find the values of #+y 


x of a 
Y =v0'O0. 


and x-y. 

9 Ay 
ee eee eee 99h age ee 
ey 7° BY ely ey 
$3, heen, Leek. 34, 2.8 238, Sat 
ey ey ey ey 

” iz 9 =4 
Shobak oe bal 36. ~--=3, £459 =12. 
xy ey ery m 2y 
Ye oe 38, 445 el, 2 a omeo, 
Ca, « ¥ 2g tug : 


1/2 3\_ ay Se Se Ae 
a8 45g) Teh eg 


SIMULTANEOUS EQUATIONS WITH THREE UNKNOWN 
QUANTITIES 


61. The method is similar to that for solving equations with 
two unknowns. Here however we shall need three equations. 


Example 1. Solve the equations, 27+3y— Z=5, cesccecececsserececeeees (1) 
Si Ags Dea css suatincs peosadseeees (2) 
4 Gi OY: Dg ST) wale deis's on plaston de teponcs (3) 

First let us eliminate z from equations (1) and (2). 

Multiplying (1) Hey 2, 4x + 6y —-2z2=10 

Adding (2), 3a -4y+2z= 1 
Pee OF Maeld> ccs ee (4) 


Next eliminate z from equations (1) and (8). 


’ 
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Multiplying (1) by 5 10z + l5y —52=25 
Adding (3), 4e-— 6y+5z= 7 
l4z+ .9y SAS) Wessscvocesresseee a 3) 
Now let us solve equations (4) and (5). 
Multiplying (4) by 2, 14x +4y =22. 
Subtracting from (5), 5y=10, 
y=2., 
* Substituting this value of y in (4), jz+4=l1, 
ic=T, 
z=, 
Substituting for both x and y in equation (1), 
: 2+6-z= 5, 
—z=-3, 
Z= 9S 
z=1 ) ‘ 
y=2 is the reqd. solution. 
2=3) 
: T slog | 
Example 2. Solve the equations Big sie mesg Atei daca asco samen Cite (1) 
2-3 
Siete Dione tes stock vonsar oavdereie: (2) 
2 aT i poneorlite ayn Arn (3) 
fy 2 
ae uf 
Here we shall first solve for —, - and -. 
LY z 
First eliminate + from (2) and (3). 
12 
Multiplying (2) by 4, 8 ae 36 
9 12 P 
Ise aentt dene. (3) by 3, 7 oa 96 
. 8 9 — 
Adding, at es 60 
ee Oe] 
Multiplying (1) by 9, ak i 63 
By subtraction, 5 
DS 


Substituting for x in equation (1), 3+>=7, 


Il 
Ase 


2 GIR eH & gyK 
Clad 
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Substituting for y in equation (3), 


3 xo et e82, 
z 


nN NIH ale 
Nl 

or 

. 


. 


| 


- is the reqd. solution. 


vn © 8 
II 
On| | Or] or 


— 


Example 3. Solve the equations 4 +1l= 5 -3, 
ae 
2noe = 
: cy 
From the first equation g—gt i 
Multiplying both sides by 24, 8x=3y + 24, 
Ba By = 24. ciceesdacustnwsues Secbecosndeud (1) 
Also from the first equation at l= : —3. 
Multiplying both sides by 8, y+8=42 - 24, 
: Y SAS HBB Fenn caisste ad asnlon ane gamacte (2) 
Multiplying both sides of g-5=2 by 10, 
Gy Pees 205 | Acscckesecnecavsecs geehacsvenQO) 
Multiplying by 2, l0y-—4z= 40 
Subtracting (2), u—4z= —32 
9y= 72 
v=o. 
Substituting this value oi y in equation (1), 
8a —-24=24, 
8x =48, 
a= 6, 
Substituting for y in equation (2), 
8-42= —32, 
-—4z= —40, 
ict KO) 
oe C= \ 


x.) 
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*Examples, X.c. 


Solve the following equations : 


Ub 


10. 


13. 


1, 


17. - 


«3a +4y —z=19, Zz 2+2y+z=16, 3. 5a —3y+42=35, 
5e+2y+2=15, ~ 2-2y+32=12, x+3y—4z2= —23, 
2¢+3y+2z=11. 42 +2y+z2=22. 2x —5y +62 =43. 
@+y+z=12, 5. 32-2y-z=l, 6. oe ee 
5a+6y-—3z= 2, 4x —-3y+4z= -3, 234 
3a+4y —4z= -14, 2a +y —5z= -2. ee ee 
fi stare 
oy 2 
7 gtz=1d. 
x+y—z=2, 8. x+y+z=18, 9. 2-2y=10, 
3a+y —-z=8, %—-y+z=12, 3y+4z2= —26, 
x—-y+2z= -6. - £2+y—z= 6. y —4z2=18. 
22 —y=12, 11. w+ytz=20, 12, 54¥45=24, 
3x —4z2=36, 82+4y+2z=50, . : 
Ene Aa 272 + Gy +3z=64. eS hn LS 
i] at3t5 29. 
de homer = 
gtgtgn 


a+? 3y—42+26 34-2¢-3 
ay ay-ra =2. 14. ga BY 22-9), 
q 
airs =0, i eee 5 
par 2 3 
Lee | in 
ae wage an 
clea yt 4? 219: 
Sy 2 Zod 
e—l y-3_ 2-5 18 3a_4y_5z 
CS ier Sever gang ude 
at+y+z=33 x +2y —z2z=82 
CHAPTER XI 
BRACKETS 


62. When two or more pairs of brackets occur within one 
another, the best plan is to remove the outermost first. After a 
little practice, several pairs may be removed in one step. 


\ 
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Example 1. Prove that 8a -{3a+(2a —5)}=3a+0. 


(In removing the curly bracket we must look upon all the terms in the 
plain bracket as a single quantity.) 


The given expression = 8a —-3a —(2a —5) 
=5a—-2a+5 
=3a+5. Q.E.D. 
Example 2. Simpiify 3 {6x -2(2a-1)}. 
[Every term inside the curly brackets must be multiplied by 3, and sack 
term inside the plain brackets must be multiplied by 2 as well.] 
The given expression =18x% —6(2x —-1) 
=18x -127+6 
= 62 +6. 


Examples. XI. a. 
Prove the following : 
(Remove one pair of brackets at a time.) 

1. a-{6-(¢+d)}=a-6+c+d. 2. 6a — {2a +(a—5)} =3a +5. 

8. 4a — {3a —(2a —a)}=2a. 4, 7x + {2x -(34 -4)}=62+4, 
5. a-{a-(a-a)}=0. 6. 3 — {4a —(24 +4) +1} =6 -2a. 
7. 9u+ {3u.-(4a -—2)+a}=9242. 8. 7-{40+(2u-3)+7}=3 - 62. 
9, 14- {12 —(2a -6) —9x}=11a -4. 
10. 12% — {3 —(7a —9) + (2a -—3)}=14a -6. 
11, 24 - {5% -(2% +5) — (3% —7)} =22. 12. 2{%+3(%-2)}=8r-12. 
13. 3{7a —2(3a —4)} =3x 4 24. 14, 4 {8a -(a -2a)}=16a. 
15, 2-3{x -2-5(%-1)}=122% -7. } 
16. 6-2{«-3 -(%+4)+3(% —2)} =32 — 62. 
17. 7{2-3(a-4)+4(a-6)}=Ta-70. 18. 6{a-2(e-1)}=32+3. 


19. 8{2¢ —1(6e+5)}=4a -10. 20. 6 {x —1(2e—7) +1(a—5)}=5a-1e 
Simplify the following, removing both pairs of brackets in one step: 

21, 3u+{2e-(w+2)}. 22. 6-{5-(3-z)}. 23, 2a - {3a +(a—2)}. 

24, Ge+{5-(2e-5)}. 25. 9-{-2+4(2u-7)}. 26. a-{-b-(c—d)}. 

27, a+[2a—(7a —1) -(9 -8a)]. 28. 6y — [8a —(2y — 2) +(3y —5x)]. 

29. 9a —[3b + (2a — 5b) -(3a+56)]. 30, 1le + [| - 38d =(4ce — 3d) +c]. 

31. a-[ -—(a-6)+(a+6)]. 32. 2{3%4+3(%—-1)}. 

33, 3{20 —5(2x —3)}. 34, 7{2 -2(3-a)}. 

35, 3 {6a —5(a—1)}. 36. 9{2(a -—1) -3(a—-7)}. 

87. 4{a -2(a -1) +3(a-2)}. 38. 5{2a -3(a-1) -(1—a)}. : 


89. 2e-7{3-(2x—1)-2(x-2)}. 40. 9x -B{y -2(3a+y) + (By —a)}. 
63, Example 1. Prove that a+[3b — {4a —(a —b)}] = -2a +20. 
The given expression =a+3b — {4a -(a —b)}. 


(In removing the square brackets {] we must look upon all t 
within the curly brackets as a single gusts) Dot ary ne. ea 


=a+3b-—4a+(a—-5). 
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[Regarding (a —6) as a single quantity as before.] 
=a+3)b-4a+a-6b 
=2a —4a+3b-6 
= —24a+2b. 

Or, more shortly, the given expression 
=a+3b-4a+a-b 
=2a -4a+3b-6 
= — 2a 4-2b. 

This is easy to understand if we remember that the plus 
preceding the square bracket does not alter the minus preceding 
the curly bracket, whilst the minus preceding the curly bracket 
changes the minus preceding the plain bracket into plus. 


Example 2. Simplify the expression 
4[a—3{a—2(b —c)+2c}—4(a—5)}. 
Every term inside the square brackets must be multiplied by 4. 
Every term inside the curly brackets must be multiplied by 3 as well. 
Also (6 —c) must be multiplied by 2 as well as by 2 and 4. 
(a—6) must be multiplied by 4 x 4. 
ne given expression 
=4a -12 {a -26 + 2c + 2c} -- 16(a —b) 
=4a —12a +246 -24¢ -24c - 16a +165 
= —24a+40b —48c. 
Example 3. 
a —26 -[8a — 5b — {2a —3c + (5a —2¢ —3a —b + 2c)}] 
=a -26-3a+4+ 5b +2a —3c +5a —2¢ -3a +b — 2c 
=2a+4b -Te. 


Explanation. The minus preceding the first square bracket 
([) operating on the minus preceding the first curly bracket ({) 


makes it plus. 
Thus the plus in front of the first plam bracket remains plus 


and the minus preceding the vinculum remains minus. 
The work of the above might be given in greater detail thus : 
The given expression 
=a —2b -—3a +5b + {2a — 3¢ + (5a 2c — 3a —b + 2c)} 
=a —2b—3a +5b + 2a —3¢ + (5a —2e — 3a —b + 2c) 
=a —2b—3a +50 + 2a — 3c + 5a — 2c — 3a —b + 2c 
=a —2b—3a+5b+2a -3¢+5a —-2¢-3a+b —2¢ 
as before. 
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Examples. XI. b. 


Remove the brackets and collect the like terms in the following 
expressions : 


1. 4a — {8a —(2a —a)}. 2. a—[a—-(a-a-—c)]. 

3. a-{a+(a-—a+b)}. 4, 2x —[8a — {5a — (5a — 6x) + 22}]. 
5. 7+[6-2(3 +x) —4(a —2)]. 6. 4a -3[a-4(1 -a)]. 

7. a2 +b? —[a(a +b) —5(b -a)]. 8. 1-4{1-7(1 -2)}. 

9. 6[a —2{b —4(c+d)}] —4[a —2 {6 —3(c —d)}}. 


ieee | 11. L(x+y)+3(x-y). 
12, d(x+y)-i(x-y). 13. a(b —c)+b(c -a)+c(a—b). 
14, -[-{=( 2) -[ 1 —-( 42 sg) 
Prove the following : 
15. 3b — {5a —[6a + (12a —36)] —a}=14a. 
16. 9(6-c) -[-{a-b -4(c-b +a)}]= —-3a+12b-13e. ~ 
17. 5x2 —(3a —2* —4) +2 (22 —x —5) =82? —52 +6. 
18, 4a —[2a — {26(%+ y) —-2b(x-y)] =2a + 4by. 
When a=1, b=2, c=0, prove that 
19. a-2(b —c) +3(2a —4b) —6(c — 2a — 3b) =27. 
20. 3b — [5a — {6a + (14a — 3b) — 2a}] =13. 
21. 3bc — [4ab + {8a — (12a —7b) —2abc}] = - 13 
22. 4[a—2(b —c) -{a—(6 —2)}]= - 16. 
Express the following in their simplest forms : 
23. Ta —[5b — {4a — (3a — 26)}]. 
24. a—(b—c) —{b —(a-c)} —[a — {26 —(a —c)}}. 
25. a—[3a+e — {4a — (3b —c)} +30]. 
26. 5a —[2a —2{a -(a-1)}+2]. 27. 6a —[3b — {2a — (8a -30)}}. 
28. a —[3b + {3c — 2a —(a —b)} +2a —(b —8c)]. 
29, 3{a -2[b —4(c —d)]} -4{a -3[6 +4 (c +d)]}. 
30. a —[2a — {3a — (4a ~ 5a —7)}]. 
31. 47 —2x(x —2y) + 2y(2y +2) — 22. \ 
$2. 2[8ab —a{—b+6(2+a)}+3 {a(2 -b) +a7d}}. | 
33. x8 — 2a {a — 2(2 —2)} +3[ a8 — a(x - 1)]. 
34. 3a -2[3a -2 {8a -2(3a -2a +b) +5} +5]. 
35. 5a -4[2a -3 {4a —3a —b} — 4b] + 24a. 
36. 4{4-4(4 -a)+a} -3{a-3(a-—3) +3}. 
37. 3[ay+a{y - a +2x)} +2 {a(3 —y) — ay}, 
38. 2 -a[a+a(a%—1—2)], 


Prove the eee. : 


, St-1 2 pei 
39. s+ 573 when 7=1. by 
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Ore: 2 = 5 19 
40. a=1 ~27— 2? when x=7. 41. Se ee be when a=G. 
a 4 
42. moe ote when « = —12. 
9 
43. Z soil Be Wea 1, when 2=24, 
5 16 
2-4 2-5 x-2 
44, a ae oq’ When x=14. 
+3 } s+ 
45. x-1 pres: =0, when mee 
62+1 3+62? : 
Seat. at. far Phen e=2. 


( Insertion of brackets. 

*64, In the preceding articles we have dealt with the removal 
of brackets. Sometimes it is necessary to insert brackets, and the 
rules for doing so will obviously be the converse of the rules for 
their removal. “ 

Any number of terms may be placed within brackets with the positive 
sign (+) prefixed, without changing the signs of the terms included in 
the brackets. 

Any number of terms may be placed within brackets with the negative 
sign (—) prefixed, provided that the sign of each term included in the 

brackets 1s changed. 
es This 2a + 3b — 4c bd=2a +(3b— de ~5d). 

Also the same expression = 2a + 3b—(4c¢ + 5d). 

ac — bd + be — ad =ac — (bd — bc + ad) 
=ac — (bd — be) —ad. 

When all the terms within a pair of brackets have a common 
factor, that common factor may be removed and placed outside 
pee bracket as a multiplier. : 

4a — (5a — 5d) = = 4a —5(a —d). 
a3 — (2a? — 4a + 6) = 23 — 2 (x? — 2a +3). 

Example. Collect in brackets the like powers of in the expression 

ax3 — cx* — da ~ 6x3 — da* + ax. 


The given expression 
an az? — bz} —cx® —dz* —dx +axz 


=93(a—-b) -2*(e+d)—2(d<0). 
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*Examples. XI. c. 


Arrange the following expressions in descending powers of 2, bracketing 
the coefficients of the different powers of a: 


. 22? -6a+a+2% +a2? —2ax —7. 

ov? —2ae +a%*+22-2ba +b? +27 -2cx+c*. 

. wy — ye +08 —y8 — 22? +22. 

. @ —3a2x +302? — 23 + b8 — 3622 + 3b2" — 2°. 

. a@—ax +bas — bx* — be +c+a2". 6. px? + 2px + p* — ga? — 2qu —q?. 


ob oh 


Bracket the power. of x in the following expressions in descending order 
and so that the signs preceding the brackets are all positive : 


7. ax —bx*+cxa+d —bx* +cz* —ax—e. 

8. 2a* — 32? + 63 — 7x + ba? — ax — ax —azxt. 

9, a +y3 —S3ary?+3a%y +3az2-3a%z. 10. ax? -—ba+c—ca+cx —ba* +42". 
11. aaxt — bx? — cx? — part + qa? +12". 
12. 3(m+n)a*y — 2may? —2(m —n)x*y + 2nvy*. 


Bracket the powers of x in the following expressions so that the signs 
preceding the brackets are all negative : 


13. aa? + px? —gu+c — ba —ca* —dx —p. 
14. az? —ba —¢c —bx3 — bx? ++cx+d — az’. 
15. aw -(a—-1)%+2a+(3 —2a) x —b2°. 


65. Identities. An equation which is true for all values of 
the symbols used is called an identity. 

The symbol = is often used to denote that two expressions are 
identically equal, z.c. that they are equal for all values of the 
symbols used. 

Thus when we write a—b =—b+a, we mean that a—b and 


—b+a ‘are equal whatever values we assign to the symbols 
a and b. 


Example 1. Prove the truth of the following identity 
2a-b 4a+4b 


4a —- eee ae : 
2a-—b 4a+4b . 2a b.4a 4b 
4a -—>— =4a->4+57--+— 
oe 4h GE eee ste Se 
= 2a 2a 6b 2b 
spiel: er Ba 
=da+b. Q.E.D. 


To prove the truth of an identity when both sides of the equa- 


tion are somewhat complicated, it is often advisable to simplify 
each side separately. 
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Example 2, Prove the truth of the identity 
se—y.4| 2-( a y+) J=8e-y- 49-2) ay 462-2 


se-y+4| e- (sy -2-*=*) |= 3a —y+4a—4(3y -—x-x+2). 
=3x-—y+4a-l2y+8x-8 
SS PO eos Solan oiecss ac cas scunnseeesen (1) 
Again, taking the right hand side, 
5(@—y —1) -4(y -—2) —4y + 62 -3=52 —- by -5 —4y +42 —4y 4+ 6x3 
= 1b = Lay Sais iee. dete. sees tases (2) 


.. from (1) and (2), 


Sz—y+a| x- (2y- 2 725*) lase-y-1)-4u-2) —4y +62 -3. 
Q.E.D. 


Example 3. Simplify the expression x—5-[3+{x«-—(3+2)}], and hence 
determine what value of x will make it equal to zero. 


The given expression =“-5-3-24+3+42 
=2-5; 
.. it is equal to zero when x=5. 
Example 4. Prove that i 2258 ~ 5 (40 + 2)= et. 
Te EP Fae +2) (The L.c.m. of 2, 3 and 5 is 30.) 

_15x7x 10(x-8) 6x4(40+2) 
— 16%2%-10x3 6x5 
_ 1052 - 10% + 80 - 96x -48 
7 30 
_105x ~ 10x — 96a + 80 - 48. 
% 30 
ais Q. B.D. 


30 
Example 5. Find the simplest form of the expression 
z-1 e 27-3 3a) 

; 5 o aan 
The x.c.m. of 5, 4 and 2 is 20. 
Therefore multiplying numerator and denominator 

of the first fraction by 4, 

eas vbieet RECON ,actocs tee nes 

Saeesacs Hovis Mexcrogscoccs Ge 

the given expression =*(# = =) - mee eae ! 1082 ? 
_ 40 —4-10%+15+300% -10 
20 
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Examples. XI. d. 


Prove the following identities : 


1. 6a - 8-422. ae ‘1a NS ae 

3. 2a42[a-2(b-c)]=4(a-b+e). 4. oes8 Sa t= at 
pe ctee G  S 6, 789 Foe 

7 eee 1 oe ceo : 3 

9. e ele at aa0e8 - 2) 1-32 2, 
11, feo Sea gtd 12. 10(z+3)+ (2 -2z}- 42=32 +23, 
13, 42-3 {52 -8(u+4)}=132+12. 

14, tS =3} +3 (G-j=— ae 

pees Lies th- = ee 


—5 Te+9 8x+19_ 21r+9 
16. * ; Gratin See 
17. Simplify the expression 12 —[4% -2(3 -x)--E(%-35\}, and hence deter 
mine what value of x will make it equal to zero. 


18. What value of 2 will make the expression 5(%-3)-4(%-2) equal ta 
zero ? 


19. What value of x will make the expression ; 
5x2 —10 — (3% —7) — {4 — 2% — (6% —3)} equal to zero ? 

20. What value of « will make 

22-3 4x - aS 


equal to zero ? 


5 3 10 
Simplify the following expressions : 
91 etl . 2441 a-3. «7-4 x “2-3 
21. Sart eR wee pa er ee 23, Bt eS: 
x el 3 2-3 a-3 a-4 
24, 5-7. 25. pas we 26. want as 
o7, 48-3, 2-2 og, 8t+5 _ 4e+5 
nG 4 6 8 
x-6 Qw-1 2#+5 x-8 3x-7 '\ 2x43 
29. Eon Saree 30. - Ear: 5 
2%=3 32-5 +2 32-8 24+7 Tx-6 
31. Gi. caso = a 4 32. SS aS ST on 
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CHAPTER XII 
REVISION PAPERS 


XII. a. 


22-3 32-5 5243 Tx+5_ex 
1. Prove that a take gatee 10 =5° 


2. Multiply 3x -—5y by 5a + Ty, and find the remainder when the result 
is divided by 5x — 8y. 
. 3z—-T 22-3 


3. Solve the equation gt Ale =14. Check your result. 


4, Find values of x and y which will satisfy both the equations, 
oF oy = ee mio Oe 27. 


Check your result. 

5. How many pence are there in £a +b half-crowns +c florins ? 

How many pounds are there in a@ half-sovereigns+0b half-crowns 
+c shillings ? 

6. On squared paper take two lines AB, AC, at right angles, such that 
AB=2-4 in., and AC=3-2 in. Find, without actual measurement, the 
length of BC. 

7. Three-quarters of a certain number exceeds two-thirds of it by 4. 
Find the number. Check your result. 


“1. b. 


1. Simplify the expression a oe =< : + Les : : 


Check your result by putting 7=5. 
2. Divide 21a? — ab —10b? by 7a — 5b, and multiply the quotient by 3a — 26. 


3. Solve the equation 3(a-1)+3(1-—2x)-2=0. Check your result. 
4, What values of x and y will make both 5x%—3y, and 3(y-—z) equal 
-to3? Check your result. 


5. A man walks a miles in 6 hours. How many miles does he walk in 
an hour? How many minutes does he take to walk one mile? How long 


does he take to walk x miles ? 


6. Solve the following problem on squared paper, without actual 
“measurement. A man walks 11 miles East, and then 3 miles North. How 


far is he then from his starting point ? 

7. From a cask {ths. full 36 gallons are drawn, and the cask is then 
found to be half full. How many gallons does is contain when full? 
Check your result. 


B.B.A. G 
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XII.-c. 


4. Divide 2222 -67x—35 by 2x-—7. Check your result by using x=2. 
2. Simplify (2% +3) (3a —1) + (2a -5) (5x — a — (4x -3)%. 
3. Solve the equation (#—3)? —(% -4)?= i 
4, What values of x and y will make ee 
z zee nd —— ames equal to x-10 ? 


5. I was x years old 5 years ago. How old shall I be 7 years hence’? 
How old was I 21 years ago? In how many years from now shall I be 
+21 years old? In how many years from now shall I be 45 years old ? 


6. A man walks 3:7 miles South, and then in a direction due West, 
until he is 5 miles in a straight line from his starting point. Wind by 
means of squared paper, without actual measurement, the distance he 
walked in a westerly direction, to the nearest tenth of a mile. 


7. A man sold half his oranges and half an orange more, and then found 
he had 25 left. How many had he at first ? Check your result. cane 


XII. d. 
1. Simplify the expression 5 [3a —2(1 -—3a) +2{8-(4 -2)} +2}. 
2. Prove that (3 —1)(3x+1) -(1—2)(1 +x) +3(1 —2z)(1+2z)=1 —22, 


3. Solve the equation (v—3)(e+1)-(%+2)(~-5)=0. Check your result. 


2 
4. Prove that if a oars y) + ae - =0, thena=2y. Hence write down 


three positive integral solutions of the equation. 


5. If a lbs. of cheese cost b pence, how much will 1 lb. cost ? How much 
will 2 lbs. cost ? How much cheese shall I gst for a shilling ? 


6. A straight wire joins the top ends of two vertical posts, 17 ft. and 
24 ft. high respectively, 35 feet apart. By means of squared paper, without 
actual measurement, find the length of the wire to the nearest foot. 


7. Ais 13 years older thanB. Also A is as much above 57 asB is below.50. 
Find their ages. Check your result. 


‘XII. e. 


1. Divide apx+qx -5ap— 5q by «-5. Check your xesult by multipli- 
cation. 


2. Prove ithat (#—- sypsiabe: 20 oe: 30 —a)(x- in ae 


3. What value of x wili,make © 2S -2(e-4)4+2(z- 3)-tr t+ equal to zero ? 
Check your result. 


oy -3_ 


x 

ae Ras! 

w—8y 5 dy-% . 
o. 


4. Solve the equations 


4 


= 


x1] REVISION PAPERS 97 


5. Write down the number which exceeds one-third of x by 14. 
Repeats avans sosave ses onevemeneawnaa Wewsuies MVC s one-quarter of 52 by a. 
sodwans Pann ave edeet anata eerste great ed by @ = 1. 


6. A man walks 2} miles East, then 3 miles North. He then walks due 
South-west until he is due North of his starting point. How far is he then 
from home? and how far has he walked? Solve the problem on squared 
paper without actual measurement. 

7. A is 10 years older than B. In 8 years B’s age will be $ of A’s. 
Find their ages. Check your result. 


XII. f. 


: F x 8 2a-5 324+7 5x-1 
1. Simplify the expression gts Tse 


determine what value of x will make it equal to zero. 
2. Prove that 2(x+3a)?+3 (a —2a)? —5 (2? + 6a?) =0. 


3. What value of x will make 6{8}—}{2%-5(xz-—1)}+2] equal to zero? 
Check your result. 


+23, and hence 


4, Find the values of a and y if 9 2*=¥—* 1, when 2=2. 


5. Eggs sell at a pence a score. How much will 100 eggs cost? How 
much will a dozen cost ? How many eggs sell for a shilling ? 


6. A man walks 4 miles West, 3-4 miles North, and then straight 
towards his starting point until he is one mile from it. How far has he 
walked ? 


7. If f(x) =32? -22+1, and ¢(x) =42 - 32 —2, find the value of 
3f(3) - 2¢ (2). 


XII. g. 
1. Find the value of 1+32-42?, when x= -38, -2, -1, 0, 1, 2, 3. 
Tabulate your work. 


2. The weight (W Ibs.) of a square-cut beam of ash is given by the 
formula W =45a2l, where 1 feet is its length, and a feet the length of an 
edge of its square end. Find the weight of such a beam in lbs. 


(1) 20 feet long and 6 in. square. 
(2) 15 feet long and 8 in. square, 


3. Solve the equation (x +1) (x —2)(%+5) =(«-1)(%+2)(*%+3). 
4, Divide 224 into two parts which differ by 10. 
5. What values of 2 and y will make both 


oe ty and ad» equal to 3? 
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6. Solve the equations 


Coy im 
974g t2t1=0, 


3(x—y) +5z2+4=0, 
x+6y -2z=9. 


7, A donkey tethered to a post can graze over a circle of 40 feet radius, 
The shortest distance from the post to a straight hedge is 25 feet. Over 
what length of hedge can the donkey graze? Solve on squared paper. 


XI. h. 
1. Find the values of 322-—42%+7 when x=-3, —2, -1, 0, 1, 2, 3. 
Tabulate your work. 


2. If a room is 1 feet long, b feet wide, and h feet high, the area of its 
walls is 2h(/+6). Find the area of the walls of a room 10 feet high, 13 ft. 
6 in. wide, and 15 feet long. 


3. Solve the equation 4(a—1)? —(2%-1)(2a% —5)=5. 
4, lf 5a —y=8, and 5y -x=20, find the values of z+y and #-y. 
d. ‘The sum of five consecutive odd numbers is 275: find them. 


6. A man walks 2-6 miles West, then 3°5 miles North, and then 
2 miles South-east. How far is he then from his starting point ? 


7. Solve the equations 
2(%-—y+2z)=12+y-2, 
3(%+y)=<z-y—-16, 
5(@+y)=2(y — 22-2). 
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CHAPTER XIII 
CO-ORDINATES, AND GRAPHS OF STRAIGHT LINES 


[All graphs should be drawn on squared paper. It should be ruled to 
show inches and tenths of an inch, or centimetres and millimetres. ] 


66. Take two straight lines, XOX’, YOY’, at right angles to one 
- another. Let P be any point in their plane, and draw PN, PM 
perpendicular to XOX’ and YOY’ respectively. 
Let PM=2, and PN=y. 
These values, x and y, determine the position of the point P; 
1.e. if we know the values of z and y, we can draw the point P. 
For instance, if z=5, and y=3; along OX measure ON=5, and 
along OY measure OM=3 units of length. Then PM=ON=5, and 
PN =OM =3, and therefore P is the point we required to find. 


2 and y are called the co-ordinates of the point P; XOX’, YOY’ 

the axes of co-ordinates, or, more shortly, the axes ; O the origin. 
P is often described as the point (2, y). 
x is called the adscissa, and y the ordinate of the point P. 


, 
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If lines drawn in one direction are taken as positive, then lines 
drawn in the opposite direction must be taken as negative. 

Lines drawn in the directions OX, OY are usually considered 
positive, and therefore lines drawn in the directions OX’, OY’ are 
taken as negative. 

For example, in the accompanying diagram, at Q the abscissa 
is negative, and the ordinate positive. At R the abscissa is 
negative, and also the ordinate. At S the abscissa is positive 
and the ordinate negative. 

In practice, it is simplest to draw the point (5, 3) in the 
following way. 

Along OX measure ON=5; and at N draw NP perpendicular 
to ON in the direction OY, the positive direction, and make 
NP=3. We then have the same point as in the paragraph above. 


Example 1. Plot the point (6, 8) and find its distance from the origin. 


SCRMUMHAARDAN DARA EOMR A HMw EC ie 


Poo 
| 
|| 

= 
| | 
|| 
iid 
} | 
a 
} | 
| 
% 
| 
|_| 


m. 
|~ 
aS 


Draw axes XOX’, YOY’, and using a side of each i 
Ohi, ane ie Ge g each square as unit, take 


Along the vertical line through N, and in the positive direction, take 
NA=8 units. 


A is the point (6, 8). 
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With centre O and radius OA desctibe a circle cutting OX at B- 

The distance reqd. =OA =OB = 10 units, as we see from the diagram. 

Example 2. Plot the points (6, 8) (—6, 3), and find the length of the 
line joining them. 

Plot the pt. (6, 8). (See diagram in above example.) 


Along OX’ take OM=6 units, and along the vertical line through M, 
and in the positive direction, take MC =3 units. 


C is the pt. ( —6, 3). 
With centre A and radius AC, deseribe a circle cutting the horizontal 
line through A at the point D. 
The length reqd. =AC =AD =13 units, as we see from the diagram. 
We might also find the length of AC in the following manner. 
From the diagram, AK =5 units, and CK =12 units. : 
AC? =AK? + CK? =5? + 12? =169 ; 
. AC=13 units. 


Example 3. To find the area of the triangle formed by joining the 
points (4, 8), (9, —5),(—7, +5). 
[The area of a triangle is equal to one-half the product of its base and 


‘ytitude. ] 
pAb te ttl Ltd] . 
Paety HY 
dl [ RE 
Tt tT 


eI 


Plot the points as shown in the diagram, and form the triangle ABC 
by joming them. — 
We see that the base BC =16 units, 
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Also if the vertical line through A meets the base at N, AN is the 
* altitude of the triangle, and is equal to 13 units. 


- the area of the A =4BC x AN=} x16 x13=8 x 13=104 square units. 


Example 4. To find the area of a triangle by counting squares. 
Find the area of the triangle joining the points (7, 6), {—6, 7), (3, —8). 


EEE -opTEETEPEEPPPEEE 
Mais BS 

“EST PEEEEE 

fe Sse 

sa) expe ah Y Zeon 

Eee nase ttf Pet dtttazee 
4 bo et 


Plot out the points as shown in the diagram, and form the triangle. 


Now let us count up the number of squares in the triangle, counting as 
whole squares those which are equal to or greater than half a square, and 
ignoring those which are less than half a square. 


Beginning with the top horizontal row, the numbers in the different 
rows are 7, 12, 11, 10, 9, 9, 8, 6, 6, 5, 4, 3, 2, 1. 


Adding these up, the total number of squares is 93. 
.”, the area of the triangle is 93 square units. 


When one side of a rectilineal figure is drawn along a line of 
squared paper, its area can easily be found by dividing the figure 
into rectangles and right-angled triangles, — 
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Example 5. Find the area of the figure ABCD in the diagram. 


Saseeueeee 


= 


Draw AE and DF perpendicular to BC, and DG perpendicular to AE. 
AABE=3BE x AE=4x 4x14= 28 sq. units 
AAGD =4AG x GD=4x 4x10= 20......... 
ADFC=4DF x FC=4$x10x 5= 25 ...-.-.-- 
ic, DPEG= DE ER— S10 x10=100 «....3: 


*, the area of ABCD =173 sq. units. 
Example 6. To find the area of the.figure ABCD in the diagram. 


Sa ee 
EEE Sst teed 
Bete lt SL 
ILL 


a 
SRerwe 
eee anon 


Through A, B, C,.D, draw lines along the lines of the paper so as ta 
form the rectangle EFGH. 
A AED =3AE x DE=3x 5x15= 37} 5q. units. 
AAFB'=4AF x BF=$x 9x19= 854..........- 
ABGC =4BG xCG=4x 7x 8= 28 ........+0+ 
ADHC=3DH xCH= x11 x 6= 33 .....eeee 


“, ABCD =EF x FG —184 sq. units. 
=14x26-184 ............ 
=364.—184. i .ceaiivecee 
= 180.46 i) 6 pip onteanennsve 
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Examplés. XIII. 4. 
1. Write down the co-ordinates of the points P;, P3, Ps,... shown in the 


diagram below. 


asssstsniPTT 


saa 


rae 
njU 


TrEREEERE LR A ee Wil 
2. Plot the following points dn squared paper : 


(2, 3), (2, —#), (-3, 3), (-2; 4). 
3. Plot the following pairs of points, and determine thé co-ordinates of 
the middle points of the lines joining them : 
(i) (2; 4), (+2, =4) (it) (35 4), (35 +4), 
(iii) (6, 8), (-—2, -4). (iv) (=3, 5), (—5, 3). 
4, Plot the points (5, 2), (5, 1), (5, =2), (5, —4), (5, —3). Join them. 
What do you notice about them ? 


5. Plot the points (0, 6), (4, 0). Join them, and determine the area of 
the triangle this line forms with the axes of co-ordinates. 


6. Plot the points (3, 4), (3, —4), (-38, 4), (-3, -4). Determine the 
number of square units in the area of the figure formed by joining them. 
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7. Plot the points (3, 4), (4, 8). Join them, and write down the 
ordinates of the points on this line whose abscissae are respectively 2 and 5. 
Write down also the abscissae of the points whose ordinates are respectively 
-2 and 6. 


8. Plot the points (3, ~2), (-3, -2), (0, 4). Join them, and, by 
counting squares, determine as accurately as you can the area of the 
triangle so formed. Verify your result by calculation. 


9. Determine the perimeter of the triangle formed by joining the points 
(8, 0), (—8, 0), (0, 6). ie 


10.-Find the perimeter of the triangle formed by jvining the points 
(7, 9), (—11, 20), (-17, —5). ; 


11, Draw the triangle (10, 0), (-—10, 0), (0, 18). Find its area by 
_ counting squares and verify your result by multiplying half the altitude by 
the base. 


12. Draw a semi-circle of radius 1-5 in. and find its area by counting 
squares. 


13. Find the area of the triangle joining the points (4, 2), (4, 7), (-2, 3). 
using half an inch as unit. 


Find the lengths of the lines joining the following pairs of points: 
14. (0, 0), (15, 20). 15. (9, 8), (—10, 19). 
16. (7, 13), (—16, 3). _ 17. (15, -12), (-15, 4). 

In the following, use an inch as unit, and when necessary estimate the value 
of the second decimal place. 


Find, to the nearest hundredth of an inch, the lengths of the lines 
joining the following pairs of points : 


18. (0, 0), (2°4, 1-3). 19, (3-2, 1:8), (—0-4, 2-7). 
20. (2:3, 0-9), (-1+1, - 1-4). 21. (0-5, —0-9), (-0-9, 2:3). 


Find the area (in squares of your paper) of the figures formed by joining 
the following points : 


22. (2, 6), (2, 1); (8 6), (8, 1). 23. (0, 0), (0, 9), (8, 0), (8 9). 
24. (5, —6), (5, 5), (-4, -6), (—4, 5). 

25. (0; 0), (10,0), (14, 7)» (457s 26. (-9, 5), (7, 5); (16, 13); (0, 13). 
27. (0, 0), (17, 0), (0, 12). 28. (13, 0), (0, 8), (13, 8). 

29. (10, 5), (—6, 5), (6,17). + 30. (-9, 20), (-9, 5), (11, 24). 

31. (5, 12), (-15, 8), (-4,17)." 32. (10, 7), (3, 16), (—8, 3). 


67. Draw axes XOX’, YOY’, and mark a number of points 
whose abscissae are equal to 6 taking any convenient unit of 


length. 
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A, B, C, D, E, in the diagram, are such points. 

We thus see that all points, whose abscissae are equal to 6, lie 
on the straight line parallel to OY and distant 6 units from it. 

Moreover, if we look at any other point not on this line, we see 
that its abscissa is not equal to 6. In other words, x=6 for all 
points on the straight line CE, and for no other points. 


PoCECEEEEEEEE 


* 


The line CE is therefore called the graph of x=6. 

We notice too that the equation x=6 is true for all points on 
the line however far we produce it in either direction. 

In the same way, if we mark a number of points whose 
ordinates are all equal to 8 and join them, we get a straight line 
PQ parallel to OX, and i is the graph of y=8. 


68. If in a diagram we mark the points (2, 2), (3, 3), (4, 4), 
(5, 5) and so on, and join them, we get a straight line. Also if 
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(x, y) be the co-ordinates of any point on this line, we see that 
a=y. Hence this line ts the graph of x=y. 


Sees: 
a ai PC 
SRESRUSuE 


It will be seen that the points (0, 0), (-1, -1), (-2, -2), . 
(-3, —3), etc., all lie on this graph. 


69. Draw the graph of y=2e. 


SRSReRe BP. | | 
BRBEESRPINA 
nee Yn t2s, ince e 
SRERePS Ake 
ree ee gta | 
Ree Jb ESae 
gaaee 


When 


Joining the points thus found, we have the graph required. 
It will be seen to be a straight line through O the origin. 


N.B.—The line is of unlimited length. 
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70. Draw the graph of the expression 2x — 3. 
N.B.—This is the same as the graph of y=22 —3. 


[TT iset tt tt 
2S SES 
Boenne a Saanene 


Marking in a diagram the points thus found, and joining them, 
we have the graph reqd. 


It will be seen that the graph is a straight line of unlimited 
length. 


71. Draw the graph of the expression ae 


Marking these points in a diagram and joining them, we have 
the graph reqd. 

N.B.—It will be seen that all graphs of expressions of the’ first degree, 
i.e. graphs obtained from equations of the first degree, are straight limes, 


72. To draw the graph of the expression tt ? a. i.e. the graph of 
— 2x 


5 
[The equation being of the first degree, its graph is a straight 
line. It will therefore be sufficient if we plot two points on the 


the equation y= = 
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graph, for only one straight line can be drawn through two given 
points. } 


Suerdevecronte? 


Bens 
Rages ae 
REGS Saar Tes 
ee ee 
BERBER 


Choose convenient points. 


26 —6 


When Laz 3, Yor =4, 
.. the pt. (3, 4) is on the graph. 
When v= —2, yo 6. 


*, the pt. (—2, 6) is also on the graph. 
Joining reas points, P and Q in the diagram, the line PQ is 
the graph reqd. 
73. Solve graphically, on squared paper, the following equations : 
Q-y=1l. 2-2y=10. 
In the first equation, when y=1, «=6. Mark this ‘efi on the ~ 


squared paper. 
In the same equation, when y=3, =7. Mark this pt. also. 
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The str. line joining these pts. is the graph of the first equation. 

In the second equation, when y=1, e=12. Mark this: pt. in 
the same diagram. 

Also in the second equation, when y=2, x=14. Mark this pt. 

The line joining these last two pts. gives the ae of the 


second equation. 
SEEEEEETEEETa7E 
SHER Catt} 
SER EERS oD ak 
| | 


Sane anes a 
TiAl tr rt tT 
Porites 


ete ACCEL 
@EF SED 


From the diagram it ‘wil be seen that the str. lines meet at the 
pt. (4, —3). 
Hence «=4, y= —3, is the reqd. solution. 
Verification. In the first equation, when 
a=4, 2x4-y=11, 
—y=11-8=3, y= -3. 
*, w=4, y=—5S satisfy the first equation. 
In the second equation, when x=4, 
ita —2y=10-4, 
=-3. 
*. o=4, y= -38 ase this equation also. 
74. The following are very important : 
(1) The co-ordinates of the origin are (0, 0). 
(2) If a point lies on the axis of x, its ordinate is zero. 
(3) Ifa point lies on the axis of y, its abscissa is zero. 


Thus we see that the graph of x=0 is the axis of y; and 
the graph of y= 8 is the axis of x. 
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(4) The graph of x=a, where a is constant, is a str. line || to 
the axis of y. 


The student should illustrate this by drawing graphs of 
x=2, 7=5, x= —T, and so on. 
(5) The graph of y y=b, where 6b is constant, is a str. line || to 
the axis of x. 
Illustrate this by drawing the graphs of y=3, y=4, y= — 8. 
75. It is sometimes advisable to work with other units than an 


inch, or a tenth of an inch. 


Draw the graph of — ei e. 


Note that here we draw a graph of a fabotiok of x. 


v- | 
rT 
rl (aye) 
IRE F 

ihe 
: x 
| 

One 
Let y= The graph es str. line since the equation is of 


the first degree. When 


4 Taking 6 tenths of an inch to represent unity, we have the 
graph as shown in the diagram. 


' B.B.A. H 
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76.. Lo find re are of the graph which passes through the points 
2, 3)(4, 15)(6, 0)(8, —1-5)(10, —3). 
[In the pees 10 sides of a small square are taken te 
represent unity. | 


Xi. 


(253) 


Ko | (B59)5 
OT N 3 BX 
hee we plot these points we see that they lie in a stv. line. 
*, the equation of the graph is of the first degree. 
Let ax+by=c be the equation reqd. 
The pt. (2, 3) is on the graph, 
*, w=2, y=83 satisfy the equation ax +by=c, 
PL AAG ESD 2665). eineadintesevpes uate poswaun (1) 
The pt. (6, 0) is on the graph, 
*, =6, y=0 satisfy the equation ax+by=c, 


1.€. 64=€3 
i ¢e 
awe 4y 
Ree execu ee) Bb=p~S =, 
b= eo, 
cx Qcy | 
. Aigo 


te. 3x+4y=18 is the equation reqd. 
The equation might also be found as follows : 
Let P (x, y) be any pt. on the line. 


As AMP, ANB are equiangular, and Mier oe: their sides are 
proportional. 
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_ AM AN. 
** PM BN? 

he Ts eae : 

4.€. oma (see diagram). 


Whence 37+4y=18, as before. 
Before drawing any grapn. first tabulate the values of. 
‘“ and vy, and then choose a convenient unit. 
Make it a rule to state in a prominent position on the 
syuared paper, the unit employed. ; 
Let your work be very neat, and do not use a pencil with a 
thick point. 


; 


Examples. XIII. b.- 
Un n each case state the unit employed. Small units are inadvisable. J 
1. In separate diagrams draw the graphs of the following : 


(i) z=4. (ii) y=5. (iii) «= -2. (iv) y= -3. 
2. In the same diagram draw graphs of the following : 
(i) y=3e. (il) ‘g=~ 


Distinguish the graphs by writing their equations on each. 
3. In the same diagram draw graphs of: 


(i) y=4a. (ii), y= -32. 

Distinguish them as in the previous example. 

Trace on squared paper the graphs of the following : ‘ 

4. y¥+4=0. 5. +2. 6. x-2. 7. y-—x%=5. 

8. y=2x+6. 9, y=2e4+1. 10. 24+3. 11. 4-32. : 
12. 5 - 62. 13. y=6+2x. 14. 37+4y=12. 15. 3x —4y=12. 

3a —5 5= J 5 y_e-1 TA a 

16. 6° 17. 18. 5 oF Wee 19. 5 3 al. 
20. 15e=19y. 21. 3e+4y=0. 22. 7a-3y=0. 23. Bg =O 
24, Q2y=4e-1. 25. 2-3y=6. 26. 2y-a=6. 27. 62 =3y —5. 


28. 62=5-3y. 29. llx+lly=9. 
Solve the following equations graphically, and verify your result by 


Algebra. 
30. 2+2y=12, x-3y=2. (Use half an inch, or a centimetre, as unit.) 


31. 4x -—y=10, 2a-y=4. (Use an inch as unit.) i 
32. 4a —3y=14, 3a-—4y=0. (Half-inch unit.) 

33. 5a —Ty=20, 8u-2y=12. (Half-inch unit.) 

34. x=5, Pe pri (Half-inch unit.) 


85. y =3, at Ae (Half-inch unit.) 


t 
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Solve the following equations graphically, and verify your result by 
Algebra : 


36. 2=2:8, 7=%. (Half-inch unit.) 


DS 
37. y-2e= -3, 2yta=14. 38. 244 7y=52, 3a —5y=16. 
39. 5a+9y=188, 13x —2y=57. 40. 3y -4¢=0, yt+u=21, 
sae Yaa tet pte LO x+y zy, 119 
41. x re 25, 4y 3 =3. 42. 3 +5=10, 3 i= . 


In the following, plot the points given, and find the equation of the 
graph in each case : 


43. | 


a=1. | <3 5 7 9 


eee ta et Wee fen fe wae) ons Oe 


etn : 
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CHAPTER XIV 
PROBLEMS INVOLVING SIMULTANEOUS EQUATIONS 


77. Example 1. Find two numbers such that twice the first added to 

_ three times the second is equal to 45, and also such that five times the first 
added to four times the second is equal to 74. 
Let x be the first number, and y the second. 


Twice the first +3 times the second =2z +3y, 


.. 24+3y=45, (by hypothesis). ............... (1) 
5 times the first +4 times the second =5x+4y. — ...ssselecieccececesseeeees (2) 
.. 5x+4y=74, (by hypothesis). 
Multiplying (1) by 4, Bee tye PO ee cas. So (3) 
_ ay (2) by 3, His = Voge Pe tse) 
Subtracting (3) from (4), 7xz=42, 
z=0. 


Substituting this value of z in (1), 
2x67+3y=45, 
3y =45 —12=33, 
y=11. 
.. 6 and 11 are the reqd. numbers. 
Verification. 2x6+3x11=12+33=45, 
&x6+4x11=30+44=74. 
Example 2. Five years ago A was twice as old as B, and 6 years hence 
their united ages will come to 82. Find their present ages. 
Let x years be A’s present age, and y years B’s present age. 
5 years ago, A’s age was x —5, and B’s age y —5. 


.. by hypothesis, x -5=2(y —5), 
a —-5=2y-10, 
Ue = OMe eeasise Seeseiscesiesiacesnnelrs (1) 
6 years hence, A’s age will be x +6 years, and B’s age y + 6, 
-.",. by hypothesis, x+6+y+6=82, 
; BSI ET eae hae Ra Me oR cee ge BAe (2) 
Subtracting (1) and (2) —3y= -75, 
3 y=25. 
Substituting in (1), 2-B0=-5, 
: cee 


.. A’s present age is 45, and B’s 25. 

In representing numbers of more than one digit algebraically, we must 
remember that 23 means 2 x 10 +3, and not 2 x3. 

Thus the number, whose tens’ digit is x and units’ digit y, is 10x+y, and 
not xy, for xy denotes x xy. 
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Example 3. The sum of the digits of a certain number, less than 100, 
is 11, and if the digits are reversed, the number is diminished by 9. Find 
the number. ; 

Since the number is less than 100, it has two digits. 

Let x be the tens’ digit, and y the units’ digit. 

By the first hypothesis, By A Ve pos. cake vonne sapere aneee eee (1) 

The number obtained by reversing the digits is 10y +7. 

. by the second hypothesis, 10%+y-—(10y+)=9, 
10z+y—-10y —2%=9, \ 


9x -9y=9, 
i Yf =e Nee sameees Se veekanterts 12) 

Adding (1) and (2) 22 =12; 

x=6 

Substituting this value in (1), y=d. 
*, the reqd. number is 10 x6+5=65. 
Verification. The sum of.the digits =6+5=11, 

. 65 -56 =9. 


Example 4, A man walks two-thirds of a journey at 4 miles an hour, 
hen bicycles back for one quarter of the whole journey at 8 miles an hour, 
end turning round, runs the rest of the way, taking 9 hours over the whole 
ourney. If he had run the whole distance at the rate at which he did the 
hes part, he would have taken 4i hours; find his rate of running. 


Let a miles be the whole distance, and suppose he ran x miles per hour. 
He walks 4 miles in 1 hour ; 


Spatial uns wet ene 1 mile in } hour ; 
X bate a Nae oe 7 
ois oweweeth sok ¥ miles in "3 *Z=G ROUTH JA. Goeth coneesene «-(1) 
He bicycies 8 miles in an hour ; 
ee Re te 1 mile in } hour ; 
ee hed eS 
Reet fesiesa tee qemiles in x5 hours. Seavrneynaeeceteaccnseeewecent( a) 
His distance now from the end of his journey 
_g 24,470 
er sabe 
He runs x miles an hour ; : ' 
Seamed ten 1 mile in * hour ; eat 
74 miles in 1% 
fablesbiceswtacee 13. 122, QUIET, Sete eaeet decucen Steven Bae (3) 
“. From (1), (2), (3) aa, ia _ 
rom.{1), {2}, (3), 6*32tio2—* 
Simplifying this, 19a +56" =864. oss. mleptia e RY 


LJ 
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He runs x miles in an hour; 


iS * - @ 
Be dex ota a a miles in a hours ; 
a % 
Ley 
seh SF rip nM ees ieee ds as bexesvc osaessecdss ++00(5} 


Substituting this value of - in (4), 
19a+8 x32=864, 


whence a=32 miles. 
From (5), a= 55 =7 miles an hour. 
‘ Examples. XIV. a. 


1. The sum of two numbers is 29, and their difference is 5: find them. 

2. Three times the sum of two numbers is 51, and their difference is 7: 
find them. 

3. Find two numbers such that three times the first and twice the 
second together make 34, and three times the first together with five times 
the second make 58. ; 

4, Half the sum of two numbers is 11, and half their difference is 2: 
_ find the numbers. : 

5. Six pounds of sugar and three pounds of cheese cost 4s. 3d., and five 
younds of sugar and six pounds of cheese cost 6s. 2d.: find the cost of sugar 
and cheese per pound. 

6. I have 10 coins consisting of half-erowns and florins, together 

- amounting to 23s. 6d. How many coins have I of each sort ? 

7 At a meeting of a cricket club to elect a captain, 75 members were 
present, and the captain was elected by a majority of 13, all voting. How 
many voted for and against ? 

| 8. Six years ago I was three times as old as my brother, and now I am 
. twice asi : find our present ages. 
; oe e daily wages of 10 men and 7 boys amount to £2. 2s.: if a man 
earns in two days as much as a boy earns in seven days, find what each 
_ earns per day. 

10. Four times A’s age exceeds B’s age by 16, and one-fifth of A’s age is 
equal to one-sixteenth of B’s age. Find their ages. 

11. Ten years ago a father was seven times as old as his son, two years 
hence twice his age will be equal to five times his son’s. What are their 
present ages ? 

12. When A and B begin to trade, B’s capital is four-ninths of A’s. 
Each of them gains £50 and then A’s capital is twice,B’s. ind the 
original capitals. 
_ 13. A man’s age is three times that of his son, in fifteen years it will be 
double that of his son. How old is each now ? ; 
_ 14, A man receives 3s. 6d. for every day that he works,, but is fined one 
shilling for every day that he is absent. After 20 days he receives the 
same wages that he would have earned by steadily working for 11 days. 
How many days was he absent from work ? 
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15. A sum of £2. 15s. 6d. is paid in florins and half-crowns, there being 
25 coins in all: how many are there of each ? ; 


16. The sum of two digits of a number is 9; if the digits are reversed, 
the new number is four-sevenths of what it was before. Find the number. 


17. A man travels the first half of a journey at a uniform speed, and 
the second half at double the speed, completing the journey in 10 hours 
48 minutes. He travels the whole way back at a mile an hour faster than 
he originally started, and does the return journey in 12 hours. Find the 
length of the journey, and the man’s starting pace. 


18. Two men start from two places 48 miles apart. When they travel 
in opposite directions, they meet in 4 hrs. 48 minutes ; when they travel in 
the same direction, one overtakes the other in 9. hrs. 36 minutes. Find 
their rates of travelling. 


19. If A were to give B twelve shillings, A would have half the sum 
which B then has; but, if B were to give A thirteen shillings, B would 
have one-third of what A then has. How much money has each originally ? 


20. A is three times as old as B; in eleven years he will be four times 
as old as B was the year before last. What are their ages ? 


21. A bag contains £5 in shillings and sixpences. If there were twice 
as many shillings and half as many sixpences the amount would be 
increased by half-a-crown. How many coins are there in the bag ? i 


22. At an examination, A obtained 11 marks less than B; if he had 
gained half as many marks again as he did, he would have beaten B py 17. 
How many marks did each receive ? 


23. If £2. 11s. 6d. is paid in florins and half-crowns, the number of 
coins being 24, how many are there of each ? 


24, A number is composed of two digits of which one is three times the 
other, but if the digits were transposed, the number would be reduced by 
54. Find the number. ' 


25. Two persons starting at the same time from places 40 miles apart, 
ride towards one another, and meet at a distance of 18 miles from one end. 
If the faster one had gone 1 mile an hour slower, and the slower one 
1 mile an hour faster, they would have met half-way. At what rate was 
each riding ? : 

26. A merchant has two sorts of wine worth respectively 6s. 8d. and 4s. 
a gallon; how much of each must he take to obtain a mixture of 40 gallons 
worth 4s 8d. a gallon. : 


27. At a certain election there were two rival candidates, and their 
supporters were conveyed to the polling-booths in carriages capable of 
accommodating 8 and 12 voters respectively. If the voters, 740 in all, just 
filled 75 carriages, find by what majority the election was won. 


28. A traveller walks a certain distance. Had he gone half a mile an 
hour faster, he would have walked it in four-fifths of the time; had he 
gone half a mile an hour slower, he would have been 2} hours longer on 
_ the road. Find the distance, and his rate of walking. 


29. A’s age is twice B’s. Four years hence B’s will be twice C’s, and 
12 years after that A’s will be twice C’s. Find their present ages. 


30. Certain annual parish expenses were met by collections on alternate 
Sundays with an annual donation of £15. It was determined to have a 
collection on every Sunday, with the result that, though each collection. 
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was one-fourth less than before, there was enough without the donation to 
meet the expenses and £3 to spare. Find the expenses. 


31. Some smugglers discovered a cave, which would exactly hold the 
cargo of their boat, consisting of 13 bales of silk and 33 casks of rum 
Whilst they were unloading, a Custom House cutter coming in sight 
they sailed away with 9 casks and 5 bales, leaving the cave two-thirds ful, 
How many bales or casks would the cave hold ? 


32. On two successive days a-man bought a shilling’s worth of eggs 
and a shilling’s worth of oranges. On the second day the number of eggs 
was 25 per cent. greater, and the number of oranges was 15 per cent. less 
than the numbers of those he got on the previous day. On both days the 
number of eggs and oranges united was 32. How many eggs did he 
receive on the first day ? 


33. If the floor of a room were 9 feet longer and 6 feet narrower it 
would take 4 square yards less carpet; but if it were 6 feet shorter and 6 
feet wider, it would not change its area. Find its dimensions. 


34, At a school treat it was calculated that if each teacher gave 5s. 
there would be 3d. for each child and 3d. over: but two more teachers 
arrived bringing a third as many children as there were before, and it was 
now found that each child would receive 34d. if each teacher gave 5s. 6d. 
How many children and teachers were there at first and at last ? 


35. A certain dole was 25s. more than would give the recipients a 
florin apiece, and there were fifteen too many to receive half-a-crown 
apiece. What was the amount of the dole ? 


26. The difference of the perimeters of two square fields expressed in 
linear yards is one-fourth of the difference between their areas expressed 
in square yards, and the sum of the perimeters of the fields is eight times 
the Difiarcnos of their perimeters. Find the areas of the fields. 


37. A’s age is equal to the combined ages of B and C. Ten years ago 
A was twice as old as B. Show that ten years hence A will be twice as 
old as C. 
38. A bill of 25 guineas is paid with crowns and half-guineas, and 
_ twice the number of half-guineas exceeds three times that of the crowns 
by 17: how many of each are used ? 


39. The united ages of a man and his wife are at present six times 
those of their children; two years ago their united ages were 10 times, 
and six years hence they will be 3 times, the united ages of their children. 
How many children have they ? 

40. A man does a journey at a certain rate, and finds that if he had 
travelled 6 miles an hour faster, he would have done the journey in 

one-third of the time. What was his slower rate of travelling ? 

| 41. A man does a journey in a motor car at a uniform speed in 6 hours. 
On his return he is delayed at half-way for half-an-hour, but quickening 

: his pace by 3 miles an hour does the journey in the same time. Find his 
original speed and the length of the journey. 

42. In going the shortest way from A to B, a man had to go back one 
mile to pick up something he had dropped, and took 3} hours over the 
walk. He went back by a route which was half-a-mile longer, and took 

3 hours over the return walk. Find his rate of walking, and the shortest 
ilistance from A to B. 
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43. In walking from A to B a man meets a friend and rides back with 
him in his motor-car for 3 miles at the rate of 12 miles an hour. Resuming 
his walk he arrives at B 7 hours after his start. If he had walked 
straight through, he would have taken 6 hours over the walk. Find his 
rate of walking, and the length of the walk. 

44. Two men run a course of 4000 feet at uniform rates. One starts 
20 seconds after the other and arrives 10 seconds before him. Where 
does he pass him ? 

45, A man pays a certain tax on the whole of his income. If his 
income had been one-tenth more, and the tax ld. in the £ lower, the 
tax paid by him would have been exactly £1 less; but if his income had 
been one-fifteenth less, and the tax Id. in the £ higher, the amount of 
his tax would have been exactly £1 more. Find his income and the rate 
per £ of the tax. 


46. The road from A to B ascends five miles, is then level for four miles, 
and finally descends six miles. A man walks from B to A in four hours, 
the next day he walks half-way to B and back again in three hours 
fifty-five. minutes, and returns on the third day to B in three hours 
fifty-two minutes. What are his rates of walking (a) uphill, (6) downhill, 
(c) on level ground, if these rates do not vary from day to day ? 


47. Two ships (S,, S,) start at the same time in the same direction from 
two stations (A, and A, respectively) on the same route. After a certain 
time S, overtakes S,, when it is found that they have sailed. 1500 miles 
between them, that S, passed A, four days ago, and that S, is now nine 
days’ sail from A,. Find the distance between A, and A, and the average 
rates of sailing of the vessels. 

EASY GRAPHICAL PROBLEMS 

78. A man, starting at noon, walks at the rate of 6 miles an hour. 
Draw a graph of las motion, and from the diagram, read off, as 
accurately as you can, the time when he is 22 miles from his starting 
point, and the distance he has travelled in 2 howrs 24 minutes. 

Measure distance along OX, taking a side of each square to . 
represent a mile. Measure times along OY, at right angles to OX, 
taking 10 sides to represent an hour, so that each side represents 
6 minutes. 

- Taking OA along OX equal to 30 miles, (30 squares), and AB at 
. tight angles to OA equal to 5 hours, (50 squares), B represents the 
man’s position in 5 hours, for he travels 30 miles in 5 hours. 

Join OB. OB is the graph of his motion. 

By this we mean that any ordinate PN represents the time 
taken to walk the distance represented by the abscissa ON. 

To find the time when he is 22 miles from the start, take ON 
equal to 22 miles and draw the corresponding ordinate NP. 

This ordinate represents the time reqd. 
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Drawing PK parallel to OX, and estimating the value of the portion 
KV of the side of a square, we see that the reqd. time is 3.40 p.m, 
To find the distance travelled at 2.24 p.m., take OM along OY 
equal to 2 hours 24 minutes, and draw MQ piatiel to OX. Draw 
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the ordinate QL at Q, OL represents the distance reqd., and is 
equal to 14} miles nearly. 

The student should verify these results by calculation. 

He should also verify the fact that OB is the graph of the man’s 
motion by taking simple distances, and reading off the correspond- 
ing times; e.g. 6 miles (time 1 hour), 12 miles (2 hours) and so on, 
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79. Given that -62 of an English mile=1 kilometre, construct a 
graph from which you can read off any number of miles in kilometres 
md any number of kilometres in miles. From it write down the 
number of kilometres in 420 miles and the number of miles wn 580 
kilometres. Calculate the results to the nearest 10 kilometres or miles. 


See Ce SEG % in 
Ii x miles=y kilometres, 63 100° 
Take an abscissa ON= 62 units (31 sides of a sq.), 
and an ordinate NP=100 units (50 ,,_ ,, ie 
esd eds Be 
Join OP. OP is the graph of 68 100° 


., taking each horizontal side of a sq. to represent 20 miles, 
and each vertical side of a sq. to represent 20 kilometres, 
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the abscissa of the pt. Q represents 420 miles ; 
.. Its ordinate represents 420 miles in kilometres. 
.”. from the diagram 420 miles=680 kilometres nearly. 
Also from the diagram 580 kilometres =360 miles. 
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80. Construct a graph which will enable you to convert, at sight, 
degrees Fahrenheit into degrees Centigrade, and vice versa. 

Let x° in the Centigrade scale be the same temperature as y° in 
the Fahrenheit scale. 


YEE 


EPS 
He 


Oo ios ae? 40°Centigrade 60° 
In the Centigrade scale, freezing point stands at 0°; in ‘the 
Fahrenheit at 32°. . 
In the Centigrade scale, boiling point is at 100°; in the 


Fahrenheit at 212°. .. 2  y-—382 ' 
** 100° 212 —32’ 
whence 9x =5y — 160. 


Therefore if we draw the graph of this equation, the abscissae 
will give us temperatures in Centigrade scale, whilst the corre- 
sponding ordinates will give us the corresponding temperatures in 
Fahrenheit scale. 
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Thus from the graph, 
80° F.=26-7° C. and 40° C.=104° F. 

A graph may often be drawn without the use of an equation, 
but the student must realize that every graph has its corre- 
sponding equation, and vice versa, every equation will have its 
corresponding graph. 

81. Two men start at noon to walk : the o one from A to B, the other 
from B.to A. If A and B are 20 miles apart, and the men walk at the 
rate of 3 miles an hour and 2 miles an hour respectively, construct a 
graph which will enable you to determine when and where they meet. 

Read off from the graph their distance apart at 1.30 p.m. and also 
find at what time they are first at a er of 6 miles from one another. 
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On squared paper, take pts. A and B ona vertical line 20 units 
apart. Horizontally take AC=50 units (10 units to an hour) and 
vertically -CH=15 units. Join AH. Then since the first man 
walks 15 miles in 5 hours (50 units), AH is the graph of the first 
man’s motion ; 7.e. the ordinate of any pt. on AH denotes the dis- 
tance he has walked in the time denoted by the abscissa of the pt. 

Considering the second man, take BD horizontally 30 units in 
length, to denote 3 hours, and DE vertically downwards 6 units 
in length. Join BE. 

Then BE is the graph of the second man’s motion if we read 
his times along BD, and his distances walked at right angles to 
BD and downwards. _ 

Hence if AH and BE meet at O, AN pret the time when 


they meet, and ON, OT denote the distances walked by the two 
men in that time. 
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Thus from the diagram, we read off that they meet at 4 o’clock, 
that the first man has then walked 12 miles and the second 8 miles. 

If AK denotes 14 hours, and KML is drawn vertically, LM is their 
distance apart at 1.30 p.m. From the diagram LM=12-5 miles. 

To find when the men are first 6 miles apart, take a pt. P on 
BE where it passes through a corner of a square, and take PQ 
vertically downwards equal to 6 units. 

Draw .QR || to BE to meet AH at R. If the ordinate through R 
meet BE at V, VR=PQ=6 units. : 

.. the abscissa of R gives the time reqd. From the diagram we 
read this off as 2-8 hrs. after noon, 2.e. at 48 minutes after 2 o’clock. 

*82. A'walks a distance of 24 miles at the rate of 4 miles an hour, 
and B, starting an hour later, does the distance in 3 hours less. Draw 
graphs of their motion, and from-the diagram determine (1) when and 
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Ease 


aS Aa 8 12 16 20 aca 


where B overtakes A, (2) their distance apart after B has been walking 
3 hours, (8) the times when they are 2 miles apart. , ; 
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Measure distances horizontally from O along OX, taking 10 
sides of a square to represent 4 miles. 

Measure times vertically from O along OY, taking 10 sides of a 
square to represent one hour. 

Take the point D whose abscissa is 24 miles and ordinate 6 
hours. 

Join OD. OD is the graph of A’s motion, for he walks 24 miles 
in 6 hours. 

Take the point E at the one hour point in OY. This is B’s 
starting time. 

Take the point F, whose abscissa is 24 m. and ordinate (reckoned 
from the level of £) 2 hrs. Jess than the time represented by the 
ordinate of D. Join EF. 

EF is the graph of B’s motion, for he walks the. 24 miles in 
2 hrs. less than A. 

The co-ordinates ON, HN of the pt. H, where OD and EF 
intersect, give the place and time of meeting. 

Thus we see that B overtakes A 8 miles from the start, and one 
hour after B’s start. 

Looking at the horizontal line PQM, we see that 

PM ee, the distance walked by B in time OM, 
NN Sacre datecoivie si vere Sesenes MERE Reece cin eats Ale cipaeadee on 

*, PQ represents their distance apart at the time OM. 

. taking K in OY so that EX=2} hrs. and drawing the hori- 
zontal line KRS, RS represents their distance apart when B has 
been walking 24 hours. From the figure we see that RS=6 miles. 

To determine when they are 2 miles apart, we have to find 
the point, or points, where the horizontal distance between the 
graphs represents 2 miles. 

Taking EL horizontally equal to 2 miles, draw LW || to EF vA 
meet OD at W. Draw WTV horizontally. | 

WT=EL=2 miles. .*, EV represents the time after B’s start 
when they are 2 m. apart. 

From the figure EV=half an hour. 


Taking the point G, 2 m. horizontally from F, deat, GZ || to EF 
to meet OD at Z. 
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Draw the horizontal line UZ to meet EF at U. 

“UZ=GF=2 miles and we see from the rasicagoas that the 
corresponding time is 1} hours from B’s start. .*, they are 
again 2 m. apart in 1} hours after B’s start. 

This problem should be studied carefully. 

The beginner must draw a figure for himself, using an inch to 
represent 4 miles, and one hour. 

83. P motors at 16 m. an hour, starting at noon and stopping for 
half an hour at the end of each hour ; Q, starting at 2.30 p.m. motors, 
without stoppages, at 40 m.an hour. Where, and at what time does 
eae? 
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Measwpring time ee ny ih miles vertically, as shown in 
the figure, OA is P’s graph for the fits hour. 
From 1 to 1.30 p.m. he digi .", AB is his graph for that time. 
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In the same way BC is his graph from 1.30 to 2.30, CD from 
2.30 to 3, DE from 3 to 4. | 
Q starting at 2.30, FK is his graph, where FH=1 hour and 
HK =40 miles. 
‘From the figure we see that Q catches P up at 3.30 p.m. 
40 miles from the start. 


[N.B.—Remember that during a stoppage time advances, whilst the 
distance from the start, i.e. vertical distance on paper, remains the same. ] 


Examples. XIV. b. 


1. If £1 is worth 25 francs, construct a graph from which you can read 
off the value of any number of shillings up to £3, in francs. Write down 
from the diagram the value of 35 shillings in francs, and 35 francs in 
shillings. 

2. 60 oranges sell for six and eight pence. Make a graph to show the 
cost of any number up to 60, and from it write down the cost of 27 oranges, 
and the number of whole oranges you would get for 2s. 3d. 


3. A train travels at a uniform rate for an hour and a half, and covers 
40 miles in that time. Draw the graph of its motion and write down the 
time it takes to travel 17 miles, and how far it has travelled in 12 minutes. 
five the results to the nearest mile and minute. 


4. A body starts moving with a velocity of 4 ft. per second, and its 
velocity after ¢ secs. is given by the formula 4+3¢. Draw a graph which 
gives its velocity at any time. Read off its velocity after 3 secs., and 4:5 
secs., and the time when its velocity is 11-5 ft. per sec. 


» §. Given that 1 kilogramme=2-2 Ibs., draw a graph which will enable 
you to read off any number of Ibs. in kilogrammes (up to 50 lbs.), and read 
off the values of 25 and 38 kilogrammes in lbs., and of 32-5 and 38 lbs. in 
kilogrammes. 


6. Given that 1 cubic inch=16-4 cubic centimetres, make a graph to 
convert c. cms, into c. ins., and read off the values of 80 and 40 c. ems. in 
c. ins., and of 2:5 c. ins. in c. cms. 


7. In a Reaumur thermometer the freezing point stands at 0°, and the 
boiling point ac 80°; in a Fahrenheit, freezing point at 32°, and boiling 
at 212°. Construct a graph to convert R. degrees into F. degrees, and 
vice versa. Read off 60° R. in F. degrees, and 43° F. in Reaumur degrees. 


8. A man starts at noon at the rate of 4 miles an hour to walk from 
Cambridge to Clare, a distance of 29 miles; a second man bicycles from 
Clare to Cambridge, starting at 2 p.m., and riding at 10 miles an hour. 
Draw a graph to show where and when they meet, and determine also 
from it the times when they are 10 miles apart. 


9. A starts running atthe rate of 100 yds. in 30 secs. and B starts from 
the same spot 6 secs. later at the rate of 100 yds. in 12 secs. Draw a graph 
to find when and where B catches A up. 


_ 10. In the ten years from 1881 to 1890, the population of one town 
increases uniformly from 30,000 to 50,000, whilst that of another town 
decreases from 60,000 to 40,000. From a graph determine the year and 
month when the two populations were equal. 
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11. The top boy in a form gets 88 marks, and the last boy 33. These 
have to be scaled so that the top boy gets 100 and the last boy 0. Draw 
a graph which will effect this, and read off (to the nearest integer) the 
scaled marks of the boys who get 65, 54, 49. ae 

12. Given that 1 inch=2-54 centimetres, construct:a graph to convert 
centimetres into inches. Read off the value of 5-6 cms. in inches, and the 
value of 4-9 inches in centimetres, as accurately as you can. 

13. Given that 1 centimetre=-39 inches, draw a graph to convert 
inches into centimetres. Read off the value of 3-6 in. in centimetres, and 
the value of 8-6 cms. in inches, as accurately as you can. 


14, On an examination paper of maximum 69 the marks gained by 10 
candidates were: 60, 54, 46, 35, 32, 29, 27, 26, 25,12. Drawa graph to 
raise the maximum to 100, and read off (to the nearest integer) the raised 
marks of the candidates. 

15. 50 articles cost 4s. 10d. Construct a graph from which you can 
read off the cost (to the nearest halfpenny) of any number of articles up to 
- Write down the cost of 23 things, and the number you would get 
or 3s. 

16. The first 100 copies of a pamphlet cost 27s. to print, but every 100 
in excess of the first costs only 3s.; make a graph to show the cost of any 
number up to 800, and read off the cost of 370 copies. Write down the 
number of copies you would get for £2. 2s. 6d. 

17. A clerk is paid at the rate of £120 a year: make a graph to deter- 
mine (to the nearest pound) his wages for any given number of weeks. 
Write down his wages for 23 weeks. 

18. I want a ready means of finding approximately 0-866 of any number 
up to 10. I-select a point O at the corner of the squared paper where two 
thicker lines cross, and find a second point P by going 10 inches to the 
right and then 8-66 inches up (or 5 to the right and 4-33 up), and join O 
to P. The two thick lines passing through O are scaled off in inches, OX 
to the right, OY up. Explain clearly why the distance from OX of any 
point in OP is 0-866 of its distance from OY. Read off from the scales, 
and mark on the appropriate places on the paper, 0°866 of 3, 0°866 of 6:5, 

1 
_ 9-866 of 4-8, and 0-866 of 5. 

19. For a certain book it costs a publisher £100 to prepare the type and 
2s. to print each copy. Find an expression for the total cost in pounds of 
a copies. Also make a diagram on the scale of 1 inch to 1000 copies and 
1 inch to £100 to show the total cost of any number of copies up to 5000. 
Read off the cost of 2500 copies, and the number of copies costing £525. 


20. A starts walking at the rate of 4 miles an hour, and 15 minutes 
later B starts at the rate of 8 miles an hour. Find, graphically, when and 
where B overtakes A. 

21. Two ships 72 miles apart sail towards one another at the rates of 7 
and 9 miles an hour. Find, graphically, when they meet. 

22. A walks at 4 miles an hour, but takes a rest of half an hour at the 
end of every 4 miles. B starting at the same time and walking at a 
uniform rate, without any rests, catches A up just as he is starting after 
his third rest. Find, graphically, B’s rate of travelling. 

23. A travelling at 4 miles an hour, walks 4 miles, then rests for half an 

‘hour, then walks 8 miles further, and then walks straight back at the 
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same rate. He meets B, who walks uniformly and without resting, a 
mile and a half from home. Find B’s rate of travelling, if he started at 
the same time as A. 


24. A travels at 5 miles an hour, but takes a rest of half an hour at the 
end of each hour.' B starting 2 hours after A, and travelling uniformly, 
without resting, overtakes A 17} miles from home. Find, graphically, B’s 
tate of travelling. 

25. A and B, travelling at 8 and 12 miles an hour respectively, bicycle 
towards one another from two places 50 miles apart, starting at the same 
time. Find, graphically, when and where they meet, and when they are 
10 miles from one another. 


26. Solve the above problem graphically, as accurately as you can, when 
B starts an hour after A. 


27. A motorist starts to do a journey of 8 miles in half an hour, but 
after travelling for 22} minutes finds himself behind time. He quickens 
his pace to 24 miles an hour, and just completes his journey in time. Find 
his initial rate of travelling. 


28. A motorist does a journey of 80 miles in 6 hours. During the first 
part of the journey he travels at 10 miles an hour, and during the latter 
part at 18 miles an hour. How far does he travel at each rate ? 


“CHAPTER XV 
LONG MULTIPLICATION 


84. Further examples of the use of the formulae 
(a+b)? =a? + 2ab + b?. 


Example 1. Find the expanded value of {a +(a +6)}*. 
Regarding (a +6) as a single quantity, 
{v+(a+b)}=a%+2(a+6)a+(a+6)? 


=22+2axr 4+ 2ba2+a?+2ab +52 
{if we wish to expand the expression fully). 
Example 2. {a+b -c}* 3 , 
={(a+b) —c}? 


=(a+6)? -2(a+b)c+c? 
=a? +2ab +b? —-2ac —2be +c? (expanded fully), 
‘Example 3. (4 +26 + 2c +d)? ={(a +26) +(2c +d)}2 
=(a +26)? +.2(a +2b)(2c +d) + (2c +d)? 
=a? +4ab +46? + 2(2ac +ad +4be + 2bd) +4c? +4cd +d? 
=a" +4ab +46? +4ac +2ad+8be+4bd+4e2+4ed+d 


xv.] 


Examples. XV. a. 
Find the fully expanded values of the following : 

1. {e+(a—6)}*. 2. {~-—(a+b)}*. 3. {(a+b)+2}%, 

4. {a+(b+c)}*. 5. {a-(b+c)}. 6. {a-(b -c)}*. 

7. {(@—b) —2}. 8. {2x+(y+z)}. 9. {2 —(2y+2z)}2, 
10. (@+26 +3c)?. 11. (a@-2643c)2. 12. (3x+a-—b)*. 
13. (2%+3a—-6)*. 14. (227 +2+1)%. 15. (3z?-x2+1)%. 
16. (2? +2 -8)?. 17. (a? +2z%+1)%. 18. (#2 -2 —4)?. 

19. (227-2 —5)?. 20. (x+y —3)?. 21, (2a -—y+4)?. 
22. (1 —x+2%)?. 23. (2+x—x*)*. » 24, (3-422?) 
25, (5 —27+32°)?. 26. (a+b+c+d)*. 27. (a+b+c—d). 
28. (a-b+c—-d)*. 29. (a+6+2c+d)*. 30. (4+6+2c -2d)?. 
31. (cx+y+z-3)%. 32. (w -—y —2+38). 33. (2% —y+2z-1)?. 
34, (3a —-26+2¢ -d)?. 35. (22 +2?+2-+1)?. 36. (23 + 2a? — 2a +1)% 
37. (2 —2? +2 -1)*. 38. (a —3z? +32 -1)*. 
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85. Further examples of the use of the formula. 
(a+b)(a—b) =a?— b?. 


Example 1. (a+b+c)(a+b -—c)=(a+b)? -c? 
[Looking upon a+6 as a single quantity. ] 
=a" +2ab + 6? —c?, 
Example 2. (x +a —2b)(% -—a+26) 
=(x +a —2b6)(x —a —2b) 
=2? —(a —26)? 
=z? — a? +4ab — 45%. 
Example 3. (a+b+c+d)({a+b-c-d) 
=(a+b+ce+d)(a+b-c+d) 
=(a+b)? -(c+d)? 
=a? +2ab +b? —c*? —2cd -d?. 
Examples. XV. b. 
1. (a—b+c)(a-—b-c). 2. (a+b +2c)(a+b—2c). 
3. (wt+y+1)(a+y-1). 4, (x+2y+6)(%+2y —b). 
5. (a+b+2)(a—-b-2). 6. (a+2b —c)(a -—26 +c). 
7. (2x+a+b)(2a+a-6). 8. (3y-a—b)(3y+a+5). 
9. (a-4a+y)(a+4e-y). 10, (l+a+8)(1-a—b). 
11. (4-a+6)(4+a—-5). 12. (a? +ab + b*)(a? —ab + 5°). 
13. (l1-a-6)(1-a+6). 14. (x+2y +b)(x+2y —6). 
15. (p —2¢ +38r)(p +2q — 37). 16. (1 —2u +3y) (1 +22” —3y). 
17. (x+3y —4)(x+3y +4). 18, (2? +2+4+1)(z?-2+1). 
19. (1 —2a+7y)(1 -2x —Ty). 20. (2a +3y —5)(2u+3y +5), 
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21. (322+ —2)(32? —2 +2). 22. (2x —4y —5)(2u+4y +5). 

23. (5a — 26 +3) (5a +26 +3). 24. (a? —-2ab +b?) (a? +2ab +6?). 
25. (1 — 20 +322)(1 +22 +32°). 26. (a—b+c-d)(a-b -c $d). 
27. (2a+y+a+b)(2x+y-a—b). 28. (x +at+y-—b)(4x+a-ytb). 


29. (22 -a—y+2b)(2a -a+y—20). 
30. (3a —2a + 2y — 3b) (3u —2a —2y +30). 
31. (l-x+y-z)(l-x-y+2). 32. (2 -a —3b +c)(2 -a +36 -c). 


86. When we have more than two terms in the multiplier or 
multiplicand, the process is similar to that in simpler cases. 


Example 1. Multiply a2 +ab +b? by a-6. 
a? +ab +6? 
a-b 
a® +a*b + ab? 
—a*b —ab? — 68 
a3 : — p38 
Example 2. Multiply x? -27y +4y? by x?+22y+4y?. 
w-Qery + 4y? 
w+2Qry + 4y?® 
at — 2a8y + 474? 
2asy —4z%y? + Bary 
4x74? — Sry? + 1624 
fir + 422y2 +16y* 


Example 3. Multiply 4yz -—3ay —2¢z+22+y?—2z* by —y+2z-z. 
Here we first arrange both multiplier and multiplicand in order of 


powers of 2, and during the multiplication place like terms under one 
another. 


x? —3ay —2az+y?+4yz-2 
2% -—y—z 
22° — 6a®y — 40°22 +2ary2+ Sxyz—2Qaz* 
— xy +3zy2+ Qxryz -y —4y?2+ y2 
— wz + 3xyz+2x2* — y®z —4yz2 +28 
223 — Tx*y — 522 + Bay? + 13axyz —y8 — 5y®z -—3y22 +28 


87. By multiplication it will be found that “ 
(a+b)? = a3 + 3a*b + 3ab? + b3, 
(a — b)? = a3 — 3a?b + 3ab? — b3. 

These results are useful and should be committed to memory. 


88. Analogy between Algebraical and Arithmetical methods of 
multiplication. 
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Multiply 213 by 23. 213 
23 


426 
639 
4899 
This is an abbreviated form of the following : 
VA! 9 Fe TY 9 oe hs 3 
2.10 +3 


4.10®+2.10?+6.10 
6. 107+3.10+9 


4.10°+8 .107+9.10+9=4899 


If we now multiply 222+2+3 by 2x+3 we at once see the 
analogy between the two methods. 
27+ 2 +3 
22 +3 
473 + 227 + 64 
627+ 34+9 


493 +82? 4+97+4+9 


89. Detached coefficients. The work in the above example 
is much shortened if we omit the powers of z, just as we omit 
powers of 10 in Arithmetic. 

The multiplication then stands thus : 

227+ # +3 
22 +3 
are +6 
6 +3 +9 
4a7'+ 827 + 92+9 
inserting the requisite powers of « in the last line. 
Example 1. Multiply 42° —32-llx+2 by 22*-52+9. 
423 — 32?-llx + 2 
202 — ba + 9 
8 —6 -22 +4 
=20 +15 +65 — 10 
36 -27 - 99 +18 
825 — 26x + 2923 + 3227 — 109% +18 


When powers of x are missing, 0 must be inserted as in 


Arithmetic. 
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\ 
Example 2. Multiply 323 -77+9 by 22-3. 


323 +022- Tx + 9 


227+0x2 - 3 
6 +0 -14 418 
-9 -— 0 +21 -27 
625 — 2323 + 18x? +21¢ -27 
Examples. XV. c. 


[Nearly all the following examples are best done by the method of detached 
coefficients. | 


Multiply 

1. 23420? +%-4 by x -2. 2a 
3. 2+ay+y? by x-y. 4. 
5. 2?+2¢-5 by x? -32+6. 6. 


7. 
9. 
11. 
13. 


a? —3a7b —3ab? by a? —5ab + 26%. 
a® — 5ab + 6b by 3ab + 2a? — b?. 
x*-22+4 by #+2. 

x—2y by 22+ 2ry+4y?. 


Find the product of the following : 


15. 
17. 
19, 
21. 
23. 
24. 
25. 
27. 
29. 
30. 
32. 
34, 
36. 


aw—a+land2z+l. 

a—2 and #7+27+4. 

az —22?+427+5 and #-3. 

c? —5cd — 5d? and c? + 5cd + 5d’. 
ab +cd —ac —bd and ab +cd +ac +bd. 
2a? —3ab +46" and —5a?+3ab+44b. 
a? +324+1 and 22 —52+2. . 
4432-22? and 5 —x2—-227 +23, 
e+2ey+y?+a+y+landa+y-l. 
wt — 52? +6 and a?+324+4. 31. 
1+2a? -3a‘4-a and 3a-5+2a%. 33. 
2 (x? + 2ay +y?) and 3(a—-y)?. 35. 
a*+6?+c® -—bc —ca—ab anda+b-+c. 


*CHAPTER 


. e@tayt+y® by -a+ay—-y?. 
. +241 by x-1l. 

. 402 +2241 by 22-1. 

. 9a? —6ab +46? by 8a+2b. 


a? +2ab +52 by a—b. 

a? —4y? by x+3y. 

z?+4+22%4+3 by a -2x-5. 

\ 


. a—ab+b2 and a+b. 
. 2 +3y? and x—4y. 
. ©+2%-5 and 2-2-7. 


e+ayt+y? and 2-xy+y% 


. 82° -7e+5 and 427 -2x¢+1. 
. 2-x+32%y and 342% —ay, 


3a -1+4a3 - 52? and 24-4423 
3x3 —Qa*y — xy? and Tay —5y?. 
3(a? —ab +b?) and 3(a +6) 


XVI 


LONG DIVISION 


90, Example 1. Divide 8x* —6x2+32-18 by 2a-3. 
2% —-3 ) 829 — 6x? + 32-18 ( 4a2+32+6 
8x8 — 1222 


6a? + 3a 
6x? — 9x 


127-18 
1227 -18 
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Before starting the work of division both divisor and dividend 
should be arranged in the same order (ascending or descending) 
of powers of one of the symbols used. 


Example 2, Divide 52-3 +23 +24 —42? by 22 -3+2%. 
Arranging the expression in descending powers of x, 
x?+2¢%-3)at+ 23 —472452-3 (22-241 


Be Fad OTe | bs eb ces teas. Sacsceircsusisceettssteeceseeee (1) 
ET OD ete eeaie eae sci sete ccch suse etecdem (2) 
E27 BE ccesactot nets sssdsbesssiissseicdeceaa’ (3) 

BEE Ol emcat snvssastscse ces sereieessese (4) 
a?+22-3 


=2"; ., x is the first term of the quotient. 
x? (a? + 2a — 3) =24 + 223 — 322, 
and we thus obtain line (1) as in Arithmetic. 
Line (2) is obtained by subtraction, and by bringing down the term +5z. 


a =-2; .*, —x is the second term of the quotient. 


—2 (a? +2x -3)= —23 —227 +32, 
end we thus obtain line (3). 
Line (4) is obtained in the same way as line (2). 


oe 
a? 


2 
7 =1 ; .. 1 is the last term of the quotient. 
a 


There is no remainder, as we see by subtracting the last line. 


91. The analogy between the Algebraical and Arithmetical 
methods of division is at once seen if we compare the following : 


Arithmetical method. ; Algebraical method. 

121 ) 14883 ( 123 : 
121 10?+2.10+1)104+4.103+8.10?7+8.10+3(10°+2.10+3 
“978 104+2.107+ 102 

242 2.10°?+7.107+8.10 
"363 2.108+4.10?+2.10 
363 3.10?+6.10+3 
— ; 3.10?+6.10+3 
2 4+2¢4+1) xt+40% + 822 +8x43 (2242243 
A+ 203+ 2? 
223 + Tx? + 8x 
Qa + 42° + 2a 
3u? + 6x43 - 


3a? +6243 
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Example 1. Divide x*-y* by «-y. Example 2. Divide 2°+1lbyz+l. 


a—-y)e-y>(ae+ayty* x+1)a°+1(at-a28+2%-2+1 
: x — xy > +24 
ay —y8 —ai+1 
ay — xy? —zi-2 
xy? —¥ +1 
ay? —y¥° +a? 
—xz?+1 
—2*-2 
xz+1 
x+l 


92. Detached Coefficients. From the preceding we see that ° 
in Division as in Multiplication we can shorten the work by using 
the method of detached coefficients. 


Example 1. Divide 6x4 — 7x3 + 727 +18a —24 by 22? -3%+6. 


2-346)6-7+ 7418-24 (322+2-4 
6-9+18 


Example 2. Divide 6° — 2323 + 1822 + 21x -27 by 227-3. 
2+0-3)6+0-—23+418+21 -27 ( 325-7x+9 
6+ 9 


—144+18+421 
-14+ 0+21 


18+ 0-27 
18+ 0-27 


Examples. XVI. a. 


{All the following divisions may be done by the method of Detached Coefficients.] 
Divide 
1. 2 -3a2+47+28 by +42. 2. 23-92? +132+15 by x-3. 
3. 223 - 322+ 7-3 by 2-1. 4, 6234+ 22?+112—-10 by 32-2. 
5, 240% — 352? -36a+5 by 8a—-1. 6. 15 -17x — 30a? — 2825 by 3 —7a. 
7. 8 +32°+3e+1 by w+2e+1. 8. a -32%y+32y2—y? by 2? -Qay+y?. 
9. x —- 6a? +12%—-8 by 229-444. 10, 843+1222+624+1 by 422+47+1, 
11, 27a’ —54a%b + 36ab? — 8b8 by 9a? —12ab + 462, 
12, 12523 — 27y% — 2252%y + 135ay* by 252% + 9y? — 30xy. 
13. 92° — 18a? + 26a —24 by 3u-4. 14, 23-4224 54-2 by 2®-3242. 
15. a3 -—y8 by w-y. 16. 23-27 by 274+32+9. 17. 2723-1 by 3-1. 
18. a? +69 by a+. 19, 24-1 by w-1. 20. 2-1 by «+1. 
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21. 28 +22+24+1 by x+l1. 22. 28 -—2?+2-1 by x-1. 
23. 8la*-—16 by 3x+2. 24, at+a7+1 by 224+2+1. 
25. xt+2°+1 by 22-241. 26. 24+ 425+ 622+4241 by 2242241. 


27. x3 —627+12%-8 by x-2. 28. 1223 —3822+382 -20 by 62? —7a +5. 
29. 6a? —-2a —at — 4a? +a by a? —4a +42. 

30. —141a? —-180x + 5at —32 — 5825 + 242° + 9223 by 227-4 -32. 

31. FoF x* +1023 — 142? —-25 by 322 +42+5. 

32. x° — 32> +23 +358 —357 by 2?+2z-3. 


Harder Examples in Division. 


93, Example 1. Divide 9a? — 4b? —c?+4be by 3a-2b +c. 
3a —2b+c ) 9a* - 4b? —c? + 4bc ( 3a+26-c 
9a? — 6ab + 3ac 
6ab —3ac — 4b? + 4be —c? 
6ab — 46? + 2be 
—3ac +2bc —c? 
—3ac +2bc —c? 


Example 2. Divide a* —b?+¢?+3abe by a—b+e. 
Arranging divisor and dividend in descending powers of a, 
a—b+c) a?+3abe —b? +c? ( a? +ab —ac+b?+be+c? 
a* —a*b +a°c 
a’b —a®c +3abe (rem. arranged in descending powers of a} 
a*b —ab? + abe 
MeO BUC EM mess odne oS tatricseako ums seokevavonsdy<sdetdensc ) 
—a’c + abc —ac* (placing like terms under one another) 
ab?+ abc +ac* —b? (bringing down —6?) 
ab? 3+ be 


abc + ac? — b?c 
abe — b?c + bc 


ac? —be? +c? (bringing down c*) 
— be? +8 


Example 3. Divide a4 -3a°y —i2°y?+fay>+i fy! by $2*-ay-3y% 


3a? — ay — By?) sent — Fay — faty? + Say + 7 shyt ( $a? “4 — 248 
Qxt 2 32% 
nate $5203 Xess qgtt — Baty - xy? 
weit cee 
Buty Sat [arty 2 aye k xy? lo 
oe tg oe es Ht eee. 


— ay? + Fayr+t 1Syt 
= ty + gays tify 


4 Bae 2 eee 3 2 
ea ma —2 ¥XTa= 3/ . 
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Examples. XVI. b. 
Divide : 
1. a? +4ab +46? —c? by a+2b—c. 2. at+4b* by a? -2ab +267, 
3. a2 +6240? +2ab +2be +2ac by a+b+e. . 
4, 9a? -— 462 -—c?—4bce by 8a-2b-c. 5. 2®-aS by x +ar+a’. 
6. a? —b? —c? + 2bce by a+b -c. 
7. 2at+a> -—3la+92?+15+425 by 2x +2? -3. 
8. 23-43 4 6y?-12y+8 by x-y+2. 
9. 1+a°+a" by a?+a+1. 
10. 6a + 5y* — 13ay (x2 +y?) + 232%y? by 322 +y? —2ary. 
11. a? +6°+¢3 —3abe by at+b+e. 12. a® +58 —c3+ 3abe by a+b—-c. 
13. 2-y3+8+62y by x—-y+2. 14. «6-1 by +1. ' 
15. at+2?y?+y* by 22-ay+y?. 
16. a? +6° +c? —3abe by a* +62 +c? —ab —be —ac. 
17. a?(b+c)+b?(c+a) —c?(a+b)+abe by at+b-c. 
18. «8 —y8 by 2? -y*. 19. 64a%-1 by 2a-1. 
20. a?(b —c) +62(c —a)+c?(a —b) by a-b. 
21. 2° + Fax? +Sa%e —a® by x- fa. 
2 


22. T+ eae? —Sate+ea8 by — 
24, © by a 25, 242 by ate. 


PR a I ae DC SE 
* 125-°100° 80 64 °Y 95-10' te" 


Remainder Theorem. 


94. If az*+bx+e is divided by w—p until the remainder is 
independent of x, that remainder will be ap? + bp +c. 
x—p)ax+be+c (ax+(ap +b) 
ax? —apx 
(ap+b)u+e 
(ap +b)a—(ap +b)p 
ap*+bp+e 
This proves the theorem. 
It should be observed that this remainder may be obtained by 
substituting p for « in the dividend. 
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The above is true for all values of the symbols used, and hence 
when 32?—42+5 is divided by x-2, 
the remainder =3 x 2?-4x24+5 
. =12-8+5=9. 
This of course can be tested by actual division. 


Again when 422—7z+9 is divided by +5, 
the remainder =4(—5)?—7(-—5)+9 
=100+35+9 
=144. 


95. If aa? + ba? +cx+d is divided by «—p until the remainder is 
independent of x, that remainder will de 
ap? + bp? +ep+d. 
First method. Performing the actual division, 
L—p) ax +ba*+cx+d ( ax?+(ap+b)x+(ap?+bp+e) 
ax — apa? 
(ap + b)a* + cx 
(ap +b) a? —(ap +b) px 
(ap*+bp+c)x+d 
(ap? +bp+c)x—(ap*+bp+e)p 
; ap? +bp*+cp+d 


This proves the theorem. 
As before, the remainder may be obtained by substituting p for 
x in the dividend. 
- When 423 —3x7+7x—-9 is divided by x-11, 
the remainder =4 x 117-3 x 11?+7x11-9 
= 5324 -363+77 -9 
. = 5029. 
When 2° — 427+ 6a —4 is divided by x-2, 
the remainder =2°—4 x 22+6x2-4 
=8-164+12-4 
=(Q. 
., a — 422+ 6x2 +4 is divisible by x—2 without remainder. __ 
We thus have a ready means of testing whether any expression 
is exactly divisible by a given binomial expression. 
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Second method. When aa? +bxz?+cx+d is divided by x—>p until 
the remainder is independent of 2, let P denote the quotient, and 
R the remainder. 

Then az?+ba2?+ca+d=(x—p)XPHR. ........000 (1) 

[Just as in Arithmetic when we divide 57 by 9,.57=9x6+3.] 

Considering the equation (1), R is independent of x, by hypo- 
thesis. Also the equation is true whatever value we assign to z. 

Let =p. Then the equation becomes 

ap?+bp?+cp+d=R, for (x-—p)P=(p—p)P=0. 
This proves the theorem. 

96. For what value of p is x?-(p+2)r+6 divisible by x-p 
without remainder ? 

When the division is performed the remainder, by the pre- 
ceding articles, = p?—(p+2)p+6 

=p*—p*—-2p+6 
= —2p+6. 

, the reqd. value of p is obtained by equating this remainder 
to zero, in which case ~2n+6=0, 

2p =6, 
p=s. 

97. For what value of p is 2 -(p+6)2?+(6p+c)a+d divisible 
by «—p without remainder 2 

When the division is performed the remainder 

=p —(p+6)p? + (6p +e)p+d 
=p? — p?- 6p? + 6p? +cp+d 


=cp+d. 
‘, the reqd. value of » is obtained from the equation 
cp+d=0, 
1.€. cp= —d, 
Sead 
Pra 


Examples. XVI. c. 
Without actual division, find the remainder when 
1. 2° —72?+11e—5 is divided by x -3. 
2. 225+ 72? -9"+2 is divided by x -2. 
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3. 2° —-3x?-—42+46 is divided by x+2. 
4. 42° —527+11x—-7 is divided by ++9. 
5. 5x — 62? —7 +223 is divided by 22-3. 
6. 4x4 —327 +8 is divided by x? -3. 
7. For what value of p is 3z*-px+l10 divisible by 3x-5 without 
remainder ? 
8. For what value of p is x? -7x+p divisible by x —2 without remainder ? 
9. For what value of p is 3x°-72x*-9xr-p divisible by x-3 without 
remainder ? 
Employ the second method of Art. 95 to find the remainder when the 
following divisions are performed : 
10. (23 — 72? —-11lx+16)+(x—-8).. 11. (403 — 527+ 7x -3)+(2x+3). 
12. (9a — 42? +16) +(x? -2). 13. (40° +52 — 422 —7) (2x2 - 3). 
Employ the second method of Art. 95 to prove that there is no remainder 
when the following divisions are performed : 


14, (at —y*)+(x-y). 15. (211 — yl") +(x -y). 
16. (x° +y°)+(z+y). 17. (a2 — 5!) =~ (a? —b2). 
CHAPTER XVII 


REVISION PAPERS 
XVII. a. 


1. In the following expression, first remove the brackets, then rebracket 
the coefficients of the different powers of x, making the first term in each 


bracket positive : 
(x — p)(% —q) —("@ +q) (x +r) +(% —1)(« — p). 


2. Plot the points (10, 5), (—5, 15), (10, 22) and find the area of the 
triangle formed by joining them. 


3. Draw the graphs of ptm=h and 5y=6z. Hence solve these 


simultaneous equations, and verify your solution by algebra. 
_4, A bill of £1. 3s. 3d. is paid in half-crowns and three-penny pieces 

If there were 12 coins altogether, how many were there of each kind. 

5. Multiply 22 -x+2 by 2?+%”+2. Check your answer by using x=2, 

6. Divide a —4a2y + Bry? —12y8 by x —4y. 

7. Find the remainder when 2z4-2?+10x22?-2x+18 is divided by 
22° +a +5. 

XVII. b. 


1. A is x years old, and B is y years younger. 
; (i) What is the sum of their ages ? 
’ (ii) What will be the sum of their ages 10 years hence ? 
(iii) What was the sum of their ages 10 years ago ? 
(iv) What was the difference of their ages 10 years ago ? 


\ 
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2. Plot the points (10, 4), (—7, 4), (—7, 13), (10, 13) and find the area of 
the quadrilateral formed by joining them. 


3. In the same diagram draw the graphs of 
ptigmh 42 —3y=0, y-«=2. 
What do you deduce as to the three simultaneous equations ? 


4, The sum of the two digits of a number is ten. By reversing the digits 
the number is increased by 36. Find the number. 


5. Multiply a2+2ab—b* by a?+2ab+6% Check your result by putting 
a=b=1. 

6. Find the continued product of 2a —6, 2a4+6, 4a7+6?. 

7. Divide 6a23 — a‘ — 9a?x? + 4a* by 2a? +3ax —2*. 


XVII. c. 
_ 1. I buy apples at the rate of x apples for threepence. 


(i) How many do I get for half-a-crown ? 
(ii) What will 100 apples cost me ? 


2. Find the length of the line joining the points (1-6, 3-6), (—1-6, 1- 2), 


3. Make a table to show six pairs of corresponding values of 2 and y 
which satisfy the equation 3%+4y=13. Choosing a suitable unit, plot the 
points accurately, and draw the graph. 


4, Find the value of (x?+1)*%. Check your result by using 2?=1. 


5. Express the following in the form of an algebraic equation. The cost 
of x things at half-a-crown each, y things at 9d. each, and z things at 44d. 
each is £a. 


6. Find the continued product of 2? —3y?, 22+3y?, z+9y1. 
7. Divide 6a4 -21 —52? -x -192° by 227 —5x -7. 


XVII. d. 
1. A man runs at the rate of « yards in y minutes. 
(i) How many yards does he run in an hour ? 
(ii) How long does he take to run a mile ? 


2. Plot the points (0, 0), (8, 5), (12, 18), (0, 23) and find the ales of the 
quadrilateral formed by joining them. 


3. Draw the graphs of 3x-—4y=10, and 3%+5y=15, and hence find 
approximate solutions of the simultaneous equations. Verify by sub- 
stitution. 


pL x4 —3a°+1 by 2?-3”%+2. Check your result by putting 
*=10. 


5. Find two consecutive even numbers such that 73 times their difference 
is equal to their sum. 

6. Simplify (2+ aa +b)? —(a? —ax+b)2. 

7. Divide a? —5ab + 6b? -a +b -2 by a—26+41. 


XVII. e. 
1. How far does a train travel : 
(i) In x hours at y miles an hour ? 
(i) In x hours at y miles a minute ? 
@ii) In x minutes at y miles an hour ? 


‘ 
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2. Plot the points (15, 0), (19, 6), (10, 14), (—14, 8) and find the area of 
the quadrilateral formed by joining them. 

3. Find the area of the triangle formed by the graphs of y=S832 =118; 
z—y+8=0. 

4. Tf C is the circumference of a circle and D its diameter, C=22D. 
Draw a graph and from it read off the circumferences of circles whose 
diameters are 4 in., 11 in., 20 in., and the radii of circles whose circum- 
ferences are 47 in. and 31-4 in. 

5. Find the value of (z?-x+1)%. Check your result by putting z=1. 

6. The sum of any number which has an even number of digits and the 
number formed by reversing its digits is divisible by 11. Prove this in 
the case of a number of two digits. 

7. Divide 6a? + ab —b? -a+7b -12 by 2a+b-3. 


XVII. f. 


1. Write down the cost of : \ 
(i) x things at y pence each. 

(ii) # things at 3 a penny. 

(ili) x things at y a penny. 

(iv) x things when y things cost 3 pence. 
2. Solve the equation (3x —1)?+(4x —2)?=(52-3)%. | 
3. Plot the points given by the table below, and deduce the equation of 

the graph which passes through them. 


=[°[* [| 


0 3 
v= | 715 | 35 | 625 | 9 

4. A walks at 4 m. an hour, and 4 hours after his start B bicycles after 
him at 10 m. an hour. Find, graphically, as accurately as you can, how 
far from the start B catches A up. 

5. Multiply 2a?-5”+3 by z*-3x+1, checking your result by putting 
cam. 

6. Simplify (2% +a) (2a +6) —(2u +a) (2x +c) +(2% +c) (2x —6). 

7. Divide a? —ab — 66? +ac +17bc —12c? by a+2b —3e. 


XVII. g. 

1. From the sum of 5b —-3a—-4c, 4a-2b 5, and oF ae, subtract 
@. -0 6 
2-273" 


2. Simplify [3(%+y) —2(y —2z) —(2u+2z)][2(@ —z) —(%-y) +2]. 
3. Solve the equation 2(z—3)+(#-2)(w-4)=a(x+1)-33. Test your 
result, 

; icycle a journey of 45 miles in opposite directions, one 
San Soles tke Lelie in’ 6 se the other in 4 othe: Whero do they 
meet? Solve the problem graphically, and test your result in any way you 
please. 

B.B.A. EK 
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5. Solve the equations 5(x-1)+11(y— 4)=97, 
11(z-5)+ 5(y—11)=0. : 
6. Divide the sum of 6z(x —1)*, (8a+1)?, and —2(8z?+3) by 27-5. 
7. Divide 104 into two parts, such that four times their difference may 
exceed by 2 the sum of one-fourth of the greater and one-third of the less. 


XVII. h. ~ 


1. From the excess of 5 over x —3, subtract x? -2x+8. 

2. Find the product of a(x — 6) —a(1 —6) and (x +3)(x-1) —(%+2)(x- 4): 

3. Choosing a suitable unit, draw accurately the graph of 3y=2x +7. 

4, A does a journey at a uniform rate in 6 hours. B starting at the 
same time, but at twice A’s rate, is delayed for 24 hours when he has 
gone half way. He, however, reached the end of the journey at the same 
time as A. Prove graphically that if B travelled at the pace at which he 
did the second half, he would do the complete journey in 4 hours, 

5. What values of x and y will make both 

3(x-— 4) -2(y+3) and 2(x-15)+3(y—4) equal to unity ? 

§. Simplify [27(x —y)(x+y) —8y(6x + y)]+(9% + 5y). 

7. A certain number of shillings, and two-thirds of that number of 
half-crowns, are together less than four guineas by two-thirds of the same 
number of florins. What is the number ? 


XVII. k. 
1. From the excess of 22(x—5) over 5(1 — 22) 
take the excess of x(x -—3) over 3(4-— a). ' 


2. Find the values of 4% -—32? for integral values of x from -3 to 3. 
Tabulate your work. 

3. Solve the equation 8(x+1)5 —10(%+2)(6x-—7)=(2a-3)3-150x. Test 
your result. 


4. A does a journey of 42 miles in 54 hours, and B starting an hour 
later does the reverse journey in four hours. Find, graphically, as 
accurately as you can, how far their meeting place is from A’s starting 
point. Test your result. 

In how many minutes after B’s start were they first 20 miles apart ? 
got leaegh Tepes Gag a | 
ey > Paar hae Test your result. 

6. Simplify [2a(a—1)(x-—2) -(a+9)?+76]—(x#—5). 

7. A debt, which might have been paid exactly with 5a half-sovereigns 
and « half-crowns, was paid out of a £10 note, and the change was found 
to be equal to 15% half-crowns and 2 half-sovereigns. Find x and the 
amount of the debt. ' 


5. Solve the equations 


XVII. 1. 
1. Find the continued product of 
xty, 2-y, w+y%, zi+yt 
2. A is x years old, B y years old, C z years old: what was the sum of 
their ages a@ years ago ? 


3. Solve the equation (%+1)(%+3)(%+5)=(%+7)(z+9)(z-17). Test 
your result, 
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4. Taking 7 cms. =2-76 inches, draw a graph which wili enable you to 
convert centimetres to inches and vice versa. 
From the figure read off the value of 
(i) 4:3 cms. in inches, (ii) 5-7 cms. in inches, 
(iii) 1-5 m. in ems. (iv) 2-2 in. in cms. 
5. Simplify [6x(2~ 2)? —5/x —2)(x+2)+2a4 1]+(3z —7). 
* 6, A man.buys a case of oranges at 8d. a dozen. He finds 54 spoiled, 
and selling the rest at 7 for 5d., he loses 2s. 6d. on the transaction. How 
many did he buy ? 
7. Solve the equations Ty-2r=1, 2w- x=15, 
2y+ z=7, 1l0y+5a=19. 


CHAPTER XVIII 
RESOLUTION INTO FACTORS 


98. When an algebraic expression is expressed as a product of 
its factors, it is said to be resolved into factors, and the process 
of finding the factors is called resolution into factors. 

We have already dealt with some of the simpler forms of 
factorization ; thus we have seen that 24-6=4(x-3). 

In other words the factors of 2x—6 are 2 and (4-3). 


Example 1. Resolve 4a* —3a into factors. 


a is common to both terms, 
.. 4a -3a=a(4a -3), 


or, the factors of 4a? —3a are a and (4a —3). 
Example 2. 623 — 72? —-2x=(6x* —7x —2). 
Example 3, 3a%bc — 5ab*c + 4abc? =abe (3a — 5b + 4c). 
Example 4. 152y? — 5xy* — 20a4y? =5zy?(3xy — y* — 425). 
N.B.—The above results should be checked by removing the brackets. 
Examples. XVIII. a. 
[Check results by removing brackets.] 


Resolve the following expression into factors : 


1. ax+ab. 2. ax —a*, 3. 2? —3az. 
4, 23 —5az. 5. ax? -a’x +a. 6. 3a? -3ab. 
7. 52° —152xy. 8. 2? — ay. 9. 21 —562. 

10. 252? — 20zy. 11. ax —bxe+cx. 12. —2x3+42. 

13. -ay+by+cy., i. 14, pz? —-apzy + pbry. 

15. 760723 — 57a%z*. 16. 3px? — 9px +12. 


18. Tab -7bc — 2162. 


17. a®yz + ay%z — xyz. 
20. 36x°yz —54ay?z + 48ay2? — 1822y2z8, 


19. 1403 —7a%y + 56zy?. 
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TRINOMIAL EXPRESSIONS 


99, An algebraic expression of three terms is called a trinomial. 
Examine the four multiplications given below. 


x+2 x72 
x+3 x-3 
e+ Qa xe —Qx 
+32+6 —3x+¢ 
v?+52+6 xv? —5x2+6 
.. (v+2)(x+3) 2. (e—2)(z—-3) 
=2?+52+6...(i). =a? —5a7+6...(ii). 
x+2 x—2 
xz—-3 x+3 
+20, v2 — Qa 
—3x”-6 +3x2-6 
e— 2-6 2+ 2-6 
. (@+2) (0 3) “. (w—-2)(2+8) 


=a? —a—6...(ili). =27+2—-6...{iv). 
The results are different forms of the expression 
w+ pet+g. 
In each case we notice in the product that 
-(1) the coefficient of x is the algebraic sum of the second terms 
of the factors. 


(2) the third term is the a of the second terms of the 
factors. 


In (i) 24+3=5, 2x3=6. 

In (li) -2-3=-5, (-2)(-3)=6. 

In (i) 2-3=-1, (2)(-3)=—-6. 

In (iv) -2+3=1, (-2)(8)=-6. 

Reversing the process, in order to find the factors of an ex. 
pression of the form x?+px+q, we must seek two numbers whos 
algebraic sum is p and whose product is q. 

Examples. 

x +7¢%+12=(%+4)(2+3), for 4+3=7 and 4x3=12. 

x —Tx+12=(%—-4)(x-3), for -4-3= -7 and (-3)( —4)=12. 
(x — 42-12) =(% —6)(+2), for -6+2= —4 and ( -6)(2)= -12, 
(x? +4” —12)=(%+6)(a -2), for 6-2=4 and (6)( -—2)= -12. 
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100. In more general form the above results may be expressed 


thus : 
x +(a+b)x+ab=(r+a)(x+b), 


a —(4+b)x+ab=(x—a)(x—b), 
x? + (a—b)x-ab=(x+a)(x—b), 
x? —(a—b)x-ab=(x—a)(x+b). 
All the above can of course be checked by multiplying the 
factors. 
We also see that 
abz? +(a+b)a+1=(ax+1)(br+1), 
abx? —(a+b)e+1=(ar—1)(br-1), 
aba? + (a —b}x -1=(ax—-1)(bx +1), 
abs? — (a —b)x-1=(ax+1)(bx-1). 
Thus 3a? + 44+1=(3%+1)(x+1), 
1022 ~ 3¢ -1=(5a +1)(2e-1), 
10z* + 32 -1=(5¢-1)(27+1). 
Also x* —llxy +10y?=(x%—-10y)(x-y), 
x — 4ay —21y*? = (x — Ty) (x +3y). 


Examples. XVIII. b. 


Resolve into factors : 


1. 2? +9x%+4+20. 2. 2? -1027 +21. 3. 22+10x+24. 
4. 27+102+21. 5. 2? -107 +24, 6. 2? -82+7. 
7. 2? +3042. 8. 2? —47+4, 9, 2? -x-2. 
10. 22+" -2. 11. a? +2241. 12. 224427 -5. 
13. 2?-4%—5. 14, 2?+124+35. 15. 27 -62+9. 
16. x?-11z+10. 17. 22 -12¢+27. 18. 2?+20z%+51. 
19. 2? -182 +65. 20. x*-10r +25. 21. x®+2-42. 
22. a? —x2 —42. 23, 22+4a —45. 24, x? —2¢ -35. 
25. 2?+14%449. 26. x2? + 2a -63. 27. x? —222 4120. 
28. x? -—32 —130. 29, x?+”-72. 30. 1 —3% +227. 
31. 214+102%+2". 32. x? +(p+q)x+ pq. 33, 2? -—(m+n)x+mn. 
34. 22+(m-—n)x-—mn. 35. 22-(m—n)x-—mn. 36. 27 +(2a+b)2+2ab, 
37. x? —-(a+36)2+3ab. 38. 2? —(2a —3b) x — 6ab. 
39. 2? + (4a — 5b) a —20ab. 40. x —(5a —3b)x — 15ab. 
41, 22472 -18. 42, 22-2 -110. 43, 1 —5a+ 62%. 
44, 542-2. 45, 2*+16x-17. 46. 40 —-13x+2%. 
47, 1 —3a —130z?. 48, x? -—14a-15. 49, 40 —32 —2”. 


50. w?+2-110. 51. 42 —x -2. 52 66452 —-27. 
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Resolve into factors : 


53. 1 —Ta+ 62. 54. 72+2%-27. 55. 2? -352+216. 
56. 27+ 9ay —10y?. 57. a?+16ab +15b*. 58. 22-232 +132. 
59. 5x? —4ay —y?. 60. a? —2ab — 2467. 61. x? —22ry + 121y?. 
62. 2% —302 +225. 63. 2? —73¢+72. 64, x? —26ry +169y?. 
65. x? -103x+102. 66. 732? -742+1. 67. 2? —l4ax+45a?. 
68. 54a? -—32ry—y?. 69. 2627+11z%—-1. 70. 2402?+2-1. 

71. 43a? —-422-1. 72. 1 —5ab + 6a?b?. 73. xy? —4xy —32. 
74, 1562? -—a2-1. 75. 1-l0zy+25a7y%, 76. Sla*y? -20zy +1. 
77. 42a7b? —ab—-1. 78. 172? +16xy —y?. 79. 5427+ 2laey+y?. 
80. 5427 - ld5ay —y*. 81. 57 — 22x +27. 82. xy? —1l6ry +55. 
83. 2?y? —132y —48. 84. 2? —- 93a +92. 85. 167 — 1662 — 2. 
86. 27+342 +289. 87. 1 —30% +2252. 

88. 8122+ 822 +1. 89. 2 —1lOxy —39y?. 


101. An expression of four terms can often be factorized by 
grouping the terms in pairs. 


Examples. ax —bx +ay —by 
=(a-—b)x+(a—b)y 
=(a—6)(x+y) [just as cx +cy=c(x+y)]. 
3ax —2by —3bx + 2ay 
=(3ax —3bax) + (2ay — 2by) 
=3x(a —6) +2y(a—6) 
=(a — 6b) (3a+ 2y). 
We might deal with 2* —-(a+6)#+ab in this way. 
x? —(a+b)x+ab=2% -—ax—bx+ab 
=2(% —a) —b(x-a) 
=(x-a)(x—b). 
x? — aa? + ax — a8 = (a8 — ax?) + (a®x -— a3) 
, =27(% —a) +a2(x —a) 
=(% —a)(x? +a”). . 
15a? — 6ab — Sax? + 26a = 15a? — Sax? — Gab + 26x? 
=5a(3a — x?) -2b(3a — 2x?) 
= (3a — 2) (5a — 2b). 
x — 22° — 32 +6 =27(% -2) —3(x —2) 
=(x —2)(x? -3). 


Examples. XVIII. c. 
Factorize the expressions : 
1. av+bx+ay +by. ; 2. ax —bx —ay +by. 
3. ax —2x% -—ay+2y. 4, 6x —ax —6y+ay. 
5. 2? +ay+a2+y%. 6. a —xy+az—yz. 


xvi] 


7. a®c? —acd + abc —bd. 
9. 3x -3y +ay —azx. 

. bc —a®? —ab+ac. 

. ac+6%d+bc+ ad. 
. e —3a2+ 22-6. 

. & —15 +524 - 32. 

. cy?-l—-y*+e. 

. —y*—4r+4y, 

. +227 4+2+1. 

. 293 —2?2 422-1. 

. 223 —3x?2 +42 -6. 

. Tx3 —32? —-2174+9. 

« 223 +142? — 3a -21. 
. a—be-b+a%. 

. 2a -—23 —2z? +42. 


102. Difference of two squares. 
cation that a?—b?=(a+b)(a—b). 
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8. 2? -2x+ xy —2Qy. 


. a?+bc —ab —ae. 

. ac? + bd +abc +acd. 
. arc —a*d —b*d + b%c, 
. 2 —xy — 2a? +2y. 

. yr tertyr+. 

. ab(x? +1) —2(a? +2). 
. @+m(m+l1jat+m. 
. P+at tat. 

. ax*—ba?+a—-b. 

. 323 —2? 4122-4. 

. 223 —x2 —10r +5. 

. L128 +552? +72 +35. 
. 2 -a+x—arz. 

. 223 + 62? —cx —3e. 


We know by multipl- 
Hence we see that if an 


expression can be written as the difference of two squares, we 
can at once resolve it into factors. 


Examples. 


x? —4=277 —-2?=(4+42) (x -2). 


x? —1=(%+1)(x-1). 
252? — 9y? = (5x)? — (3y)* =(5x + 3y) (5x — By). 
10? —7?=(10+7)(10 —-7)=17 x 3=51. 


25? — 242 =(25 + 24) (25 ~ 24) =49. 


Resolve into factors : 


2 2. 

. 9a? — 2?, 

. 25x? — 49. 

. 22-169. 

. 92?y? —16a7b?. 
. 64 —c?d?. 

. 153? — 1522. 

. a —b4, 

. a*b8c4 — x. 

. 4927 — 36y". 

. 8la? — 64. 

. 8la%b? -1. 

. 121a? — 14467. 
. xy* —144p, 


2. 
6. 
10. 


52. 1 —100x%ytz8 


Examples. XVIII. d. 
1 — 422. 3. 2? —4a%, 4. a —49, 
9a? —1. 7. 25a? -16. 8. 2? -9. 
a? — 25. 11. 121 -62. 12. a? -9. 
. 4-a?. 15. 16 —12122. 16. ab? —c?d?, 
. 1017-1. 19. 112-32, 20. x?y? —1. 
. 1-9. 23. 9 —4a?. 24. 9a°b? —-16. 
. c2—-10,000. 27. 10,00022-1. 28. z?y?-8lat. 
yA ep: 31. 2° -a%. 32. 36212 — y8, 
. 1 —10027. 35. a*b?c? — d?. 36. 1 —121a4. 
. pg? 4. 39. 144at—yiz, 40. a? — 22562. 
. 4m?n? -1. 43, 9p? —49q?. 44. x2 —169y?. 
46, x36 —y}8, 47. a? —289b?. 
49, 25x16 —169a9, 50. ay? — 100. 
53. 121z%y8 -1. 
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Find by factorization the values of : 


54, 3852 — 2857. 55. 957 — 852. 56. 9997-1. 57. 37? - 273. 
58. 100121. 59. 237? —37?. 60. 82752 —8273%. 61. 35? - 337. 
62. 825? — 175”. 63. 972 - 947, 64. 6732-373". 65. 9987-4. 
66. 18962-18927. 67. 977-9. 68. 2753? — 27452. 69. 1092-81. 
70. 99999? — 1. 71. 1167-16, 72. 1257 — 252. 73. 125? — 25. 
74, 2497 — 49°, 75. 3647 — 642. 


103. When the terms have a common factor, this should 


first be taken out. The expression can often then be further 
factorized. 


Examples. a? — ax? =a(a? —2*) =a(a+2)(a-2). 
1242 — 75 =3 (4a? — 25) =3 (2x +5) (2x —5). 
27a7b*x? — 147a7b? =3a°b?(9b2x? — 49) 
=3a7b?(3b2 +7) (36% -7} 


Examples. XVIII. e. 


Resolve the following expressions into their simplest factors : 


1. 327 -12a%. 2. Ten tead. 3. 2a? — 288. 
4, 452°y? — 80a7a*. 5. 3a8 — 322. 6. 112a%x?y3 -175ay. 
7. 54a°b? — 24c7d?, 8. 141a°b? — 5640363, 9. Ta? — 34352. 
10. 7522 —48. 11. 11-9962. 12, 45a?b? — 80. 
13, 13a° — 13%. 14, 7a* -1575a%. ' 15. 32-300. 
16. 27ap? —147aq*. 17. 605a%c —'720b%c. 18. 13abe? -- 52abd?. 
19. 17 —68p%q°. 20. Ta?y? —28a2%y!, 


104, Expressions in the form of the difference of two squares, 
Example. (x +6)? —(c +d)*. 
=[a+b+c+d][a+b-c+d] 
=(a+b+e+d)(a+b-c-d). 


{ 
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Examples. XVIII. f., 


Resolve into their simplest factors : 


1. (a—b)? —c?. 2. a*—(b+¢e)?. 3. (7 —y)? -—4a% 
4. (w+2y)? — 1602. 5, a? —(2a —6)?. 6. (x+y)? -(a +6). 
7. (2a+3y)?-(x+y)%. 8. a® -(4e-y)._ 9, 25x? —(a —b)?. 
10. i6a?-25(%+y)2. 11. (v7+1)? -(x-1)%. 12. (2% +a)? —(2¢ -a)?. 
13. (a — 2b)? —(c +d)*. 14. (a+b+c)?-(x+y+z2)%. 
15. (3a —y)? —(x+2y)?. 16, (20+5)? — (22 —3)2. 
17. (5p +q)? —(5p —q). 18. 92? -(3z-y)*. 
19. 4(x +a)? -9(y +b)”. 20. 9(a+u)?-4(x-y)*. 
21. 3(a+b)? -12(c+d)2. 22. 64p? —(q —4)2. 
23. (a+b)? —(a —6)?. 24, (2u+3y+a)? -(«-y+a). 
25, (3a +2y)? —(27+3y)*, 26. (4a —3a)? — (42% +3a)%. 
27. 1 -(3z—2y). 28. 1 -4(x—y)?. 
29. 100 — (2a —36)?. 30. 16a? — (4a —b)?. 
31. (a? +b)? — 4762. 32. (a* +2b*)? — 40°62. 
33, ab? — (ab —1)?. 34, (3a —2)? -(2a -3)2. 


35, (a? — 2a +3)? — (a2 +2e -2)%. 


105. Harder Examples. 
Find the factors of 
x? —a?+4y2 —b2+42ry +2ab. 
_ The given expression may be written thus : 

x? + 4ay + 4y? — (a? —2ab +5) 
=(+2y)? -(a-b)? 
=[z+2y+a—6][x+2y—-a-5} 
=(%+2y+a-—b)(x+2y—-a+b). 


| Examples. XVIII. g. 


Resolve into factors : 


1. a? —2ab +b? -c*. 2. c? —a® -2ab —b. 3. 2? +2an+a? -6 
4, y? —a? +2ax -2*. 5. a? —b? —c? + 2be. 6. 1 —a?+2ab -—6. 
7. a —y? +a? +2az. 8. a —4ay+4y2-9a°b% 9, x? -2ay+y?-9. 
10. 16 —a? —b? + 2ab. 11. 1 —4a? — 6? +4ab. 

12. a? +2ax +2? —y? —2by —b*. - 13, 4a? —4ab +b? - a? -2cx ~c*, 
14, a? —2ab +6? —c? + 2cd —-d?. 15. a? +c? —b? —d? —2ac — 2bd. 
16. 2t—2?-2¢-1. | 17. a? —6? +c? + 2ac. 


18. 9a? — 4c? + 6? — x? — 6ab — ex. 19. 5a? - 10ab + 56? - 20c*. 
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106. Factorization of trinomial expressions when the co- 
efficient of the highest term is not unity. : 

This can often be done by inspection, but if the factors are not 
readily seen, the method described in the next article should be 


employed. 102? + 292-21 = (5a -3)(2¢ +7). 
5a —-3 
Arrange the factors thus : < 
22+7 


Firstly. We see that the first term of the product is the 
product of the first terms of the factors, and the last term of 
the product is the product of the second terms of the factors. 

[hus if 62? + 11z—35 has factors, 

their first terms must be 6x and x or 3x and 2z. 

Aliso. their second terms must be 35 and 1, or 5 and 7, with 
proper signs prefixed. 

Secondly. We see that the coefficient of x is formed by the 
products 5¢x7 and 2xx(-3). [Notice the crossed lines ( ><) 
above. ] 

We also notice that if the last term of the product is positive, 
the second terms of the factors have the same sign: if the last 
term of the product is negative, the second terms of the factors 
have different signs. 

Let us take a few cases. 

Example. Factorize 3z?-17%+10. 

The first terms of the factors must be 32 and x. 

The second sic. cdceck Rote Oe 10 and 1, or 2 and 5. 


dos chGgnsect Hone e eer ce Rn Ge are of the same sign, and negative. 
We therefore have to choose from the following. 


"s =} the coeff. of « would be -(1+3 x10). 
z-l 
sch Pec cseensctab an endbareenncs —(10 +3). 
3a-5 ) 
ape \ G.. vashlbottves hibedogedesed ~(3 x2 +5). 
3a —2 
ioe \ Sebi Sak Bhi aoate. ~(3x5 +2). 


The last case is therefore the only possible one, and we see that the 
factors are 3a -2 and 2-5. 
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After a little practice it will easily be seen which cases may be 
rejected. 


Example. Factorize 722 +322 -15. 
‘Lhe first terms of the factors must be 7z and zx. 


SLHO SECON. ...3:.de eee have different signs. 

Jx+15 

ae } coeff. of e would be -7x1+15x1=8. 
z- 
Ta —15) 

a ah AS pe ee eS ae 7x1l-15x1l=-8. 
z+1 j 
Iz —1 

eee ie Se oe ee 7x15-1=104. 
wx+15 
gal \ Yeo ol leo ~7x15+41= -104. 
2-15 
ee \ ot ee -7%345=-16 
xz-3 
le } ee 7x3-5=16, 
x+3 
4 leh ee -7x5+3—= —32, 
x-5 
vets } ee oe, we 7x5-3=32. 
x+5 


., 7z—-3 and «+6 are the reqd. factors. 
Example. Factorize 3x7 — 8x —3. 
3 is not a factor of each term. .. 32-3 cannot be a factor. 
*, the factors must be 
32-1 and #+3, or 3x+1 and x-3. 


The second pair are the factors, for -3 x3+1= —8. 


107. When the factors cannot readily be seen by inspection 
the following method is recommended. 


Example 1. Find the factors of 22? —5x+2. 
2x? — 5a +2=1{(2x)? - 5 (2x) +4}. 
(This is the same as multiplying by 3). 
(Writing y instead of 2) =t[y? -5y+4] 
=3(y-4)(y-1) 
=4(2x —4)(2¢—-1) 
=(a” -—2)(2%—-1). 
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Example 2. Factorize 12%? —x — 20. 
12a? — x —20 =+, [(12x)? — (122) — 240]. 
(Writing y instead of 122) = (y? -—y —240) 


(y -16)(y +15) 
pis (12a — 16)(122 +15) 


ae ~*) (Es ~ =) 
3 


—4)(4a +5). 
Example 3. Factorize 28a? + ay —45y*. 

282? + ay — 45y? = st, [(28x)? + (282)y — 28 x 45y"]. 
(Writing a instead of 28%) = 4.(a*+ay—28 x 45y’). 


We now have to find two numbers whose product is -28x45, and 
whose algebraic sum is 1. This can easily be done if we put the product - 
- 28 x 45 into its prime factors. 


—28 x45= -2x2x7x5x3x3. 
‘ -7x542x2x3x3= -354+36=1; 
.. the given expression =}, (a + 36y)(a — 35y) 
=515(282 + 36y) (28a — 35y) 
=(7x + 9y)(4a —5y). 


II 


al vol pol 


- 
i 
fi 


Examples. XVIII. h. 
[Results should always be checked by multiplication.] 
Find the factors of : 


1. 52? -122+4. 2. 3a? +14a +15. 3. 322-72 +2. 

4, 207 +1la—-21. 5, 322-132 -—30. 6, 5x? 4+ 42a —27. 

7. 202+19249. 8. 322 —222 +7. 9. 4a? -16”+15. 
10. 92? -—182+8. 11. 16x? -8x-15. 12. 49a? +2147+2. 
13. 927+ 62-8. 14, 42? +42 -63. 15. 627+114%+3. 

16. 622 -—1la+8. 17. 622 —-z-2. 18, 1222 —25” +12. 
19. 20a? +412 + 20. 20. 12a? —7a—12. 21. 182? —9x -2, 

22. 2427 — 50x +25. 23. 3 -8x+4a°. 24, 5490 — 227, 

25. 202+ 52y +3y2. 26. 2x? + 3ay —2y?. 27. 12a? + 8xy —15y?. 
28. 142? + 29x -15. 29. 9a? — 9a — 28. 30. 14a? —292 +12. 
31. 102? —13ay —9y?. 32. 7a? + 4ay —3y2 33. 1202 +17ay + 5y’, 
34, 2623 — 41243. 35. 1322 +412+6. 


108. By Multiplication (a+b)(a? — ab + b2) = a3 + b3 
and (a—b)(a? + ab + b?) =a? — b3, 
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Example 1. xv —] =23 —18=(e¢—1) (227 +2+1). 
Example 2. 27a* + 8b? =(3a)8 + (2b)8 
= [8a +26] [(3a)? — (3a) (26) + (26)?] 
=(3a + 2b) (9a* — 6ab +402). 
Example 3. 1 —2725 =1 —(32)8 
=(1 —32)[1 + (3x) +(32)?] 
=(1 -3x)(1+32 +92). 
Example 4. 82° +729y® =(2x)3 + (9y?)8 
= (2x + 9y*) [(2a2)? — (2x) (9y?) + (9y*)?} 
= (2a + Dy”) (427 — 182y? + 81y4). 


Examples. XVIII. k. 


Resolve into factors : 
1, 23+. 2. -y?. 3. 1 —z3. 4, 1+2°. 5. 28 +3, 


6. 284°. 7. 83-1. 8. 1+8y% 9. Sa? +5 10. 1 +2723, 
11. 2427. 12. y? -27. 13, a? +125. 14, 12543 -1, 
15. 8¢°-27y?, 16. 8a°+276% 17. a®-216. 18, 34323 -1, 
19, 8-64. 20. 64+y%. 21. 100023+1. 22. a%*-1, 
23. 1 +a%%. 24. a%b° — 64. 25. Scy8-1.' 26, x 41. 

27. 6403-12563, 28, 2723+ p%q%. «29. 216a*-b3. 30. - 51272 +1. 
Bl. 72903-S8x%, 32. 147292. 33. a® —BS. 34, 2° — 64, 


Miscellaneous Factors (Easy). Examples, XVIII. 1. 


1. —82? +16z. 2, a?-1lab+300%, - 3. -3+32% 
4. 3a°b8c? — 21a3b4c? + 18a4b*c*. 5, 3a? -27. 
6. 5a° - 40. 7. 10a? +9ab —b. 8. 3(a—1)?-3(a -2)%. 
9. aby —3ary>. 10. ‘Ta? -175. 11, -23-2?-2-1. 
12. llac? —33a*c. 13. 3 -21¢+182?. 14, 3a2b2 -3a? — 36? +3. 
15. 12 —32?. 16. p%q’rt — 3p%q°r8 + 2p%q*rt. 
173x117 — 3°, 18. 152? —3627 +12. 19. 2? —px+qu — pq. 
20. 427 —36ay — 40y’. 21. 5 —45y*. 22. 207 + 30xy — 20y?. 
23. lla? —2532y +1452y%. 24. 3-8la%. 25. 4-(3—x)*. 
26. (w—y)® —5xa+5y. 27. 15at —15y4. 28. 32? -6r+3. 
29. 3ab — 6b —3ac + 6c. 30. 1172? - 13. 31. 2x3 — 250. 
32. pqx?+pat+gu+l1. 33. 22? -16x+14. 34, 7x? —14a+Txy -ldy. 
35. 2a? - 50. 36. a? +ab — 4267. 37. 18x? — 8y?. 
38. 15p2q? —12p%q2+18p%9?. 39. 363-32. 40. 9a? + 36a —45. 
41, 242? -22-1. 42, 2-23 —2a% +2. 43, 523 - 5y*. 
44, 3x°+27z%+ 60. 4b, 32343 —3. 46. 20p?q? -5. 
47. 8ab%c5 —a. 48, 17x? +51xz +34. 49. 9(a —b)? -4(a —c)*. 
50. 7a°y* —'700. 51, 2(a-y)? -2. 52. 3-3(x-y)*. 


53. 1 —5a + 62%, 1 64, w —9ay +20y?. 55. 3a2-362. 
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56. 1 -4(x-y). 57. 39a2 — 262. 58. 2x? + 24ay + 70y?. 
59. 3 —3(2a—-1)%. 60. x? —30a + 225. 61. 182% — 92? — 22. 
62. 327-12. 63. 5a +92? — 223. 64. 15a7b —30ab?. 

65. Gat — 23 — 22°. 66. 72?-8x+1. 67. 200 —15a —52°. 
68. 4a2bc — 6ab?c + 8abe?. 69. 7x? -7. 70. 24-272. 

71. 2 +axy —42y*. 72. 9x2 —18a -—315. 73. a®x —1252x. 

74, 3a —8x? +423, 75. 4a2+4ab + 6°. 76. .7a?+7a—770. 
77. 1304 +4105 + 62%. 78. 22+ px —gqx —pq. 


*109. The Remainder Theorem (Art. 95) is often useful for 
purposes of factorization. 

Factorize the expression x3 +42 +2-6. 

When this expression is divided by «—1, the remainder 


=} 41 = 6=0, eect ath orcas Sian ey) 
i.e. the expression is divisible by z—1 without remainder ; in other 
words x —1 is a factor. 


Knowing this we write the expression thus : 
e—1+4(2?-1)+2-1 
=(x—-1)(@7+24+1)+4(e@-1)(e4+1)+2-1 
=(%-1)(@7+24+1+404+4+4+1) 
=(x—1)(a7+57+6) 
=(x-1)(%+2)(v%+3). 

From the above [see (i)] we observe that in any algebraical 
expression where z is the only symbol used, if the algebraical sum 
of the numerical coefficients is zero, x—1 is a factor of the 
expression. 

Example. Factorize the expression 62° + 13a? +2a—-5. 

When we divide by +1, the remainder is 

e413wenso se..10. 48 mee ee 
.. ©+1 is a factor of the expression. 
Knowing this we write the expression in the form 
6(23 +1) +13(22 -1)+2(a+1) 
=6(a +1)(a® —2+1)+13(%+1)(@-1)+2(¢4+1) 
=(x +1)(6x? — 6x +6 +132 -13 +2) 
=(x+1)(6x? + 7% —5) 
=(e+1)(3x +5)(20 -1). 

Hence, comparing (i) with the given expression, we observe 
that in any algebraical expression where z is the only symbol used, 
if the algebraical sum of the coefficients of the even powers of x 
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is equal to that of the odd powers of x, x+1 is a factor of the 
expression. 


*110. Prove that (a—b), (6-c), (c—a) are factors of the expression 
a3 (b—c) +B (c—a)+(a—b). 

When we arrange the given expression in descending powers 
of a and divide by a—6, the remainder is equal to the value of 
the expression obtained by putting a=b. (Remainder Theorem.) 

This remainder =03(b —c) +b3(c —b) =0; 

*, a—6 is a factor of the given expression. - 

In the same way we may prove that b-c¢ and c—a are factors 

of the same expression. 


*111. Miscellaneous factors. 
Example 1. Factorize the expression x‘ —a‘. 
vt — at =(2* + a?) (a* — a?) 
: =(x* +a*)(x+a)(x%-a). 
Example 2. Factorize the expression x°—a’. 
x® — a§ = (23 + a?) (23 — a) 
=(x +a) (xz? —ax +a*)(x —a) (2? +ax+0?). 
In a case of this kind it is advisable to consider the expression as the 
difference of two squares first, as above. 
Example 3. Resolve into factors 3x* —3z3y —18z*y?. 
324 — 323y —18x?y? =3a7 (x? — xy — 6y*) 
=3x" (x —3y)(x+2y). 
Example 4, Resolve (a +0)’ —1 into factors. 
(a +6)? -l=;{(a +b) -1][(a+6)?+(a+6) +1] 
=(a+6-1)(a?+2ab+b?+a+6+1). 
Example 5. Resolve 32(x +y)* — 2a —2y into factors. 
32(a + y)? — 2a —2y =32 (x+y)? —2(u+y) 
=2(a%+y)[16(%+y)? -1] 
=2(a+y)[4(~+y) +1) [4(x+y) -1] 
=2(a%+y)(4e+4y+1)(4a+4y -1). 
Example 6. Resolve 9x? —49y? — 9x +21y into factors. 
9a? — 492 — 9x + 2ly =(3x + Ty) (3a — Ty) —3(3x —Ty) 
=(3x —Ty) (3x + Ty —3). 


* Examples. XVIII. m. 


Resolve the following expressions into their simplest factors : 
1. at—b4. 2. 16a*—1. 3. 3224 —2y%. 
4, ot -2? +22 -1. 5. 3aa* -3a’. 6. 7(a +6)? —7(a —b). 
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Resolve the following expressions into their simplest factors : 


7. (a—b)? -—4(c -d)*. 


8. (a2 —b?)? -(a-b)4. 


S (c-y)>-x+y. 


10. 423 —12a?-2#+5. 11. 223 +2? -182 -9. 

12. ab(x?+y?) —xy(a* +6). 13. a(b+c—d) -—c(a—b +d). 

14, 4at —2Qa%y —32y3 — Oy". 15. xt - 1322 +36. 

16. a*b?+a%d°. > <17.2a{a —b)* —ac*. 18. 23 —3a%x +2a8, 
19. 8427-82 -1. 20. 4(2x+3)?-9(~-3)% 21. 14+20%+2?-24. 
22. ab —b(b —c)*. 23. a* — 1653. 24. a®—-1. 

25. xt -—5a? +4. 26. (x? +2xy)? —(xy+y?)*. 

27. 22+(1—a)e-a, 28. 22 +(2a+b)x —ab — 3a. 

29. 27+ 3aa —3ab — 6. 30. (a2 —b?)(a* —y?) —4abxy. 4 
31, a? +a%+a+l. 32. 20027 +102 —21, : 

33. (2? —y? — 2)? — 4y?2, 34. (w —2y)? + (2x -y)°. 

35. a4 +405 — 7x? — 102. 36. (x? +a?)b +(a2+5?)a. 

37. 203 —92? 447415. 38. (ax +by)* + (ay — ba)? +07(2? + y°). 
39, 15a? —4a -—35. 40. (a —a*)b+(a? —b?)z. 

41. (1 —ab)?(a+6)?-(1+ab)?(@—-6)?, 42. a(a+1)a*+2%—-a(a—1). 

43, x4 —323 —227+122 -8. 44. 524-423 —627+4¢+1. 

45. 6x3 —132%y —9xy? + 10y%. 46. 23 —42°+ 4a -3. 

47. a(a+2)a*+2¢-a?+1. 48. a?(1+6) —6?(i +a). 

49. 16a*—(b—c)', 50. ($+20-c) - ($-b+20). 
51. 1523 —4a*y —13xy? + 6y%. 52. x°—6a+4. 

53. (a —ay)® —(ay —y?)® 54, 2? +(a—b)xy —aby* 

55. 5p? —19pq +129. 56. x + 8aiay?, 

57. 27a4 -—48y?, 58. 2 —a%—4, 

59. 227+ 7a —30. 60. a®x+a(1 —2?) -2. 

61. xy> — ya. 62. 407 — 12% — 432. 

63, b(b-2) -(a?-1). 64, (22-+3)? — 1622. 

65. (2a +5)" -—(3a -6)?. 66. (x7 —a)? —8(2? -x) +412. 


CHAPTER XIX 
HIGHEST COMMON FACTOR 


112. When a term is the product of several letters, each of 
the letters is called a dimension of the product. Also the 
‘number of letters, when expressed without indices, denotes the 
degree of the product. 
a®bc=a.a.a.b.c, and is therefore of five dimensions. 
‘Numerical coefficients are considered as of no degree. 
Qx°yz, and 13a°yz are therefore of the same degree, the fourth. 
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The highest common factor (u.C.¥.) or highest common divisor 
(H.c.D.) of two or more integral algebraic expressions is the 
integral expression of the highest degree which will exactly 
divide each of them. 

Consider the expressions 27a*b'c, 15a%bect. 3 is the H.c.F. of 
the numerical coefficients 27 and 15. 

The highest power of a which will divide both expressions is a2. 


.. the u.c.F. of the two expressions is 3a2b%c, 


Example. Find the u.0.¥. of 15a°d4c®, 60a3b5, 25a4b®c?. 


The H.c.#. of 15, 60, 25 is 5. ° 

The highest power of a which divides all the expressions is a. 

eecertddee sho sdavams onsite Bake edits iB a isncseosee ieee vic esenes tees le 
No power of c divides all three expressions, 

.. the reqd. H.0.F. =5a3b2. 


. 


Examples. XIX. a. 
Find the highest common factor of : 


1. 5a, 10ab2. 2. xty3, a3y?, 3. abc, 30%. 

4, 6xy*z, 8x yz*. 5. 9ab?c?, 15a%bct. 6. 9a?xt, 216223. 

7. 6x°y, 3xy?, 9x7y*. 8. xy, yz, xy?. 9, 3a?c5, 27a4c1, 18a%c?. 
10. 26z%y?, 13272, 39x?y?2?, 11. 35q%b*c7d5, 20a°c*d4, 45a%b?d, Wa7b4cd? 


12. 3abc?, 5a*be, Tabe?, Yabed. : 


113. In compound cxpressions the H.c.F. can be determined by 
inspection as soon as the expressions are resolved into their 


simplest factors. : 


Example 1. Find the u.0.F. of 
wba +ab’a and a*b — 63. 
abz + ab°x=abe(a +b), 
ab — b? =b (a? —b?) =b(a +b) (a —6). 
By inspection the reqd. 4.0.¥. is b(a +6). 
Example 2. Find the n.0.¥. of 2° -17x+60 and x +7 — 60. 
a? -17x +60 =(2 —12)(x—5), 
x2 + Tx —60 =(x + 12)(% -5). 
.. the reqd. H.¢.F. is 7 —5. 
B.B.Ac L 
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Example 3. Find the u.c.F. of x?-4, 27+32%+2, 2+%~2, 


-—4=(x -—2)(e+2), 
v?4+32+2=(%+1)(x+2), 
x+xe2—-2=(x-1)(x+2). 

“, «+2 is the H.c.F. reqd. 


Example 4. Find the uo.F. of 2° -az*+a*x-a® and 2 -—as*-a’x+a%. 


x? —ar*+a®x —- a =x? (x —a) + a?(x —a) =(% —a) (x? +0*), 
a — ax? — a? + a8 =a (x —a) — a? (x — a) =(x% - a) (x? — a?) 
=(x+a)(x—-a)?. 

*, the reqd. H.0.F. is 2—a. 


Examples. XIX. b, 


Find the u.0.F. of : 


1. a? —az, a? +2. 2. 5¢-10, 4x-8. 3. 22 +2y, cry +y?. 
4, 22-4, 32-6. 5. a? +2ab, ab +262. 6. x? +2y, 22 —y% 
7. x? —Qary, x? —4y?. 8. 224+ 2ry+y?, x?-y?. 9. x3 —3ax, 2x? -6az. 

10. 15a —45, 322-27. 11. 322+12xy, 4? - 64y?. 

12. 42? —82ry, 3xy? —6y%. 13. 27 4+32+4+2, 22+62+5. 

14. 1-24+2?, 1-2. 15. 1+22+23, 4x — 42°. 

16 —7Tx+12, 22 —82+15. 17. a8 +y3, 5a? —5y?. 

18. x? —2 —20, 2°+3a —4. 19. 22-121, 2? 4+127+11. 

20. 224172 +60, 2? —7x — 60. 21. 32° +3a5, 22? +4ax+42a?. 

22. a? +63, a®b — ab? +63. 23. 22 +2 -—42, 22 -97+18. 

24, 4224122 —72, 32% —-3x -18. 25. 24a5b?(a+b)?, 21a%b*(a3 +53), 

26. 1222-2 -1, 622-5x+1. 27, 222 +52 —3, Tx? — 63. 

28. 28-22? -x2+2,a%-2?-da+4. 29. (6 +6)? —a3,. (c+ a)? — 6%, (a +6)? — 

30. 10a%+132—3, 527 -llz+2, 52? - 16x +3. 

31. 22 -7x+10, 22 4+2e —8, 322-32 -6. 

82. (a —b)? —c?, (a +c)? —b, (c —b)? —a®. i 

33 —10% +425, x? — 25, 23 —125. 

34, a -(a—c)x —ac, x8 -(a+c)x+ac. 

35, 2a%+a—-1, 2a®-5e+2, 6a%+92-2. 

36. 1624+ 3622481, 87° +27. 

37. 23-22-3243, v8 —32?+2. 

38, af -a? -2¢42, 203 2-1. 

39, 1523-192? +4, 928 —9x? —4u 44. 

40. x89 -7x+10, 423 — 25x? + 20x + 25. 


*114. When compound expressions cannot readily be factorized 


we find their H.c.r. by a method analogous to the Arithmetical 
method. 


Before attempting ene such, the student must grasp the 


princivle underlying the Arithmetical method. 
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Let us find the u.c.F. of 782 and 5451. 


782) 5451 (6 
4692 
759 ) 782 (1 
~ 159 
23 ) 759 ( 33 

69 

69 

69 


23 is the reqd. H.c.F. 


This method depends upon the fact that if any two numbers 
have a common factor, the remainder, when one is divided by the 
other, has the same factor. 

Thus in the above, 

any factor common to 782 and 5451 is a factor of 759. 
ic. a AM CLG Hs SRE 759 and TaD 2904 2 ee. 2 23. 

This principle, a rigid proof of which will be given later, being 
true for Arithmetical numbers must also be true in Algebra, since 
the symbols stand for numbers. 

Let us now apply it to some examples. 


Example 1. Find the u.c.¥. of 2° + 6x2 -8x-7 and 2? +82?+10e+21. 


e+ 6x? —8x-—7) x?+ 8274107421 (1 
x3 +6a?— 8x-— 7 


(a) 2) 202+182+28)a°+622- 8e- 7( 2-3 
w+ 9x4+14 224+92?4+142 


—32?-22¢%- 7 
—327 —27x2 -—42 


(6) 5) 5%+35(2?+9%+14)4+2 
“+7 w?4+7x 
24+14 
204 14 


“+7 is the.reqd. H.C.F. 


, Here we see that 2 is a factor of 27%+18x%+28, but not a factor of 
— 6x? —8a,—7: we therefore reject it. 
(6) We see that 5 is a factor of 54+35, but not a facio: of x*+9x+14: 
we therefore reject it. 
The work will be considerably simplified if factors not common to both 
divisor and dividend are rejected in this way. 


’ 
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Time will be saved if the work is arranged as below: 
a\)a8+622- 8x%-— 7 az? +8a7+10%+21 (1 


a + 9a? +14 a +6a7- 8x- 7 
-3| —32?-220- 7 2 ) 222+ 18x +28 
ak sed Lr 2. 94-14 |W sevecssvnsceant (c) 
5 ) 5a+35 w+ Tx 
xz+7 22+14/2 
2¢+14 


At the stage (c) we might have shortened the work thus. The factors of 
x249x+14 are x+2 and x+7. x+2 is evidently not a divisor of the 
given expressions. 


Dividing x* + 6x? — 8x —7 by x+7 we find that x+7 is the H.C.F. 


When the given expressions have factors common to every 
term, these should be removed first, remembering that they 
themselves may have a common factor. 


Example 2. Find the u.c.¥. of 
36a:4 — 7823 +18a2+12a and 90zx* — 20725 + 6327 + 36a, 
* 36at — 78a? +1822 +122 =6a (62° — 1322 +30 +2). 
90a! — 207x° + 632? + 362 =9x (1025 — 2327+ 7x +4). 
3x is the H.c.F. of 6x and 9z. 


We now proceed to find the u.0.r. of the remaining factors. 


3x | 623 — 1322 + 32.42 1023 — 23a? +77 +4/2 
62° — 922-3x , 1223 — 2622 + 62 +4 
-2) — 40°+60+2 |-a@)—-2a%+ 32°+ @ 
Ph eee Qa2— 3x —'1 


*, the reqd. H.0.F, is 3(2a*-32~-1). 


Example 3. Find the u.c.r. of 
6a? +1922 +11a?+6 and 1023 -1922+2a+6. 
* 623 -19a2+1lla+ 6 1028-1922+ 2x7+6/1 


(e)Rtc. 2 6x3 -192?4+ lla +6)...... {a) 
3x) 1225 -38a?+ 224412 | x) 423 — Qe | cesses (d) 
1228 — 27a 4a? a 9 
4 -9 ~ 8828 + 49x +12 422-982 +138 2 
( ) eeceee — 36x +81 49 ) 98a -147 
—1)- 227+ 49a —69 ib doee 
_| 202 — 49a +69 
x| 222 — 3a 
—23 — 462+ 69 
— 462+ 69 


The reqd, H.0.F. is 2a ~3, 
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exact number of times into the first term of the dividend. See (a) and (6). 
It is, however, sometimes convenient, as at (c), to introduce a factor. 
At (d) we reject the factor x, which is not a factor of either of the given 
expressions. 


N.B.—It is not necessary that the first term of the divisor should go an 


* 115. If A and B represent any integral algebraical expression, 
then if. A and B have a common factor, their sum or difference has 
the same factor. 
Let p be the common factor of A and B, and C and D the 
quotients when we divide them by p. 
Then A=pC, and B=pD. 
. A+B=p(C+D), 2.e. p is a factor of A+B. 
In the same way A-B=p(C—D), op ...essscssseccess A-B. 
Further if A and B have a common factor p, p is also a factor of 
mA+nB and mA—”B, where mA and 7B are any multiples of 
A and B. %§ 
Let C and D be the quotients when we divide A and B by p, 
80 that A=pC, and B=pD. 
-. MA+nB=mpC + npD 
=p(mC +nD) ; 
.. pis a factor of mA+nB. 
In the same way, mA-—nB=p(mC—nD) ; 
.. pisa factor of mA —7B. 
This can often be employed to shorten the work of finding 
@ H.C.F. 
Find the u.c.F. of 
5a? + 1622 +232 —-5148 and 323+ 4827-1032 -5148. 
The difference of the two expressions 
= 223 — 322? + 126x 
= 2x (a? — 16x + 63) 
=2a(x-7) (x -9). 
Now 2z is not a common factor, nor is «-7, for 7 will not 
divide exactly into 5148. 
-, —-9 must be the u.c.F. if there is one. 


* Examples. XIX. c. 


Find the highest common factor of 
1. 30a2x! — 5a3x3 + 5a'x, Yar? —a3x +2at, 
2. at — Qe8y - Qr2y? -Baxy?, Baty + 2a°y? + 2ay? -y*. 
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Find the highest common factor of : 
3. 204-23 —x2 2-3, Qa4 - 5a +47 +524 -3. 
4, 203 —7u2+8x—4, 6a? — 62? -1le -2. 
5. 203 —5a+6, 403 +a? -1297+4+4. 
6. 303 + 1422 4+122+16, 204+ 72? —4a7 -2 -4, 
7. 204+ 90° +147+3, 324+1523 +527+102%+4+2, 
8. 1223492? —47 -3, 160° + 8a27+243. 
9. 223+ 92-17% —45, 62° —292?+31r+10. 
10. xt -— 623 + 822 —1llv+2, 2a*—1lz*+82? -—6r+1. 
11. 623+ 1la2?-3le¢4+14, 403 —472 +7. 
12. 5a34+12224+32-2, 2° +3at+a3 -2?-4, 
13. 4¢3 —1722 +3244, v8 -17x+4. 
14. 203 — 7a? —462 -—21, 224+ 1123 —132? — 992 — 45, 
15. 1523 + 622 —452 -18, —49a3 + 282? +1472 — 84. 
16. 6a —25a%y? — 9y4,.. 328 — 15a?y + xy? — Sy’. 
17. 324+ 3a%y —272?y? + 33xy? —12y4, 52t —5a8y —L5a7y? + Wary? — 10y4. 
18. 2504 +523 —x—-1, 20a*+2?-1. 
19, 28 +4a2+5r+6, a +203 +5? +4044. 
20. 3° +1722 —- 622414, 723 +522? —462+4+8. 


REDUCTION OF FRACTIONS TO LOWEST TERMS 


116. We shall assume throughout that as the symbols stand 
for numerical quantities, the ordinary Arithmetical rules con- 
cerning Vulgar Fractions apply to Algebra, leaving the proofs of 
those rules to a later stage. 


In Arithmetic Ix 
. 


Mma 


So in Algebra SHS: 


abe? _aoxbe_ae 
Be bxbe 5° 

ax—be (a-—b)xa%_ a-b 

abe dbx De ab: - 
4a?—6ab _2a(2a-—3b) 2a—3b 
6a? -—4ab  2a(8a—2b) 3a—26° 
w—5e+6 (x-—2)(e-3) (e-2)(x-3)_ 2-3 
a — 4a + 4 (7-2)? (w@-2)(a—-2) 2-2 
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117. A fraction is reduced to its lowest terms by dividing its 
-numerator and denominator by their H.C.F. 


The u.c.F. should always be found by factorization, when 
possible. 


tis 3a? + 22-1 


a3 1 to its lowest terms. 
(3a -1)(a+1) 
x*(x+1)-(%+1) 
_ (8e-1)(%+1) 
(x? -1)(x+1) 


sa= i ete 
oe Ts in its lowest terms. 


Redu a? — 7a? + 16a —12 
3a3 — 14a? + 16a 
The denominator =a (3a? — 14a + 16) =a(3a — 8) (a — 2). 
Hence it is evident that if the numerator and denominator 
have a common factor, it is a —2. 
Acting on this knowledge, we write the numerator to show 
a ~-2 as a factor, thus: 
(a? — 2a?) — (5a? — 10a) + 6a — 12 
=a" (a—2) —5a(a—2) +6(a-2) 
= (a? —5a +6) (a —2) 
=(a -2)(a—3)(a-2); 
(a-2)(a-3)(a-2) _(a-2)(a-3) « 
a(3a —8)(a— 2) a(3a —8) 


The given expression 


to its lowest terms. 


.. the given expression = 


its lowest terms. 


Examples. XIX. d. 


Reduce the following to their lowest terms : 


4a? 1028 10a%B%e 
1. 3° = bax - 24ab?c?” 
18z5y2z3 5 18ab4c? ae O5m?ni pe 
- 24asytz° * 12a%b2c" ” 42m ?nkp? 
a se 3ax 
Me shah. 8. e—2y 9. 4ax —3ay 
: Sax 6a2-Q9ab 8a? — 12axy 
- 3ax? — Bary” it. 8ab — 1262" pe 62? —Axy 
3x4 ~— 3a7y? abx — bx ay — xyz 
iS aga Gatye" if ace —cx*” 15. 357 36a8 
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ELEMENTARY ALGEBRA [CHAP 
Reduce the following to their lowest terms: 
— 2x 17. 3a — 2? 18 er+4e+4 
Ie FT a —6a+6° * 22+52+6 
1432 42a? a? +(a+b)e+ab a BF 
bth Ba ere Ts = x? +(a+c)x+ac le a —58 
eee cella Be 6? - a? 1+(a+6)c+aba? 
ee —y aa St + tab 4B 1+(a+c)x+acx* 
2x7 —18 a*—32?+2 x* —(a ~b)x —ab 
25. 322 +32 —-18° 26. gi—_g2-2° 27. x? —(a+c)x +ae 
xs — 2arby? + yf -—7x+10 a? + 2ab +b? —c? 
. x —ys ak PS" a = —b? — 2bc —c? 
* 322 +4+2¢-1 (a +6)? -(c +d)? x —x-20° 
ah, e+a2-a2-1 = (a+c)? —(6+d)?” aa: xv+a—12 
c+e8+l x? +42 — x*-1 
34. aretl 35. 2s 3242" 36. 5347-10 
at — 9a? a8 +40? — 5a (w-y)?-1 
31. a — Gang Oat eh Gh UNE 
a? +a?+a—3* 3a? — Tab +45? 4—-(x+y)? 
beh a? +3a2+5a+3t- als 3a — ab — 262° Sa ‘(a +2)? —y? 
43, 6a? — 13ab + 66° (2a +b)? -c? 45 27+4a Sa? + Se + 
“ Ga? —bab—662° ~~ 4a2—(b+e)?" * 9430" * 3tta—2 
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ac ye Babe xe —ae 
118. Example 1. a ee geste Te 5 Kroes rere 
a(b—c) a(a= = 
b(a—-c) xix b(b-c) 
(factorizing and dividing numerator and denominator by 3a) 
__ a®bc(b —¢)(a —c) 
~ 4ab*(a —c) (6 =e) 
ac 


46 
[for a, b, (6 —c), (a —c) are all common factors of numerator and denominator]. 
: -~ St+e—-2 eared gol 
Example 2: Simplify aE al x Pe ag ae ea 2 . 


: »  (w+2)(e—-1)_ (w-2)(%4+1) 
The given expression = ia 5 x 


The given expression = 


x(a —5) 
(a -4)(%+2) *(e-1)(@+1) 


_#-5 
eT 


* The sum of the numerical coefficients is zero. 
(Art. 95.) 


+ The sum of the coefficients of even powers=the sum of the coefficients 
of odd powers. (Art. 95.) 


*, x«-1 is a factor. 


Examples. XIX. e. 


Simplify the following : 


i & 


3. 


5. 


Te 


9. 


il. 


13. 


14, - 


16. = 


17 


. 


18. 


19 


20. 


21. 


22, 


23, 


24, 


25. 


26. 


xv-y? ty 2 x*—49 +7 

w+ 2Qry+y? 2 —a2y * #@-9 °2£+3° 

pao ae 2 7 4 4a2_]  2r+1 

22-4" 2+2 ” dy? 1° Qy-1° 

x2 — cd yu tier _t-3 6 x+(a+b)a+ab _ z+a 
a | w-4 “4-4 ‘ x — 2 “2=6 

e15e+8 200 gL ateat ata 
—-25 “2-5 * a —-2ax+a?* a(x —a} 

25a? -1 cA cat 5 Ua 10 w-—x-6 se Sar 

9x? — 442“ Sa+1 * 3n—2y" * @te-2° ez 

Ga*+5a+1 2a -ie+5 12 xt — oy 

622-2 -1 ~222-1lz-6° " -9 " 243 


222 -a-1l- 


2027 +ae—-1. (a*+4e4+3 Q2r-1 
w2+4¢-5° 2241] 


—5a+6 ee —49) _ #+527-6 es (a - 6)? - 
15. x S— 
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aoe *+oa-14° -a —(b +c)?" (a+b)? = =", 


ee 64 (z-3)? , 27422-1315 
=16 *(e+4)?-4a° 4? + 16x 
rere 120?-62 . 1827-6 
822 —10x+3 “422 +Se41 “42274+¢-3 

(@+ax)? a -2 at+z 

(@-azP +x a-x 

6x7 +6 x —] ete 
(@+1)-2* 2-32? “a1 * 

(a- Sbii=< 5 ee _ ac —be +2 
ab — 63 be * a? +ab —ae * @=(b-c* 
3x — 6a? 1-82 3+67+122? 


1-924 18a “(1-222 1+3e—18e 
x? +216 x3 — 322 + 2e-15— 
a —@ —42 “a—6a +360 207-98 
AES (x -1)® , 2% +827-90 

7 eH Pee Cals ek 
aie Sa2-Ta+4 4% te-3 
3a2—a—-4 “Qa? —Te+5 el 


xz —at x? +a8 , __(# =a) a 
a? tae * ot — 2a2a® + a4 (at — a2? + a4) (x — Dax a2) 
15a? — 3lay + 14y? Q1a22-Ory  , —- 27a -63ay 


10x? ay —2ly? “32? —2ay+ 3a —2y "20? +3ay + 2e+3y 
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CHAPTER XX 


LOWEST COMMON MULTIPLE 


119. The lowest contmon multiple (u.c.M.) of two or more 
integral algebraic expressions is the integral expression of the 
lowest degree which is exactly divisible by each of them. 

The t.c.m. of a3b? and ab? is ab8. 

a ae a®, a’, a, a isa’. 

Sab titer es Sate 12a8 and 18a? is 36a°, for 36 is the L.c.m. of 12 
and 18, and a is the L.c.m. of a® and a?. 

Example 1. Find the L.o.m. of 21a%b%c, 7a°b?c*, and 2a*béc8. 

The t.c.m. of 21, 7, and 2 is 42. \ 

The t.o.m. of a%b8c, a86%c4, a2b>c3 

must contain a® or it would not be divisible by the first expression, 
Ib Wiskaneeiesseskees DE WTivs an gademaneatasie ses eccveanorsounes@ens ‘Ubi fe eae ene 


. 42a%b'c! is the reqd. L.c.M. 


Examples. XX. a. 


Find the lowest common multiple of : 


1. abe, abc. 2. ax®, 4a%x. 3. 4a’, 6a5. 

4, Gxy®, L5a%y. 5. 42a%y, 49y%z. 6. a?, 2ab, 6%. 

7. Oat, 12a%y®, day8, 8, xy, yz, zx. 9. 8a°b, 12a2b2, 3ab?, 464 
10. a4, 4a3b, 6a2b?, 4ab3, b4, 11. 9xty, 12a8y*, 54a%y3, 

12. ay?, az*, a*y, az. 13. a, 2a, 3a, 4a, 5a. 

14. a3b3, ab’, ab. 15. 6a%b%c!, 4ab3c2, 9a2b4c. 


16. SxPytz5, 5aby2z5, 12a%y42®, 16asyt2? | 


120. The L.c.m. of compound expressions can be determined 


by inspection when the expressions have been resolved into their 
simplest factors. 


xx.] LOWEST COMMON MULTIPLE 169 


Example 1. Find the t.c.m. of a% —a%e and abc - b°cx. 
a®b —a*bx =a*b(a—2), 
ab*c — b?cx =b*c(a — 2). 
Thus we see that the reqd. L.c.M. is ab’c(a —2). 
Example 2. Find the t.c.m. of 22 —5x+6 and 27 +2z-8, 
x* —52+6=(x% —2)(x -3), 
x + 2x -8=(x% -2)(x+4); 
*, («—2)(% —3)(x+4) is the reqd. L.c.m. 
Example 3. 4a‘b?c +4a%b*cx, 6a%bc* — 6a*be*x, and 3a°b%c — 3b8ca?, 
4q'b*c + 4a5b?cax = 4a%h*c(a +2), 
6a%bc” — 6a*bc*x = 6a*bc*? (a — 2), \ 
3a7b%c — 3b%cx? =3b%c (a* — x?) =3b3c(a —x)(a +2) ; 
«. 12a°53c?(a —x)(a+<x) is the reqd. L.c.M. 


Examples. XX. b. 


Find the least common multiple of 


1. 4x, 4(a-2). 2. a®, a(a—b). 3. 2(a-«x), 3(a+2). 

4, 3(a+6), 7(a+6). 5. a*b(a—b), ab?(a—-b). 6. xyz(x-y), xy. 

7. 2a? (x+y), day. 8. 6(a@-—1), 2(x+1), (22-1). 9. a*, a®—-az. 
10. 2a°+2a*x, 4ax. 11. 3a-—36, 5a-56. | 12. 4(u-y), 3(x? —y?). 
13. 2?, (x?+1)?, 6(z? +1). 14. 3(ax—by), 4(ax+by), 6(a%x? —b?y?), 
15. w(a?-y?), y{x+y), «(a-y). 16. 8(1-2), 8(1+z), (1+2?). 

17. 3(a3-1), 4(a?+x2+1), 6(a-1). 18. 27 +32+2, 2? +5r+6. 

19. x?-227+4+1, 2?+2-2. 20. x2-97+14, 2? -107+421. 
21. x? -3a-—4, 2? 4+2x-24. 22. (a+b)? —c?, (a+c)? — 

23. 6(x+y)?, 9(x+y)*. 24, 222 —7x+3, 222452 -3. 
25. 3c2—7x +2, 322+8x-3. 26, 22-42, (x+y), (x —y)% 


27. x? —36y", 22+ 7Txry +6y?, 2 +5ary — 6y?. 

28. 7(a2b +ab*), 21(a?+ab), 35(b? —ab). 

29. 3(22-—y?), 6(a?+ay), 4(x? —x?y). 

30. 12a2y(x?-32+2), 18xy?(x-1), 8y? (x — 2)2 

31. a? —63,. 2a? —3ab +67, a2 +a%+ab?. 32. 20? 12 +3, 322 — Ta —6. 
33. 22 -—5a+6, 2? -24-—3, 2-7-2. 34, 2? -4, w®-x-2, 23 +20? -2 -2, 
35. 6(a4 —a?b?), 18ab (a? — 5), 9b(a%b +54). 

36. 6x(x3 —y3), 9(a —ay*), 12 (x? + 2ay? — 2a*y —y3). 

837. 22—4a*, 234+2ax? +4077 +8a5, 2° —2ax?+4a%x — 8a3. 

38. x2 -(a+b)x+ab, x2 +3axr —3ab —b?, x? +(2a+b)a -ab -3a%, 

39. 423 —1272-2+4+3, 223 +2?-182-9. 

40. ab —6*-ca+be, be -c? —ab+ca. 
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[CHAP. 


CHAPTER XXI 


ADDITION AND SUBTRACTION OF FRACTIONS 


121. We have already seen that, just as in Arithmetic 


Bele eee 
We ly Facey 
so in Algebra Tip Wek 9, 
aa .a@ 
ed Vigne gests 
aa @ 


When in Arithmetic we wish 


to add or subtract fractions 


which have different denominators, the plan is to reduce all the 
fractions to equivalent fractions having the same denominator. 
We adopt the same plan in Algebra. 


Example 1, 


e-3 2-2 3(x-3) 2(e-2) 


4 64 SKE 


2x6 


[12 is the L.c.m. of the denominators 4 and 6.. We therefore multiply 
numerator and denominator in the first fraction by 3, and in the second 


by 2.] 


2a +4 


_ 3(%-3) —2(%—-2) 3xe—-9- 
7 12 1: 


= (removing brackets) ° 


plete (collecting like terms). 


3 « 2+3 42-3 5 
Example 2. Simplify Sr ae a oe 
Phe given expreaiae = ers) e Saeed) ORS: 
4x? x 8x 3a x4a2 ° 6x223 


(the L.o.m. of 3x, 4x7, 2a is 1225) 


: 


_ 4° +1222 — 12a? + 9x +30 


122 
_ 425 + 92 +30 ; 
sapes 5 hfs y 
Examples. XXI, a 
Simplify the following expressions : 
4. Teo a. 0.0%a ie oe | 
be ae oe a dS — he: S atte 
de teak te bose ‘ x-3 2-4 
ec one PS aAT aea ae SS ep aah 
< «+1 2e-1 42-8 x-a «x-b 
7. 5-—-: 5 = aoa wat ae 
Cry Sis 6 BE; Oo 


14 
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3a—-y 32-2y z-3 «2-5 qt+3r_ 2 
0. ————— —— = : or _ 2p-q 
. xy yz a 30a ae 8qr lpg 
+1 2+2 2-4 a+y 2u-Ty  x- 3y. 
a3. 2 + kee? 5 ie 14, “¥ a0 13 3 
= 4-6 a+b a®+4ab+2b? L-Y y-2 2-2 
15. 5 = ab . 16. : + ta 
2c-a_a-b_ 36 ey e+ys vty 
17. Oa Mae 18. = zy? = 
19 3b+4a b-6e_ a+6c 20 27+1 34%4+2 1 
Moe ' She >" aac * Se a 
a*—b? c?—6? ¢?—a? 3xz-—6y 2lx-l4y 38x-57y 
“ “pot ~ per + aaer ee ho ep aes (ale 


122. Note carefully the truth of the following statements : 


1 dy ae 
: 2-% x£-2 2-2 
This is obtained by multiplying numerator and denominator 
by -1. 
a—-b b-a 
In the same way aT hee ee 
and again a A OR By. 
eg &-=Y 
Ja 3a-2b Ta  3a-2b 
Example 1, eee Sh ee MES 
_7Ta+3a—26 10a —2b 
a oe p08 
see C+ OY £- x — by 
Example 2. Simplify Pach en 


The L.o.m. of a+y and x+2y is (x+y)(%+2y). 
Multiply numerator and denominator i in the first fractlon by 7+2y, 
idee second ............ £+Y, 
(w+2y)(x+3y) _(x+y)(x - 6y) 
(e+2y)(a@+y)  (w+2y)(x+y) 
_(+2y)(a + 3y) — (x +y)(% — By) 
(x £2y)(x+y) 
_@ +5axy + 6y? — (a? — Say — Gy") 
(x+2y)(x+y) 
_ 2? + 5ay + by? — 2? + Bary + by? 
_ (w+ 2y)(e+y) 
l0zy+12y? _  2y(5x+6y) 


(e4ey(ary) (e@+2y)(e+y) 


the given expression = 


sent e eres reser eereeseee 


seeeeeesoe oereeeeeeeserooce 


(3) 
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The above example is worked out in full. After a little practice such | 
steps as (a) and (b) may be omitted. 


Tlie common denominator should generally be left in factors, and the 
result reduced to its lowest terms. 
a*—b? .a-k 
ab+b? a+h 
(a—b)(a+b) a—-6b 
b(a+6) a+b 
a—b a-b 


Example 3. Simplify 


The given expression = 


Examples. XXI. b. 


Express the following in their simplest forms : 


a EL 3. ater 

Si tere bears, spam age 

f sect aes = mcreg Cae e . Sverre 
ie yi, 28 2-3. 12. tao 
13, 2 - So. 1 oe tae a eet 
1 eee 1. ones aa bgp tea 
19. te yi Ape es 21. aoe Say 


‘ (In sae a fraction, *-y is a common factor of numerator and 
enominator. 


22. +e gates 55 Ra ty 
25. Hea) Harb Marechal 37. ao 2 ne : 
8. oa aoe he Pore 

20. a Ba oe 

Cv eA BS Se 1 - 


es eae 83. 5 —3ap cH 
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34 a*—46? a? —96? 35 Se+y 2 -y' 
“a~+2b  @+3b° ‘Poayty eiayty® 
w+52+4 2 - bz +6 r+y\? 
xz-2 x—4 ees x-5 
“s x?—7-2° 22-5244 eae —3r-28 2?4+22-35° 
2 Ay _2 2 
40. og 41. cates 9x 9x* -y* 
a + Lary x 4 6 +2y" 
E a b oe a 
* ao -b a+b @-B ath 
etl -b(a - b)-8' a 
~’ — 5? e+ 
(taking the ae three fractions together) 
_a@+ab—ab+b?-B a 
° — 6 +8 
a* a 
ap Se ee 
—,72 a. 
ee -6? a*+6 
ores +6?) 
= 
onthe 
“a 
+ Example 2. Simplify Le = eS 
P Z-a@ £-3a Zt+a x+3a 
. ; 3 3 1 1 a 
The given expression = (=> ~=3,)+( Sei BiESy ) (rearranging 


the fractions) 
: _ 3x +3a — 3a + 3a sats x —3a 
x — a — 9a? 
6a 6a 
| ne ey 
a*-a? x*-9a* 


1 1 
= =64( -a gt oat) 


_ 6a (x? — 9a? — x? + a?) 
~ (x®— a?) (2? — 9a*) 
é — 48a3 

~ (a? — a?) (x? = 9a*)" 


* Examples. XXI. c. 


Simplify : 

1 1 2a 1 1 45 
1. aibo ab! ate os Gib b- al aie 
3. 1 1 ci 4. ] 1 


1 S321 +32" 1-92 w—5e+4 2?-4z4+5° 


174 


ELEMENTARY ALGEBRA 


Simplify : 
eee aie | Pegi Whar 5 55. 
‘ @t-b 3(a—b) 3(a+b) * 3(e—3) 22-9 2(4+3) 
1 2 1 a? a—b 1 
Leak z-2 2-3 = eS a+b 
9 Liege... Sas 10. ab 
°2-3 9-27 274+32+9° (a—6)(6-c)” ‘la- ates b)” 
1 1 1 1 2(e+1)_ 1422 
Ul: adn 43 al 6276) xi —Sen 8. see: 2z-y 2e-y 
1 eat Bie 3x 4 in: 
a @z—-2 2u—-33n-1° ig #3242 '1-a 2-2 
1 1 i 
eb res ot plea eg ale tk 
4y 32 32 —2y 
10. yay ay tly ay 
17 te os eee 
* (%—2)(a-3) a2+2-6 9-2? 
18 a? —3ab+2b? _6a2—5ab — 66? 6a*+ab ~— 26? 
: a—2b 2a —3b 3a+2b ~ 
a-b 1 ab 2 2 ‘4 
lOc eb te ath abe) “Ob hoaee iS tat ae 4S (Ocoee 
1 1 2 1 2 3a —-2 iP 
21 os aos tea Wy He ye ee 
23 c+1 + rats he eae dl 24, — 8 5 3 
* Qa8 dat" 2284 4a2 2-4" —6a+6 22-3042 4043 
at oa ea. ESR ost © ast 
a ays yx Bry bin @-a-2° 1-8 St ta-2 
27 2y Tee ated! 
* 2+ ay — by? + 72-942 e—2y 
28 aD E BiG REN bolle Bie 
* g-32-28° a®+e2-12 'a*-10x%+21° 
4 7 3 1 1 Ya? 
#0 43 etd wal Em 4(8a —2%) 5(3a-+a7) 10(9a2 —atf 
=I ea 1 e-3y «a-2y y 
She 9g? de 42 3a®-3' Gente 3 zt+3y.e+2y 
33 Cas lee Nee nee 34 Sa Qia*+6e Qa 
* [= T-at 1l+22 "32-2 Oa844° "3242 
b 8b 9b 1 1 
Sb. 5b goat 3b i a + ny —By8* y+ Day — Sak 
Lat, 4a% 2b o2 2 2 1 
3%. Tae pat ea 38. Gee an tail ate 
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2 2 
39. 7 Tay +12y? _ 2a*+ Tay - —4y? 40. —- y S x 


" 4a? —llay -3y? 82? - Gay +y? *z-y Sty Sty ya 
4a? 2a aa (2a - 284 4a? , (3a ~ 2b)? - 462 
os ab a+h ath ba’ <i 4a — 3a-46 * 
4g, O28 - Say Oy? LSet 8ay—12y yy ey ety 
14z* —232y+3y? 35a7+47axy + by? B-Y-Z Y+Z—-e K+Y4+zZ 
1 1 1 1 1 2 4 8 
aa are Coward per ahah a hers Aa ee 
1 1 a+3b 458 5 15 30x 
a a—b° 2(a+b) 2(a?+62) at—b* os 3-2x (3 —22)8* 3 —22)8 
l+a 4a 8a l-a 3a? +2244 x+1 2 
meri-g ita *L-al- ita 50 ay “#+e4+1 2-1 
Ee lalla a: ee ee 1 (3)q 2f2-2) 
pi w(e—2)*a?-54+6 x(e@—-3) oe at Z+1° 2+1- 
53 es pee Ae ee SS 
* a? —3b? +2ab "6? -3a?+2ab 3a? + 10ab +30?" 
B, 2+1 3_ 1 Prag ee en 
“+at+l @ l-x “a+b (a+b)? (a+b 
823 222 z i 3 2] 1 
Be Baty? Ges Qay tye 28° ve a+4 243° £42 241° 
2 3 2445 I 2-5 x-6 
Be. ois axis e—a0+e O gen Ama le Se Ba 
x ms icc ek sy 1 1 1 
OO at ytnay ety zs I: ee z-1 x41 
62 102-11 10z-1 —2r4+5 
" 3(@—1) 3(a?+a41) Gani lD(@+l) 
93, 22 +2=2)_8(a-w-2)__ Bz = 
a? -a-2 e+a-2 a-4 
4 @+2 a _a*—2a? 85 2 22-1 28-1 
asd ae 8" “gta a-2t+1 atte 
66 2¢24+9 | x i” x ; 
“t+ 7x+12 22+5e4+6 #432742 
a (a-6%)x a(a? —b?) a2 pt Dal A OT ae 
Bites ba) = ee ar 2 ae a 
a—2b _2(2a-b) _— 8(a-b) 
69. 52 11ab $1262 ' 4a? —4ab — 36° 2a? — Tab 40 
j x+y? 1 1 
aty-——"- — + 
+b a-6b 
70. +=. 71. ome 2, See 
Las re eT Yay a+b a-h 
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Simplify : 
(254) 9-5 
x+3e +2 ( 3(32 +2) a+y) z-3 
Fe (z-1)? Ce 3a? +8r+4f° ‘e 1 (5 ye he 3a 
+(——" n+ 
“fy 3 
a3 
ng, (243,245). 241 77 at? ~ 3 _antat 
w?—-4 2348) ° 22-2744 3 x3 
a+z--, 
a —ax+2" 
e g-Ve, 
a/b. ¢\.b fe: a\. cfe>b 6 _ BB —a8 
thes 5(3-2)+e(s-5) +8 ($-): ites cm ry Ee 
++ - 
ba 
(a +36)? —(a —3b)? C-- FT 
80. (3a +b)? — (3a —b)?” ot ‘a—-b =atb i (a —oy. 
m+n? be 
m+n 3 a Lee 
SOU RE TSC EY 83. ax (ate) 
m n 2 a 
84 e+2a at+2e - Eee. 
° \a-22 2-—Ba Qa-x a-a2f- 
gs, {_5¢ _ 25 \+{ 2a 2b-a 3 
* '\a-66 3a-26J~ \a+2b 2b=3af” 
86. - = 5 j 87. pe 
Ey aT pt eae 
ae 5 «2-3 2 
88. teats 3) * x(e— 8 ~= 45): 
eee 249 (2 v) 
ds (= zi,) (+ xy —y’) =a revi 


x 
2xy \-(S2 ). et+1l 5 %-2 2 
90. (1--,— )+( —* - eS: > Men 
( x + y* x-y Sey a1. (5 etitey) (gers =a) 
/a+b8 aS—b8\ /at+b a—-b 
on (acm ares) act ob) 
93 (2a +3)(a?+3a+2) — ~2(a+1)(a* + 2a) 


. (2a+3)a? -a(a? -2) 


1l6a* 2a 
~\81b4t 36)° 


XxI.] 


97. 


99. 


101. 


102. 


(222, mt=anty./1___ 
: m m+2mn)"|m iy gyi Ant E 


| Ca-8)-(¢ 208-442), 
zx 
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a-x b-2x ate b-z 

b+a atx b+2 a—x 98 ( 45 =5)( 65 

pes = alli a ae é » (1+ <— = f 
a+2 b-x atx _ b+2 z=-8 x-6 : 2+7 «2-2 
6+2 a-z b-z a—z 


z-—a “i x+a ee 1 “: 4 1 1 1 
(x+a)*?" (x-a)?f * (ata)? z-a he (x —a)? J" ire x 
| ee 
l-z 
(; 1 ™ (1-2)? 100. Ene: 
—a = 2 sj i-2 ae ie 
uty xw-y xy l+2 
a-y zty.y © ee el ep ee ee 2 
zty,@-y" x a 103. (a+b+0)(s.+25+z5) abe! +62 +02), | 
x-y wt+y y = 
ca 
(ac + bd)? —(ad + bc)? 105 a+b bxe 
; (a-b)(¢-d) Sey 
b+c c+a 


A(ee3) 20d) foe) 


{ax? +(b —c)x—f}? — {aa?+(b+c)x—f}? 


* {ax*+(b+e)x a —{aa?+(b-e)a—f}* 


1 1 


1 {1 1 
. (yzt+2u+2y) tes re ~ay2\ tata . 


a 


m+ 


a®—(b-—c)? 6?-(c-a)?_ c? -(a—6)? 


* (c+ap—b8 (a+b@—c (b+cP—a® 


142 ~ 29-9") {i- is an}. 
; B+ayty?) |e at—ayp 


wt-ag—2a* 2? +-ax — 2a? 
fea G hig Liak 22+ (2a+6)%+2ab° 
Ox? —(y —2)8_, y2-(2-32)*_ A - (30 -y)® 


" (30 42)?— Yt Ga type (yt2— 92 


Ltr my tae =a = (Sata) (ree ee ~%}. 


{(a+b)(a+b +c) +07}{(a +6)? —c} 
{(a+b)? —c?} {a +b+c} 


, yi+2t—a*\  /, x+y? =). 
(1+ 2y2 )e(2 ary 
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mite ort 
118. (x-y-5) (# +y zty 3(%+Yy) — 
2? x x3 a + oy 
us. (5-1) (4-1)+(& -1) Bee ng 


x a 
120. : x : = moet ak (1 +a)?=+ List a 
ig ee l= +s Tere 
ae) Pee Pre! 
Prove that 


tog, 2-20, 4-25 2(a+b)__2b(a+b)(2a +b) 
*@-b 'a+3b a+2b (b—a)(a+3b)(a+2b) 
123 a b c 1 1 LS 


Gaal bela’ er =e ab ene 


*CHAPTER XXII 
HARDER SIMPLE EQUATIONS INVOLVING FRACTIONS _ ' 


123, The usual method of solution is to clear away the fractions 
by multiplying both sides of the equation by the L.c.m. of the 
denominators. 

The work can often be shortened by sundry methods ithastrased 
in the following worked-out examples. 
ae te 
4x—-3 3x-5 
Multiplying both sides by (42 -3)(3«—5), the L.c.M. of the denominators, 

3 (3% —5)=2(4x -3), 
9% —15=8a -6, 
t=: 


Example 1. Solve the equation 


con 3 2 et 10 
Example 2. Solve the equation eabVeel aeons 


Multiplying both sides by (# —1)(~% +1), 
32 (% +1) —2a(x -1)=2?4+10, 
3x? +3e — 207+ 2a=22+10, 
5“=10, 
t=2. 
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aE Psa TE 
22-1 324+1 32-1 2e+1° 
Simplifying each side of the equation separately, 
2(38¢+1)—3(2%-1) 3(2%+1) -2(3%-1) 
(2% —1)(3x+1) (3% —1)(2x +1) 
6x+2-6x+3 62+3-627+2 
(2a —1)(3a+1) (32 —1)(22+1)’ 
5 34 5 
(2x -1)(3x+1) (3¢—1)(2z+1) 
Dividing both sides by 5, and multiplying up, ; 
(3x —1) (2% +1)=(2x -1)(32+1), 
622 +2” -1l=62?-2-1, 
2z=0, 
2A 


10x—14_ 1l5x-24 
27 —3 “= 8t—65 


Example 3. Solve the equation 


Example 4. Solve the equation 


The equation may be written glee = 9) tt goG eros hy 


22-3 3a -5 
f 1 
te. +5 3 i+s—> 
32 —-5=22 -3, 
22. 
Example 5. Solve the equation Mase eee ee 


The equation may be written 
@—64+2 2-342 2-942 £4742, 
@-6-— 2-3 2-9 2-7 ’ 
2 2 2 ee 
NPE igo Ot 2-0 Soe aT 
Dividing both sides by 2 
Dieta wis - ol 
2-6 @-3 2-9 ¢-T 
Simplifying each side separately, 
(x -3)-(x—5), (x-7) -(e-9) 
(x-5)(@-8)  (@—7)(~-9)’ 
2 2 


"& (g=5)(e—3) (©—7)(%—9)° 
Dividing both sides by 2, and multiplying up, 
(x —7)(u - 9) =(x -5)(% ~3), 
¢ aw? —16% +63 =a? -8x+15 
- 8x = —48, 
x=6. 


180 


ELEMENTARY ALGEBRA 


* Examples. 


[cHaP, 


XXII. 


(In the case of a fractional solution, express the result in decimals correct 


Solve the equations : 


to two decimal places.) 


1 “x-3 «+12 2 e+3 2 3. 3- 22 Grae 
AGE SEBS 92-3 42-9 ; e+5 2247 
yee 2 aay todos 2 82-3 =: 68-5. — 1 Wigeae 
aS. 6 "32-45" 152-20" ’ 8-12-12 6-9 
7, 3 tT ee 3 bu-7_ 1 4-3 
‘e-3'e-4 foe te ‘TOz-5 10 42-2" 
lle 24 88 H=%3f 1 “T\ 2) 23 
ee eOOT eo hala ead). eet 3(sni 3) “Tey 
u eet 5 W-2 12 6x-7 9x-12_12x%-25. 8x-18 
4(z+1) 4 2-8" * 2-3 32-5 32-7 22-5" 
xa-4 w2-2 2-10 «-8 30+62 60482 48 
13. o-6 @—3 e-l1l #9) 14. ed * Sass set Ace 
6r+2. 22-9 , 2-13 3x-14 34-8 32-32 3x-—26 
ie tie 2G ee 1. ek. 350) (ee 
x Qa 27 
7z+1_35/x+4\ , 28 6 ‘Goa de. 
as a et5) + 9 BON ee 
124+ — 
5 
a+2 4-2 2x4+3 a-2 
i; F oe ag 
19 2-3 2-6 6 =e 20 (+?) +3(Z5) 7 
Sa+2 20-4 8a 5 
2. eal" a+3 an 22, So es 
1 2 hes 3a 29 
23. pul eis odes 24. ail hPveesl 
1 1 2 1 1 1] 
Daag er eee b at ee 
e@-l'x—-4 «#+2 26. 15-10% 15-6x 15¢%+120° 
o7, 42-1) _2(t#=T)_ ng Bune e417 1 
3(2—2) 62-13 =F ° 9-3 «+10 2 
6x+1 2¢-5 4 il il 
ae rye: ea reer ea 20 Sr aaee © 3 23 =p 
10a+17 _ 1244+2 5a”-— 4. a—5 2-7 
SL: ~ 
Lose Paes S ae 32. Ser oe 87415 muh 
29+] a®+ar41 -1 8 7 
33. Ho) e+ Pea at Hn = x pee & 
zl a+1 an. 34. 3 z-1 «2-9 «-8 
l+z2 24382 1432 1 et 1 
sig = 22s | es aa = 
l-2 2-32 1-32 A aaa z-3 4\2-5 2-1 
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-l #-5 2-9 1 1 1 1 
age ee Ne i ll as 
moat 9 bale ik art $2 Ge 
39-41 Ja+4 5 1 1 1 1 
U [Lo Rane Oy ad Beg Sy = = =— . 
22-34 82-7 8 Musas za-4 x-6 «-7 
(Sioa a " a e 
41. 5a 34 3x 26 57-24 32-32 42. ~ Litas] adage 


‘ea  £=9". wees) we lle. +1 2-2 2-1 


CHAPTER XXIII 


MISCELLANEOUS FACTORS FOR REVISION 


XXII. a. 
[Grouped in batches of 10.] 
Resolve into their simplest factors : 


1. az? — bx. 2, 2?+1127+10. 3. 327-3. 4, 2x? -8x+6. 

5. ax —bx +a? —b?. 6. 1 —22 —32?. 7. 4a3 — 463, 

8. 18%? +242 +6. 9. 8x? +142 -15. 10. v°+4+22?-2-2. 
11. 20xy — 15y?. 12. ax? —ab?. 13. 2? —527 +51. 14, 4(a? —4). 
15. 2 +a2?+a7%x+a%. 16. 72 -x-2?. 17. (a+b)? -a-b. 

18. 162? —50x -21. 19. a? —b? —c? + 2be. 20. abu? —4ax -—3bx+12, . 
21. 3-6x+32". 22. 2727 —12¢ +1. 23. 20a2—45. 

24. 3ax + 2by —2bx —3ay. 25. 3a? -81. 26. 6432 —22? — 2%. 
27. 35a? + 12x — 32. 28. x2y? 4-1 —27 —y?, 29. 6 —5% -22? +23, 
30. aa? + b3y? — a®y? — bx. 

31. 63ab —21bc — 2456. 32, 54a? + l5ay —y?. 33. 6x —ay —ax+6by. 
34. 322-1, 35. 272% - 6x -8. 36. 3432? —Ty?. 

37. xy? -1 -—2? +7". 38. (a—b)? -a+b. 39. «x° — 64y%. 

40. (a+b)? —5a — 5b +6. 

41, p'x? —-2p°a+p. 42. x? ~ 25x +156. 43. ~(x+8)+8(x%+6). 
44, 332?+20ry—32y%. 45. 27+2ax-—7bx—14ab. 46. (a+b)? -—(a—-b)%. 
47. 15a? —2ab — 5ax + 6bx. 48. 2x6 — 128. 49, 403 -7x-3. 

50. (ba + ay)? + (by — ax)? —c?(x? +"). 

51. x?-16(x—4). 52. (a+1)?-(b+3)% 53. 22+ 14e-147. 


. 3(a—b)?-3a+3b. 55. 12%%-14ab+8ar—2lbx. 56. 2° +3+4+2a?-2a, 


57. 272? +2102 —125. 58. 22 -3ay+3xy—a*% 59. at—16(b -c)*. 


. a(a—-1)a? +4” -a(a+l1). 
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Resolve into their simplest factors : 
61. a2 +2a467+2b4+2ab. 62. 35a%-T4ay—24y? 63. 3(22—y*) —4a+4y. 


2 
64, bat —68, 65. x44 2a%y8 +y°, 66. 16 (2 = 3) 
67. 3223 +3520? +3202. 68. (v1+y)2(x—y) -(a@—y)*(a+y). 
69. 46%c? — (a? — b? -c2)?. 70. (2a —b)* —(a —26)*. 
71. 5a? -a — 5b? +b. 72. 392? + 14a -8. 73. 16(a*-5). 
74, ax+by —ay —cu —bu+cy. 75. (7? -2)? —2*. 
76. («t+y)?-13(%+y)a+42a*. 77. (3a —b)* —(a —36)*. 
78. a®x+ac—abz —b®y —be + aby. 79. 8(2%+y)? +(x —2y)%. 


80. 16a4 + 4a7y? + y3, 


REVISION PAPERS 


XXIII. b. 
1. Resolve the following into their simplest factors : 
(i) az? - a3, (ii) 2? -—Qey —99y%, . 


(iii) 75a? — 76a +1. (iv) z+ ay —5x -—5y. 
2. Find the H.0.F. of 22% —5x2 —3 and 323-81. 
3. Simplify LAST ames , and find a value of x which will make 
z-l 2-2 2-3 

the expression equal to zero. 

4, Multiply 2? -ax+bx%-—ab by 22 +ax—be -ab. 

5. Using half an inch as x unit, and one-tenth of an inch as y unit, plot 
the points given by the table below, and join them by an even curve. 


ee. |-4[-3|-2|-1Jo]1]2|3]4]s 


y= 25 |16|9|4]1)0 ]1| 44 9 | 16] 25 


Read off from the figure, the values of when y=7 and 13, and the 
values of y when x=1'8 and —2°4, 
v2-2¢+4 2-5 
os ee es 
7. A bicycles at the rate of 12 m. an hour, stopping for 6 minutes at 
the end of each hour. B starts 2 hours 24 minutes later on his motor 'car, 
and, pursuing him, catches him up 42 miles from the start without any 


stops. At what rate did B travel? Solve the problem graphically and 
algebraically. 


6. Solve the equation 


, XXIII. c. 
1. Resolve the following into factors : . 
(i) 2a? -8. (ii) 2x? -5xa +2. 
(ili) a? +2ab+b?-c%. (iv) a? -y?-32+43y. 
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eee (a? —1)(a? —4) 
2: Simplify (+2 —2)(a?—a—2)° 
3. Find the t.c.m. of 3a%b —3a%b?, 4ab3 —4a2b?, 2a3b3, 
4. Simplify [(#-1)?+2(x%-—1)(2x -1) + (2x —1)"]+(32 -2). 
5. Plot the points (10, 10), (15, 18), (30, 22), (39, 10). If the quadri- 
lateral joining them represents a field, each square unit representing one- 
tenth of an acre, find the area of the field. 


wae RT Bs ee 
oa” 497 72°" 2% Byri8" 

7. A train does a journey without stoppages in 8 hours; if it had 
travelled 5 m. an hour faster, it would have done the journey in 6 hours 
40 minutes. Find its slower speed. 


6. Solve the equations Check your result. 


XXIII. d. 
1. Resolve into factors : 
(i) 20? +7x+3. (ii) a? —b? —- 26% — 22, 
(iii) c? +ab —ac —be. (iv) 3 — 30%. 


2. Find the u.c.F. of 2? -axz—bx+ab, “*+cx-ax-ac, and bx* -—a%b. 
‘ee Ll Qu+y x(x? +y?) 

3. Simplif rer Sao ater . 

4, Draw the graph of x+2y=8, and from it write down all the positive 
integral solutions of the equation, not counting zero values. ° 

5. Divide a®—6® by a*-ab+6?. 

. @-7-2 Qa2?-xe-1 42?+27-3 

6. Solve the equation aes el ee 

7. In an innings of a cricket eleven the team were accounted for in the 
following manner. Some were stumped, half as many again were caught, 
and half the wickets that fell were bowled. How many were stumped, 
caught, and bowled respectively ? 


XXIII. e. 

1. Resolve into factors : 

(i) x? — 28x — 128. (ii) aw —2y -2x+ay. 
(iii) 2° —5a?+7x-+3. (iv) 4+108a%. 
AEE a+b)2-c? (b+c)?-a? , (a+b+c)? 

2. Simplify te x ies rea a 

3. Find the t.o.m. of 22 -—52+6, 227-27 -2, x2 -24-3. 

4. A bicycles a journey of 36 miles in 5} hours, and B, starting 1} hours 
after him, arrives at the end of the jdurney 36 minutes before him. If they 
ride at uniform speeds, find graphically where B passes A. Calculate your 
result to the nearest tenth of a mile. 

5. Divide 6u* — 5x3 +6x2+17x+6 by 62?+7%+2. 

. ap 202-543 322? +e—-4  2(327-13e~10) 

6 erably 3 al ts 3a +2 x 

7. What value of x will make 
(x +4)? —(x —$)? equal to 27 +3, 


; 
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XXIII. f. 


1. Resolve into factors : 
(i) 2a7+9a -5. (ii) (2a +6)? -(a + 26)?. 
(iii) a(b+e-d)+d(a—-b-—c). “(iv) 2 —a?z-ay?+y%2. 
2. Find the u.c.F. of c? -(a—6)?, (a+c)? —b?, (c —6)? —a*. 
teas 2 2 1 5 
3. Simplify ere: Seal Say ea) 
ting «=3. : 
4, Draw the graph of 27+3y=21, and from it write down all positive 
integral solutions, counting zero values as positive. 


Check your result by put- 


5. Solve the equations > -== lt, 


——=-=]. Check your results. 


6. By doing a journey at the rate of 12} miles an hour a bicyclist 
completes it in 3 minutes less time than if he had travelled at 12 miles an 
hour. ‘ind the length of the journey. 


7. Solve the equation —— —-——, =——__— 


‘ r. 
oravere tela Test your answe 


XXIII. g. 
1. Resolve into factors : ; 
(i) 120% +7” -12. (ii) 4a? +b? —c? -d* + 4ab + 2cd. 
(iii) 8 -2 —% +227. (iv) vy? 2? -—y? +1. 
4 2 = 3 

2. Simplify 247 t1 , oF et. 

3. Find the t.c.m. of 3(a*—a*y*), 6(2?y? +4), 9(a8 — ay + xy? — 8). 

4. The majority against a certain motion is equal to 62 per cent. of the 
total number voting. If 12 of those who voted against the motion had 


voted for it, the motion would have been carried by a single vote. Find 
the numbers voting on each side. 


5. Divide x —b(4a +b)u +(a+26)(a? +362) by 2+a+20. 
2e+3 2w+9_ 3x+7 3x+16 
+1 .@74+4 e242 245 


6. Solve the equation Test your 


answer. 
7. A man travels at the rate of x feet per minute. 
How long does he take to do a mile ? 
How many yards does he travel in an. hour ? 
How many miles does he travel in y hours ? 


\ 


XXIII. h. 


. : 1 . u : 
simply (e+3)*-(e-2)* 
2x2 45 : 
w+5a+4 4a +80+6 Test your solution, 


. Sol i 
2. Solve the equation Te Sone 
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3. Plot the points (0, 0), (1, 1),-(4, 2), (9, 3), (16, 4), (25, 5), (1, —1), 
(4, -—2), (9, —3), (16, —4), (25, —5), using one-tenth of an inch as x unit 
and half an inch as y unit. Join the points by an even curve. Estimate 
the corresponamg y values on the curve when x=11, and when x—23. 

Rll ao Rea tend Sf 2b \2. (a+6)8 

4, Simplify ee (1 te =5) oP ee 

5. A fraction is such that its denominator exceeds its numerator by 2 ; 
also if the numerator is diminished by unity and the denominator increased 
by unity, the fraction becomes equal to 4. Find the fraction. 


6. Solve the equations ; —2¢=21, 
: +2z+5}=0. Test your solution. 


7. What is the interest on 
(i) £300 for 1 year at x per cent. per annum ? 


EBs acest A VOATS accents acavesseea sae camereeuper , simple interest ? 
Kilt )ee Lefor wl year” . 4. tecscsasn det townstiveveeds aireencee esata meee ? 
CRY) Mircea caraes YY CAMA edepedeccs nt > napeca san gee once Ditacen siveteore snes ? 
XXIII. k. 
ee 1 1 
1. Divide 2?+1+-, by z-1+-. 
a x 
2. Solve the equation co Test your solution 
Be—1 2602-1 5e+1 y 
n 3 a 14 us 
3. From the equation + = , find the value of ~. 
' y-5"2-« (@—2)(y-5) y 
unpiity (Logere (eee oe 
4. Simplify @ aE) «Ste é “): 
Yo 2 


5. At what time (to the nearest minute) do the hands of a clock point 
in the same direction between 4 and 5 o’clock ? 


6. Solve the equations xy +42 =7, 
xy —3x=14. Test your solution. 


7. In the equation y=2x —2?, find the corresponding values of y to all 
integral values of x from —3 to 5. Tabulate your work. Using half an 
inch as x unit, and one-tenth of an inch as y unit, plot the points, and join 


them by an even curve. 


XXIII. 1. 


1, Divide (2? — y*)? — (2? —3ay + 2y?)* by (%—y)?. 
. 38a2+l4e+T7 922-5 
2. Solve the equation re Se 
. ep, G2 +520? +2ab .at+b+e 
3. Simplify a+b? —c?-2ab“ a—-b+e 
4. Find two numbers whose difference is 27, such that the larger 
divided by the smaller gives a quotient 7 and a remainder 3. 


Test your solution. 
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5. Find values of a and 6 which will satisfy both the equations 
ont A cian a6 when x=} and y= 
zy £ Y 
6. Solve the equations 32 +4y+14=0, 
5e—2y+ 6=0. 
Deduce the solution of the equations 


7. If 2a —3y-1=0, and zy -3x+2=0, prove that 3y?-8y+1=0. 


XXIII. m. 
1. Divide (a? +2ab —3b2)? —(a® —4ab + 367)? by (a —6)?. 
: 3 i ee if Ios 3k. ? 
2 fe the equation Iet3 2-2 Doetse Fy Test your solution. 
3 2 


3. From the equation aa - 2-3 @—2)(y— 4) 
4x + 8x? +4 m wat d . (at+a%)8 
(7-2 +1)? +1 * wal 
5, At what time (to the nearest minute) do the hands of a clock point 
in opposite directions between 4 and 5 o’clock ? 
1 2 ry 15 
a+4 22-7 (7 -2x)(4+2)° 


=0, find the value of 7 7 


4, Simplify 


6. Try to solve the equation What, con- 
clusion do you draw ? 


7. A horse is bought for £85, and sold at a gain of x per cent. What 
is the selling price ? 


By selling a horse for £92, a profit of x per cent. is made: what was the 
original price of the horse ? 


CHAPTER XXIV 
SQUARE ROOT 


124 Every quantity has two square roots, saul 2 in value but 
opposite in sign. 


E. 'g the square root of 4is +2 or —2, 
for ny =4, and (-2)?= 
* /4=2 or - 2, 
or, as it is written more shortly, /4= +42. 
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At present we will only deal with the positive root, 
A square is always positive, for by the rule of signs 
axa=e", 
(—a) x(-a)=a?; 

t.e. whether a quantity is positive or negative, its square is positive. 

Hence we see that a negative quantity has no square root. 
The square root of a negative quantity however has an inter- 
pretation, but this hardly comes into the province of Elementary 
Algebra. 

The square roots of simple algebraical expressions can be seen 
by inspection. »/ (a*6*) =a. 


Jy = ay, 
J/16a4 = 4a2, 


[Sta _90 
eo 


Examples, XXIV. a. 
Write down, or read off, the positive square roots of the following 


1. 2. 2. a®, 3. 43, 4. aby 
5. ab 8. aby’. 7. 40°? 8. 16a*6?, 
9. 49rty's, 10, 11. me eee 
13. OL. 14, +25. 15. -64. 16. coy 
ese 1818, “Ob 2, aoe 
Q1. L2la%, 22, ealtys, © 23, 24, ee 


(25. 9(a-0), 2a ty)% 27. -O1(102 + 10y)2 

125. The square of a simple expression is also a simple ex: 
pression. 

E.g. (40°b?)? = 160404. 

We know also that the square of a binomial expression is a 
trinomial expression. 

£.g. (a+2)?=27+40+4. 

(22 +3)? = 407 +124+49. 
Thus we see that a binomial expression has no square root. 
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126, The square root of a trinomial expression which is a 
square can usually be determined by inspection. 
(a +b)? =a2 + 2ab +B. 
Hence all trinomials which are perfect squares must be of the 
form a? +2ab +6". 
Thus 4424 1Qxy + 9y? = (22x)? + 2 (22) (3y) + (3y)?. 
wo, 42 + Day + 9y? = 22 + 8y. 
Ja? — 12ary + 9y? = 2x — 3y. 
The form of the square of a binomial (a?+ 2ab +67) is of great 
importance. 
Consider the expression 
xv + par+a*. 
By comparing this with the above we see that if it has a square 
root, that root must be x+a. 
But (x+a)?=2?+2axr+a?; 
.. ifa?+pax+a? is a perfect square, 
p must be equal to 2. 


Examples. XXIV. b. 


Determine the square roots of the following expressions : 
id” 


1. 2? + Qay + y?, 2. 22 —Qay +y%. 3. a? +4ab +462, 
4, 4a2-4ab +67. 5. x7 -62+9. 6. 1 -4¢+42*. 
7. 25a?-30ab+96%, 8. 49a? — Idary + y?, 9. 4a? —28ab + 4902, 


10. 922+24ay+16y2. 11. 12la?-44ab4+40% = 12, 1 -2Qa3 4-2, 
13. 169u2+52ab+46% 14. 8la?-18ab +5%. 15. 2523 — 70ay +49y?. 


16. at —2a7b? +54. 17. 4a* + 4a7b? + b4. 18. vty? -2a?y+1. 

2 
19, Fal. 20. at+4a%®4+4b4, M1. ate 4), 

a a y? 9y? 
22, S —ab +0". 23. poetae 24. a? Say +P. 

; : 

25, t+. +2, 26. a Ba+p. QT. (x+y)? +2(e+y) +1. 
28. (a+6)? —2(a? -b?) +(a —b)*. 29. (x —y)? —4(a—y) +4. 
30. 9(a +6)? +6(a+b) +1. 31. (a+6)?+2(a+6)(c+d)+(c+d)% 
32. (a +b)? +2a(a4b) +02. 33. (G+1) -2(§41) 41. 
34. 16(a-y)? -8(a—-y) +1. 35. (a+2b)?+(a+2b) +4. 


86. (a+)? -2a(a-+b) +a%. 37. (5-1) -2(§-1) +1. 
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38, 16(z+y)® -24(2? — y2) +.9(@ —y)? 39. ae +e 
4 
40, <4 -4+%.. a1, 242452. 
42. (a+b)? (a+b)(x+y) a (x or 
9 3 4 
What must be added to the following expressions to make them complete 
_ Squares ? 
43. a? +b. 44, 2? —4r. 45. 9+27. 
46. 427 +25y?. 47. (a+b)?+2(a+6). 


48. Determine the value of p if z* -4px +16 is a perfect square. 
49. For what value of a will x?-2z+a be a perfect square ? 
50. What value of p will make x? +6pry +q’y? a perfect square ? 
127. To find the square root of ary compound expression. 
The method depends upon the fact that the square of a+ is 
a® + 2ab + 6?, which may be written in the form 
kg ent) Wl a 1 haem ee ee ee swsaen(l) 
Let us take an easy example. 
The first term in the square root of 362?-84ry+49y? is 


eeageey oe 3622 — Sday +494? ( 6a 
36a 
— 84ary + 497 

Subtracting its square, 7.e. 36x°, from the given expression, the 

remainder is —84x2y+49y?, which may be written 
—Ty(2 x 6a —- Ty). 

Comparing this with (i), we see that in this case a is 6z,.and 
therefore b is — Ty. 

Hence we have the following rule. 

Having obtained the first term, (6x), double it, (12x), and 
divide the first term (—84xy) of the remainder by it. The 
quotient (—7y) is the second term of the square root. 

The full work is best arranged as below : 

36x? — 84ary + 49y? ( 64 — Ty 
36a” 
— 84ay + 4947 
(12% - Ty) x(-Ty)= — Bday + 49y? 

Explanation. Having obtamed the first term of the square 

root, 6x, we double it, 12z, and divide it into —84xy, the first 
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term of the remainder when (6a)? is subtracted. The quotient 
(—Ty) is the second term of the answer. 

Add —Ty to 12« and multiply the result by —7y, placing the 

result — 84ay-+49y* under the remainder. 

If the student carefully compares the following with the expres- 
sion a?+b(2a +b), he will see the reasons for the different steps. 

a?#+2ab+0 (a 
a2 
2ab + b? 
(2a +b) xb=2ab+0? 
128. Find the square root of 
25x — 30 px + 49p?2® — 24p8x + 16 p+. 
2x4 — 30pa? + 49 p22? — 24-p8x + 16p* ( 5a*-- 3px 
2524 nega 
— 30pa? + 49p22 
(1022 — 3px) x (-3px) = —30pat+ 9p?a* 
40 pa? — 24p%a + 164 

Thus far the work is exactly similar to that i - the previous 
examples, the reasons being the same. 

Thinking once more of the expression a?+b(2a+b), we see 
that if the given expression has a square root, the remainder - 
40 pa? — 24°a + 16p* must be of the form b(2a +6), remembering 
that now a is 5a? -3pz. 

We therefore repeat the process of the first step. 

Double 5x? - 3pz, obtaining 102 — 6pe. 

40p?2x? 10x? = 4p? gives us the next term of the answer. 

Add this to 10z?-6px, obtaining 10a?-6px+4p?; multiply 
this by 4p?, and place the result under the remainder. 

The example is worked out in full below : 

25a — 30 pa? + 49 p22? — 24 p3x + 16p4/52 — 8px 
2524 ( +4p2 
— 80 px? + 4922? 
(10a — 3px) x (-—3px) = —30pa+ 9p2a2 
40 p22 — 24.p8x + 16yh 
(10a? — 6px + 4p?) x 4p? = 40 pa? — 24 p3a + 16p* 
». 5a*— 3px +4p? is the reqd. sq. root. 
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129. The square root of a compound expression can often be 
seen by re-arrangement and inspection 
x —2¢8 — 4? +27+1 
=x* — 2x3 — 2x? 4 (42 + 27 +1) 
=a*-—2a7(x+1)+(x+1)? [a?-2ab+8?) 
= (2? =(@+1)}*5 
o. Vet = 28 — 92 +2041 =22-2-1. 
a? +b? +c? —2be — 2ac + 2ab 
=a? +2a(b—c)+b%+¢? —2be 
(arranging in descending powers of a) 
=a? +2a(b—c)+(b-c)? 
=(a+b-c)?; 
* Ja +P +e —2be —2ac + 2ab=a+b-<. 
Find the square root of 
MA 1 '4x* 2 19 
Loe DE -S O° oe 1b" 
Arrange the expression in descending powers of x. 
Ao te, 19" Ze I (72-14 1 


25 5 115 302! Oat 302 
4a 
25 
_i 19 
BG 
(F-1)x(-) At.) 
Po ere Wie 
15 3a? 924 
42 eae a Path ame 
(F -2+53) ga 15 ~ 342 * 9a 


Examples. XXIV. c. 


Find the square roots of the following expressions : 
1. 284225 +32?+422+1. 2. 4at+4a3 + 502+2r 41. 
3. 24-223 + 5a? —4¢ 4-4. 4, at —4a%b + 6a7b? —4ab3 + 54. 
5. Oat — 122° +342? — 202 +25. 6. 4a? + 25y? + 162? — 202y — 40yz+ 162% 
7. 1625 + 6x3 + 1724 +27 +2425, 8. 12a%x —26a?x? + 2524 + Yat — 20az%, 
B.B.A, N ; 


a 
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Find the square roots of the following expressions : 
9. ot 6x 11-544. 10. a? +62 +c? —2ab + 2bc —2ca. 
11. x8 — 624449 442e—14a949e% 12. Ort — 12a4y + 34a%y? — 202y3 + 25y4 
13. a2 +462 + 9c? —4ab —12bc + 6ca. 
14. 9a + 4964 + 121c* ~ 42075? + 15462? — 66a7c?. 
15. 4a2b2 + 962c? + c2a2 — 4a2bc — 12ab*c + 6abc?. 
16. 4x? + Oy? + 252? — 12ay+ 20xz - 30yz. 
17. 492! + 109x2y? + 36y4 — 7023y — 602y°. 18. 2° 423424 = +5 
2 2 
19. 4at +944 +49zt — 120%y2 — 42y%2? + 282222, 20. ics #559 ( + ¥). 
a ioue, a* 2a® 4a? 1 ~ 
2i: Zhe +2a+1. ae 22. 9 ys a hy 
Gat 4a® 74a 4a a* a® lla? 
23. 95 + “Er begga £1 24, TOC) 12 a+l. 
at 28 a3 J ’ at 282 1 
25. a Reta +> 3 Ter ait 26. PPR Hi ec 9 
at @? ne ax? A . 64 
27. 5+ air 3 a +422 —2ax. 28. Oat + cat baa! ae a 
4a? Oy? a 3y 95 LG4 Sass 6a , 17322" 
Laer Ma era eas Ue Made Se Wildes dee 


SQUARE ROOT OF NUMERICAL QUANTITIES 


130. First study carefully the following ezAOpe worked 
according to the algebraic method. 


Example, Find the square root of 99225. 
99225 =9. + pst 10°+2.107+2.10+5(3.10?+1.10+5=315 
9.10 


9.10°+2.10? 
(6.107+1.10) x(1.10)=6. 10%+1.10? 


3.10°+1.10?+2.10+5 ' 
(6.10? +2.10+242) x (42) =3.109+1.102+2.10+5 


" Below we give the same example in arithmetical form, omitting 


superfluous powers of 10. 


992.25..(315 
9 


“92 
(60 +1) x1=61 61 
3125 
(620 +5) x5=625 x5 =3125 


XxIv.] ~ ‘SQUARE ROOT . 198 


131. The following are very useful and should be learnt by 
heart : 
13?=169, 172=289, 
142=196, 18?=4x81=324, 
15?=9 x 25=225, 19?=361, 
167=4x64=256, 212=9x49=441, 
132. The square roots of numerical quantities can often be 
best found by using factors. 
1764=4x441=4x9x49; 1, J1764=2x3x7=42. 
53361 =9 x 5929=9 x 7 x 847=9 x7 x7x121=3? x 7?x11?; 
. ¥53361 =3 x7 x11 =231. 


Examples. XXIV. d. 
Find the square root of 


1. 1,764. 2. 18,225. 3. 16,900. 4. 2,704. 
5. 34,969. 6. 390,625. 7. 213,444. 8. 7,056. 
9. 15,876. 10. 4,020,025. 11.9,006001. 12. 3,892,729. 


13. 5,499,025. 14. 408,120,804. 15. 1,825,201. 16. 12,173,121. 
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THE DETERMINATION OF THE SQUARE ROOTS OF 
NUMBERS BY GRAPHICAL METHODS 


133, The student must first familiarize himself with the graph 
of the equation y=2?. if aati 

Trace the graph of y=". 

When 


#=0| +1 | 22 | 43 | +4 | +5 | Ay 


Joining these points, we have the graph reqd., which we see is 
a curve. 

For every value of y there are two equal and opposite values 
of x. 

.. the curve is symmetrical about the axis of y. : 

Moreover, as ~ increases indefinitely, y also increases indefinitely. 

.. the parts of the curve on either side of OY meet only at 
the origin. 

Such a curve is called a parabola. 
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NV.B.—In the above we have taken twice the length of the 
side of a square to denote unity. 

We observe that when z is greater than unity, the y value 
increases much more rapidly than the z value. This is well seen 
from the table of corresponding values of x and y below. 


When 


ead 7 | SE See 


oe 
y Sapa si | 100 | 1a | . 


134, A better curve for working purposes will be obtained 
if we take 10 times the side of a square to denote unity for the 
abscissae, and one side of a square to denote unity for the ordinates. 

Employing these units, we obtain the curve shown below. 


O M N Koeex 


Thus at P, the abscissa ON = 30 times the side of a sq. =3 units, 
and the ordinate PN= 9 times the side of a sq.=9 units. 

The effect of using different units for the g and y values in this 
way, is the same as uniformly stretching the paper in a direction 
parallel to the axis of x. If we took the larger unit for the y 
values, it would be the equivalent of stretching the paper parallel 
to the axis of y. 

It will sometimes be found convenient to take the x unit stil] 
larger. 

In connection with square roots, the ssdgortaht thing to observe 
is that since y=x?, or x=/y, for every point on the curve, the 
abscissa of any point on it is the square root of the corre- 
sponding ordinate. ' 

In the curve shown above take the point ¢ Q when the ordinate 
is 3 and draw the ordinate QM. 
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Now at every pt. on the curve y=2*; 
-, at Q 3=OM? for there y=3 and r=OM; 


*, OM=V3. 
But from the figure we see that OM lies between 1-7 and 1:8 
and somewhat nearer 1:7 than 1:8 ; 
.. ¥3=1-7 correct to one decimal place. 
Again take the pt. R where RK, the ordinate, =14. 
14=O0K?; 
.. J14=OK =3-7 correct to one decimal place. _ 


135. Construct a graph from which the square roots (correct to twe 
, decimal places) of numbers between 16 and 25 may be read off. 


PERE EEE FERRER EEE ‘OQ 


ty 
aaa e ees aeae 
H blew pabob | HAH an 
Se nado 


. (4,16) 41 4:2 4:3 44 45 ~-46° 4-7 48 49 5 «Values 


We must draw the graph of y=2?, and use a large unit for 
x values, for x has to be determined accurately to two decimal 
places. 

We shall only need to draw that part of the curve where z lies" 
between 4 and 5. 

Take 50 sides of squares to represent unity in tlte x values, and 
2 sides of squares to represent unity in the y values. 

In the curve y=2", when a«=4, y=16, 

and when #2=5, y=25. 

Let P be the pt. (4, 16) and Q the pt. (5, 25) so that PN in the 
figure representing unity is equal to 50 sides of squares, and QN 
representing 9 is equal to 18 sides of squares. 
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(N.B.—QN is the difference of the ordinates of P and Q, and 
therefore =25 -16=9 units.) 

When =4-2, y=a?=(4-2)2=17-64, 

17-64 —16=1-64 units = 3-28 sides of sqs. 

Hence estimating the value of -28, R in the fig. is the pt. 
(4:2, (4:2)?). 

(RK in the fig. =the diff. of the ordinates of R and P 

=17-64-—16=1-64 units =3-28 sides of sqs.) 

Again, when =4-6, y=a? =(4-6)?=21°16 ; 
.”. estimating the value of -16, S in the fig. is the pt. (4-6, (4-6)?). 

(Here again, SL=the diff. of the ordinates of S and P 

= 21-16 —-16=5-16 units = 10-32 sides of sqs.) 
The curve through the pts. P, R, S, Q is evidently so nearly a 


str. line that we need find no more pts. on the curve. 
Join the pts. P, R, S, Q by the continuous curve as shown in 


the figure. 
To find /18 from this graph we must take the pt. whosa 
ordinate is 18, z.e. the pt. A. (N.B—AD=18-16=2 units=4 


sides of a sq.) 
From the fig. we seé that the abscissa of this pt. is 4+PD, 


which is equal to 4-24 ; 
*, J18 = 4-24. 


To find /21, we must take the pt. whose ordinate is 21, ¢.e. the 
pt.B. (N.B.—BE=21-16=5 units=10 sides of a sq.) 
From the graph the abscissa of this pont=4 + PE =4:58 ; 
*, J21 = 4-58. . 
‘To find /23, we must take the pt. whose ordinate is 23, 7.e. the 
pt.c; 


\ 


/23 =4 + PF =4-80. 
The roots of other pee tient between 16 te 25 can be read off 
in the same way. 


136. The following geometrical methods may be used for 
determining the values of square roots in simple cases. 
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Example. To find the value of N5. 


PEELE 


A pai C 


First Method. Take AB 5 units long, and produce it to C making BC 
equal to one unit. On AC as diameter describe the circle ADC. At B draw 
BD perp. to AC, meeting the circle at D. 


From geometry we know that ; 
DB?=AB.BC=5; 
. DB=N5. 
From the diagram /5 =2-24 approx. 
(If squared paper is not used, DB must be measured.) 


Second Method. On AB, 5 in. long, as diameter describe a circle. 


In AB take a pt. D 1 in. from A, and draw DC perp. to AB to meet the 
eircle at C. Join AC. With centre A and radius AC describe a circle 


eutting AB at E. 
By geometry AC?=AD. AB=5; . 
ce ACSN5 ; 
“. AE=AC=N5> 
and if squared paper is used we can read off the value of V5 from the 
diagram. 

Pythagoras’ Theorem, which proves that the square on the 
hypotenuse of a right-angled triangle is equal to the sum of the 
squares .on its sides, may be sometimes used with advantage. 

Thus to find /10, 10=124+32, draw AB 3 units long, AC 1 unit 
jong at rt. angles to AB. Join BC. BC=,/10 units long. 


*137. 


CUBE ROOT BY GRAPHICAL METHOD 199 


CUBE ROOT BY GRAPHICAL METHOD 


Draw the graph of y=2°. 


Serepesittast 


8 Ps 
Sats] 
[| Hit | 
(it em 
OC 


S 


EE RE 


ER 9 a 
HH | 


HE 


Use for the y values a unit one-tenth of that for the x values 


When 


ent opsh ls PEnae ee, 


z= -1| -2 | -3 


y=-1| =8 | 27 


yal: [cs beat 64 | 125 | ... 


inches. 


tenths of an inch. 


/ 


inches. 


tenths of an inch. 


Plot these points and we have the graph reqd. 
We see-that the curve lies entirely in the first and third ~ 


‘quadrants, and that t 


are similar. zi 


he parts of the curve in those quadrants 


[cHaP, 
This , 


of any number 


+o through 0 to +0, y alse 
etween 64 and 125 may be written down, correct to two decimal places. 


nt to the curve at the origin. 
varies continuously from —oo through 0 to +00. 


—1 the reverse happens. 
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« increases, that of y increases. much more rapidly ; 


es of x between 1 and 
From this graph we can read off cube roots and cubes of 


For'values of x greater than 1 or less than —1, as the numeri: 
numbers. 


As & varies continuously from 
138. To construct a graph from which the cube root 


b 


shows that the axis of x is a tange 


cal value of 
but for valu 


TT] 7m 
HENS 7 TT] Ree 
HEHE 
SRuRaEE 
sevetaai 
Saf DRIG/ cessrauecuersanceal 
Piety Payot | | Tt HH 
SUEEEUEEEGaEE FEE ett : 
PEELE EEE EEEEEH 
PECEEEEEE EEE EEHE Cee PEPE 
HUREEIeieeeteipceeet PERLE * 
FCHPEEEEEEEEE PREECE EEE EERE EES SEE 
PREECE EEE EEE SSssHHiEieceatitossateosens teseetiteaet 
BEECH 
SeSneUEEEE Seis tiiceeceeeect? PEEPS 

SccaHEeDiEtessisecstitassiit 
Oo $ M : ‘ ft chilean ere y ¢ 


per ruled in inches and tenths of an 


Take a piece of squared pa 


inch. 


XXxIv.] CUBE ROOT BY GRAPHICAL METHOD . 201 


Let the pt. A denote the pt. whose co-ors. are (4, 64). 

In the horizontal line AB take 1 in. to represent -2, so that 
AN (5 in. long) represents unity. ' 

__ In the vertical line AC take an inch to represent 10. 

On the paper plot the point (5, 125) P. 


(4:5)3=91-125. 
value of -125. 


.. plot the pt. (4:5, 91-125) Q, estimating the’ 


Join the pts. A, Q, P by an even curve. 
This curve will be seen to be part of the graph of y=2°. 
*, we can read from it the values of the cube roots of numbers 


between 64 and 125. 


Eq. 


4/112 =4-82, 3/93 =4-53. 


Notr.—Great accuracy can be obtained in the above if a few more 
points are plotted ; e.g. [(4-2), (4-2)5], [(4-8), (4-8)3]. 


Examples. XXIV. e. 


[Always state clearly, on the same sheet of paper as the graph, the units 


employed. | 


unit. 
1, 37+4y=12. 
4. y+32=0. 


Plot the graphs of the following, using an x unit twice as large as the y 
t. 


2. 3x —4y=12. 3. y=2e. 
5. 5a -2y=1. 6, 27+2y+2=0. 


Plot graphs of the following using a y unit ten times as large as the 


2 unit. 
7. «+y=1l1. 


8. x-2y=20. 9. 10x=y. 10. 207+y=0. 


Trace graphs of the equation y=2. 
11. When the x unit is five times as large as the y unit. 


i Ledpe ec tear ost. «cee 


Ee tROUL IOS: odottedtee Sebe.cgeticessieautee é 


Trace graphs of the equation z*=y. 
13. When the a unit is equal to the y unit. 


Tc ah baie 
Sed nly damicnl nwi.. 


... ten times as Jarge as the y unit. 


wee EVEN Jevecdnessasesseserecssepe sose . 


Trace graphs of the equation y=42*. 
16, When the z unit is equal to the y unit. 


DT Spied ueniveb8205. Secs as 


... four times the y unit. 


18. Construct a graph to show the square roots of numbers from 49 to 64, 
From it write down (correct to two decimal places) the square roots of 


53-6, 57-8, 59-5, 61:6. 


Verify one of your results by the Arithmetical method. 
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19. Construct a graph to show the square roots of numbers from 36 to 49. 
From it write down (correct to two decimal places) the square roots of 
38-6, 39-7, 40, 42-6, 46-8. 

[With the curve y=2*, use 5 inches for the x unit, half an inch for the 
y unit. ] 

From the above graph read off approximate values of the squares of 
6:44, 6-68, 6-82. 

20. Plot the points (7, 72), (7:1, 7:12), (7-2, 7-22), (7:3, 73), (7:4, 7-4?) 
Join them and read off the square roots of 49-8, 50-7, 51-3, 53-9 correct to 
two decimal places. ; 

[Use 10 inches for the x unit, one inch for the y unit.] 

From the above graph write down approximate values of the squares of 

"7-05, 7-16, 7°28, 7:36. 

21. Find from one graph, correct to two decimal places, the square 
roots of 54:6, 58-8, 62-4. ; 

Verify one root by the Arithmetical method. 

22. Plot the points (8, 8%), (81, 8:1"), (8-2, 82%). Join them and use 
the graph to determine, to one decimal place, the square roots of 6430, 6680. — 

23. Using 5 inches (or 10 centimetres) to denote -1 in the 2 axis, and 
5 inches (or 10 centimetres) to denote unity in the y axis, plot the points 
(8, 64), (8:1, 8-12). Join them by a straight line. Assuming this straight 
line, to be part of the graph of y=2", use it to determine the square 
roots (to two decimal places) of 6425, 6437, 6486. 

Verify one of your results by the Arithmetical method. 

In each of the following examples, use a single graph to determine the 
square roots of the given numbers (use large units). 

In each case verify one answer by the Arithmetical method. 

24, 81-96, 82:6, correct to three decimal places. 

25. 8346, 8424, ........000 EWOW teehee bese : 

26. 101-68, 100-96,....5.....0 three 

2 (emt OZ 85) LGR 6s titan ndedet nave WO. A Sutcdesceseese : 


Use one of the methods of Art. 136 to find the approximate values of the 
following : 


28, /3. 29. V6. 30. V7. 31. V11. 32. /5-6. 


33. V/4:8, 34, /6-6. 35. /4:5. 36. V5-7.- 37. V43. 


38. Draw a graph to find the cube root of any number between 


125, and 216. Write down the cube roots of 144 and 198 correct to two 
decimal places. 


39. Draw enough of the graph of y=2° to find the cube roots. of numbers 
between 8 and 27. 


Write down the cube roots of 15 and 21 correct to two decimal places. 


40. Find the cube root of 8-25 correct to two decimal places. Test 
your result. 


[Plot the points (2, 28) (2:1, 2:1), using a large x unit, say 5 inches, to 
denote +1. Join the points by a straight line, and assume this straight line 
to be part of the graph of y=2°.] 


_ Find the cube roots of the following, correct to two decimal places : 
41, 27-9.) 42. 22-6, 43. 29-2. 44, 30. 45. 65:6. 
46. 67 8. 47, 68-5. 48. 127. 49. 123-8. 50. 130. 


reser ener eeee « 
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CHAPTER XXV 
QUADRATIC EQUATIONS 


139. When an equation contains the square of the unknown 
quantity, and no higher power, it is called a quadratic equation, 
or an equation of the second degree. 

x*—Tx+12=0, 
627 = 72 +3, 
12 =232 —52?, 
_@-4=0 


are examples of such. 


140. Solution of quadratics by factorization. 
Let us consider the equation 2?-—7x+12=0. 


It may be written (x -3)(x —4) =0. 
We notice that when “=3, 

the left-hand side =(3 —3)(4 —4) , 

; Vat 1-0, 
t.e. the equation is satisfied, or 3 is a root of the equation. 

Also when 2=A4, 

the left-hand side = (4 —3)(4—4) 

1 Oe 


.”. 4 also is a root of the equation. 
It will be proved later on that every quadratic equation has 
two roots and only two. 
N.B.—Every multiple of 0 is 0. 
6 x0=0, 1000 x0=0, 
0<c—O Ox =0: 


Examples. XXV. a. 


Write down the roots of the following equations : 


1. (x -—1)(~ -2)=0. 2. (x -1)(a+1)=0. 3. (x -—a)(x -— 6) =0. 
4, x(x -—1)=0. 5. (w+2)(%+3)=0. 6. (x +a)(z —b)=0. 
7. (v+2)¢=0. 8. (x —2a)(2 —6) =0. 9. (x +a)(x — 26) =0. 
10. (x -4)(x+3)=0. 11. (v+1)(e+2)=0, 12. x(x+ 3) =0. 


13. (=-$)( -$)=0. | 14. (x -a+b)(x -a—b)=0. 
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Write down the roots of the following equations : 


15. (w-*)(24+$*) =0. 16. (« p29) (2 -3p—q)=0. 

17. {x-2(a+b)}{x+3(a —b)} =0. 18. (a —a?)(2 +52) =0. 

19. {x+(a —b)*}{a —(a+6)?}=0. 20. (x —3)?=0. 21. x(x%-a)=0. 
22. x(u+4)=0. ' 23. («+a)?=0. 24. (x+2a)?=0. 


141. Solve the equation = x®#=2+20. 
Transposing all the.terms to the left-hand side (or subtracting 
x +20 from both sides) 


g—x-20=0, 
factorizing, (x -—5)(x +4) =0; 
*.2=5 or —4. 
‘Verification. When z=5, 2?-—x2-20=25-5-20 
, — ee 


”. 5 is a root of the equation. 

When «=-4, 2?-x-20=(-4)?-(-4)-20 
; / =16+4-20=0; 

.. —4 is also a root. 


Solve the equation 427 — 16x =84. 
Transposing 84 to the left-hand side, 
4x7 — 16x —-84=0. 
Dividing both sides by 4, 22-42% -21=0, 
factorizing, (~—7)(~+3)=0; 
*,2=T or -3. 
Verification. When c=T 
407-167 -84=4x49-16x7—84 
=196 —-112-84 
SWye 
.. Tis a root of the equation. 
When w=-3, 4x?-167-84=4x9-16(—8) -84 
=36 +48 — 84 
Ong 
.. —3 is also a root. 


~ 


142, When an equation contains the square of the unknown 
quantity, and no first power of the unknown quantity, it is called 
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a pure quadratic. If it contains both the square and the first 
power of the unknown, it is called an adfected quadratic. 
x*—4=0 and 627=54 are examples of pure quadratics. 
x? —Tx+12=0 is an adfected quadratic. 
Pure quadratics are easily solved by factorization. 
Solve the quadratic 62? =54. 
Dividing both sides by 6, w= 9. 
Subtracting 9 from both sides, x?-9=0, 
7.e. (x —3)(x+3)=0, 
*, =3 or —-3. 


/ 


Or we might proceed thus, 
xz? =9 as before. 
Taking the square root of each side 
c= +3. 


143. Solve the equation z?=12-z. 
Transposing all terms to the left-hand side (or nies 12=-2 
' from both'sides), 


the equation becomes a+x2-12=0. 
_ Factorizing, (x +4) (a —3) =0, 
from which we see that —4 and 3 are the roots reqd. 
Verification; When g=—4, 


the left-hand side =(-—4)?=16, 
the right-hand side=12-—(-—4)=16; 
; a *, —4 isa root. 
When z=3, the left-hand side=(3)?=9, 
the nee -hand side=12-3=9; 
. 3 is also a root. 


Examples. XXV.b. 


Solve the following equations, verifying the solutions in each case: 


1. 2? -7x+10=0. 2. x2 —52 +6=0. 3. 22-4=0. 

4, x? -3x=0- 5, 2%+4%+3=0. ' 6. 224427 -5=0. 

7. x?=8x -7. 82 = 22. ~~ 9..22-3=1. 

10. z?+10=I112. 11. 4¢=45 —2%. 12) 12¢=27=2. 
13. 2°=20 =z. ; V45o7=Tx. 15-2224 =1. , 


16. 2? -47+4=0. 17. 2?+32=0. 18. 214+10zx+2?=0, 
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Solve the following equations, verifying the solutions in each case : 


19. 147 4+15=27. 20. 40 =324+27. 21. 227 4+225=302. 
92 2? 3 Lbs 23. 42° =S82; 24, 3224+ 21¢=0. 
25. 103a=2?+ 102. 26. x7 +162%+15=0. 


144, Let us take the equation 2a7-11lz+12=0. 
It may be written (2% —3)(a—4)=0. 
We see that if 22-3=0, 2.¢. . x=, the equation is satisfied, 
for 0 x (2-4) =0. 
Also if «—4=0, i.e. if x=4, the equation is again satisfied ; 
*, 3 and 4 are the roots of the equation. 
‘Solve the equation g=2(%+12). 
_ Removing the brackets 2*=22+ 24. 
Transposing all terms to the left-hand side, 


— 2x7 -—24=0. 
Factorizing, (x -—6)(~+4)=0; 
*, 6 and —4 are the reqd. roots. 
Solve the equation 42 4+4=0. 
Factorizing, (x —2)(~—2)=0; 


*, In this case the roots are equal and each of them is 2. 


145. If fractions or brackets occur in the given equation, they 
should first be cleared away. 


= 
Example 1. Solve the equation 3x —- =<. 
Multiplying both sides by 4, 12% -32=27. ‘ 
Transposing all terms to the left- hand side (or subtracting 2? from both 
sides), 12% —32 -a?=0. 


Re-arranging and changing signs throughout [this is permissib!e, for if 
a=b, -a=—b; ifa=0, —a=0], 
x —12¢+82=0. 
Factorizing, . (w —4)(% -8)=0; 
*, 4. and 8 are the reqd. roots, or x=4 or 8. ' 
Verification. When x=4, the left-hand side=—3 x4-—-8=4. 


re a the right-hand side = "9" 4 ; 


*, 4 is a root. ; 
When x=8, the left-hand side=3 x8 -—8=16. 
(8)? 64 


Ste cette aed ets the right-hand side = fae =163 


*, 8 is also a root. 
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4 1 ; 
32-1 a2+1 4 
Multiplying both sides by 4(3z—1)(x+1), the L.c.m. of the denorainators. 
28(x +1) -16(3z -1)=(x+1)(3z-1), 
28x + 28 —482+16=32"+22-1. 

Transposing and arranging, — 322 -227+45=0, 

32? +222 -45=0, 

(3a —5)(2+9)=0; 

*, $ and -9 are the reqd. roots. 


Example 2. Solve the equation 


It is important to observe that if x—a is a factor of both sides 
of an equation, a is a root of the equation. 
This is at once seen by substitution. 


Example 3. Solve the equation 2(2x —5)+7x(2x-—5)=0. 
2x—5 is a factor throughout; .. 2¢-5=0 gives a root 
whence z=2. 
Having divided by 22-5, we have left — 
2+7xz=0 
whence x= — 
.. the reqd. roots are § and - #2, 


Examples. XXvV. c. 


Write down the roots of the following quadratic equations : 
1. (22-3)(e-4)=0. 2. (3a+1)(22-1)=0. 3. (3a +4) (52 +6) =0. 


4, x(7x+9)=0. 5. (5a-7)(62+1)=0. 6. (7z-8)?=0. 
7. (2a —a)(2a —6)=0. 8. (5% +a)(62+6)=0. 
9. (2a -a+b6)(3x—c+d)=0. 10. 3(42% +5)(2¢-9)=0. 
Solve the following equations : . 
11. 27 =2 —=. 12. 8x -—2?=15. 13. 2?=4(x+8). 
14, 2(5¢% -12) =2?. 15. «(x -4)=5. 16. 422=1. 
17. a? —4e=4(a -4). 18. 1+2a?=32. 19. x(x+4)=6(% +4). 
20. 522+17x=0. 21. x-10=2(x -10). 22. 4x(%+1)+1=0. 
9 2: 
93, a 44-80 +287=0. 24. 2+4=2, | 25. 2-94 220, 
26. (2e-1)(Se+1)=11. 27. 2n2+ "S76. 28, 5x(2e 3) +7(2e-3)=6 
z+10.10 lil 
29. z-1=2. 30. (20+ 1)(e+8)=27,. 31, 244007. 
7 
32, 1502%=2992+2. 33, (5u-3)(3e+1)=1. 34. 6(4e+5)+—(4x+5)=0. 
35. 132? -6x—-7=0. 36, +35=702*. 37. 9a? =182 +16. 
1 1 1 


ny RS ag 
B.B.A. oO 
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SOLUTION OF QUADRATICS BY COMPLETING SQUARES 


146. Take the equation a*+2ab=0. 
Adding 0? to both sides, a? + 2ab+0?=6°, 
de. (a+b)? =B*. 
The addition of 0? to both sides completed the square on the 
left-hand side. 
Take the equation «* —-6x=0. 
Adding 9 to both sides, 2#-67+9=9, 
(x — 3)? =82, 
Again the left-hand side becomes a complete square. 
More generally, to complete the square on the left of the 
equation x? —2ax=0 we must add a? to both sides. 
The equation becomes 2? -2ax+a* =a", 
or (%—a)* =a’. 


v=+8x becomes (7+4)? by adding 16, ze. 4%............. (1) 
ep. Me ere (u~—o) awd. eet: 7 PER S| (2) 
B2+10R veeeceeee (ga Biance.« ee (3) 


Thus we observe that any expression of the form z?+2pz 
becomes a complete square when we add the square of half the 
coefficient of x. 


In (i) we pad G)- 


Ta (2) shee ( m = . 
Tn (Seas (S) 


147, Let us now employ this to solve quadratic equations, 


Example 1. Solve the quadratic 2?+4a=32. 
Adding the sq. of half the coeff. of 2 to both sides, 


2 2 
a +4e+(5) =32+(5) ’ 


ie. a? + 4a + (2)? =36, 


(x +2)?=36, 
Taking the square root of both sides, : 

BAD AG. ceesvcees we sesceseesceeenscesesccee (A) 
With the positive sign “+2=6, 


e2=4, 
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With the negative sign r+2= -6, 
z= -8; 
. 4and —8 are the reqd. roots. 
In connection with (i) we at first sight think we ought to say 
+(2+2)=+6, 
for +(x +2) is the sq. root of (x +2)? just as +6 is the sq. root of 36. 


This however is unnecessary, as we see if we take the four different 
cases separately. 


With positive signs on both sides, 2+2=6, w=4) 


Saaeee NCPSLVO | cisaverasevessvscteess — T— f= —0,0= af Slee a 


With the positive sign on the left and the negative sign on the right, 
z+2=-6, x=-8. 
With the negative sign on the left and the positive sign on the right, 
—-x-2= +6, 
z+2=-6, «= —8, again the same result. 
Thus it is sufficient if we attach the double sign (+) to one side. 


We always attach it to the numerical square root. 


148. Before completing squares the coefficient of x? should be 
reduced to unity. 


Solve the equation 22 —-x = 62". 
Re-arranging by transposition, 627 +2=22. 


Dividing both sides by 6 to make the coefficient of a? equal 
- to unity, 


Adding the sq. of half the coeff. of =, i.e. (i) , to both sides 


L BV 298 27 atk} 
45 +(G5) ~ 6 

ee 
( wae oy) 


529 
~ 144 
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Taking the sq. root of both sides, 


1 23 
‘ pC tee ti9° 
: tree 1 23 
With the positive sign @+75=19° 
Be So ee 8 
a aaa 
With the negative si Ae: 
i e negative sign %+7)= —Jo: 
—23-1 
eee FN Lae 
11 
seis and —2 are the reqd. roots. 


149. To solve the general quadratic ax? + ba +c=0. 


ax? +bx= —c, 
10m Cc 
e4+—=—-. 
a a 


Adding the square of half the coeff. of x to both sides. 
bx +(5 b ms) 6 
an ee =73-- 


2a 4a" a 

b? — 4ac 

~ 4a2 

Taking the sq. root of both sides, 
bce bea Jb? = 4ac 
2a". Ba ° 
_ —b+./b?— dae 
a 5 apie de a 


The above formula may be used for the solution of any 
quadratic equation. 


There are therefore three methods of solving quadratics : 
(1) by factorization, (2) by completing squares, 


(3) by using the formula — LE: ae mi 
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The student should have considerable practice in all three 
methods, 

When the factors cannot be seen readily, the second or third 
method should be employed. 


Examples. XXV. d. 


Solve the equations : 


1. 62? =2—2. 2. 1 -262?=112. 
3. 2+1=15622. 4, 527 =42+1. 
5. 3a2+10=172. 6. 7x? +322 =15. 
7. 2724192 +9=0. 8. (x -1)?=16." 
9, 2(#?+1)-5x=0. 10. Liz=3(222-1). 
11. 3(x-1)(x +1) =82. 12. (2-1(z+1)=4. 
13. 15=4(327+2z). 14. (22 -1)?=25. 
15. (3a —4)?=49. 16. 32(5a —1)=4(x +9). 
17. 252? —-7x=86. 18. 5¢ -—11=2(5e¢ -11). 
2 
19. 13x +9=102°. 20. (5-5) ~36=0. 
22-3 42-6 
91. 3(32 +4) +52(32+4)=0. 22, ==. 
22-3  2(22%-3)_ 
23. x(x -1)+3(x-1)=0. on 
ae 1 

25. 7(3a —6) +11a(2x —4) -3x(5e -10)=0. : 321) 7 aegT 8 

6 5 6 z-1 e-3_2v+1 
27. 2-2 2-4 x-3 28. zt+l'a+3 27+2 

x Ue Se 3r+4 30-22 Tx-14 
ag Baa? 6-4c 12-6. 30. 5 x—6 10 

2 3 4 5 , 2, x+3_10 
Dieae elo 5o4 2-5) 82. ete 3 

2¢ 3¢-1 be-ll . %-3 2+3  p6_ 
33. —— + =0. fae 7 =O 


z-l’ 7+2 «2-2 
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When the quantity under the radical sign (V’ ) is not a perfect 
square, the approximate values of the roots should be found by 
finding the square root to a few decimal places. 


. 9 — /21 
Thus if T= 102 
5S i! 
to (for J31=4-588...) 


=1-36, or -44, correct to two decimal places. 


Examples. XXV. e. 


When the exact values of the roots of the following equations cannot be 
found, give results correct fo two decimal places, te. to the nearest 
hundredth. 


Solve 
eh. = 2e=1. 2. 22=2(1 -2), 
(3) =2- até 
3. a(a-3)=x-1. 4, s=—7 
5. 5x2 - 9x -4=0. erase esky. 
w+2 a-4 
2, Javon LU co l l 
7. 2@=Y3(2x —A/3), 8 erat sre sa0 7 
Qz-1 2-3 _ w-1 x=-3 1 
% g2¢2 tae? at, a@yoeta eoet6 zps 
_ 4-52 1 1 = 
11. 2e-D=s4q : 12. sctitacS eet? 
3v+1 3x-1 = 
Geceitaiaets, sh igen Sa Pia ce 
13. 3e-1 ~3ee1 = : 14, 2 -V/3e-6=0. 


MISCELLANEOUS FORMS OF QUADRATIC EQUATIONS 


e e+2 x-3 x+4 x-1 
150 Example 1. Solve e=0 84 0>a—-6) ens 
Simplifying each side separately, ; 
. x +5e+6 —(0 —5e+6) 22+ 5a +4 —(e? -5a+4) 
(w —2)(@ +3) wy (w@—4)(2+1) 
10x LOcra 
ey+e2-6 at—3e-4’ 


wg the Bre, 
Ve50 oF teen O aoay oe 
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f.e. 22+2¢-—6=22 -32 ~4, 
ag=2. 
eee: 


. 0, 2 are the ead solutions. 


*Examples. XXV. f, 


Solve the equations : 
1. a* +100 =292?. 
iTreat the equation as a quadratic for x*.] 


2, a2 228 45, 3, a +27 98, 

| 
Z Eee z-5_2+3 2-4 rus Ola 
* 2-2 245 z-3 244 5. 2 20+ a9 = 15. 


[Let 22-2x=v, and first solve for v. Two values of v will be found, 
and we shall therefore have four values of z.j 
6.2? —-1 +23 -2=0. 
[{Factorize the left-hand side.] 


7. 5a? — 42? =5a -4, 8, -47-4=9 _, 
x — 4a 
Sn Se ia? -z)- 10. (x +1)(%+2)(%+3)(a+4)=24 +34(2? +52), 
li. 627+ (5-2)? =5(5+2)(5+2z). 12, \w+i)(~+2)(v4+3)(~7+4)=24. 
e=-l £-4 2-2 2-3 * 
a eT sat 97? ate > 14, x(x +1)(x+2)(x +3)=120. 
2 — 
15. 27+32%—- 5 +o Se =0. 16. 16x(x+1)(%+2)(z+3)=9. 


17, 24 +223 -112?+47+4=0. 
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CHAPTER XXVI 


GRAPHS OF QUADRATIC FUNCTIONS OF 2 AND GRAPHIO . 
SOLUTIONS OF QUADRATIC EQUATIONS 


151. Solve the equation 2x? -x2-10=0 graphically. 


suaceesaetaaas : WA 
Nee : FY 


a SUnssesnet seSssereteesie 
First Method. Let us trace the graph of y=2x?—x-—10, using 


a unit for the x values 10 times as large as that for the y values, 
as in Art. 134. 


When 


ais (0, 10); (1, = 9); (2, =<), (3, 5), (=1, =), (-2, 0), 
(-38, 11) are points on the graph. 

Marking these points as shown in the diagram, and drawing 
the curve carefully, we have the graph of y =22?-x-10. 
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At the points A and B where this curve meets XOX’ the axis 
of z, y=0; .°. at those points 22?-«-10=0. 

But OA and OB are the values of z at these points ; 
.”. they are the roots of the given equation. 

From the diagram we see that the roots are 2-5 and —2. 


Second Method. First trace the graph of y=2?, using a unit 
for the x values 10 times as large as that for the y values, as 
in Art. 134. 


SERRSRSESeee Besse cans =eEn8 Sun===-—_. 288 


We thus obtain the curve POR as in the diagram. 

Then trace in the same diagram, and with the same umits, the 
graph of 2y-—x-10=0. 

We know this to be a euene line. (Art. 71.) 

When z=0, y=5; .°. (0, 5) is a point on the straight line. 

Mark this point A. 

When x= —4, y=3; .. (—4, 3) is also on the line. 

Mark this point B, and join AB. 

The straight line AB is the graph of 2y-x-10=0. 

Mark the points P and R where this line meets the curve POR. 

Now at the point P, the ordinate PM is the same for both 
graphs, i.e. y is the same in both the equations y=? and 
2y—x%-10=0; .°. at the point P, 2x2—-x-10=0. OM is there- 
fore a root of this equation. From the diagram OM= —2. 

In precisely the same way, the ordinate at R is the same in 
both equations, y=a? and 2y-x-10=0; .”, ON is another root 
as the equation 222—x-10=0. From ithe’ diagram ON= 2 5; 
.. the reqd. roots are —2 and 2:5. 
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152. Find graphically, correct to one decimal place, the roots of 
the equation 5a*+10%—29=0. , 
Trace the graph of y=52?+10x% —29. 


When 


Perry | 
Baa Dh Dee we ww Set | 
BELLE eee tr 


aces 


2=0 | 


5a? =0 


1 


5 | 20 | 45 


10x ~29= -29 | 18,18 | 1 


y= -29 | -14 


ui | 


y= -34 | 


x= -1| -2 | -3 | -4 
bat=5| 20 | 45 | 80 
10x -29= -39 | ~49 | -59 | ~69 


=20 | -14| the 
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Plotting the points (0, -29) (1, -14) (2, 11) (-1,-34) 
(-2, —29) (-—3, -—14) (-4, 11) and taking the z unit ten times 
as large as the y unit, we have the curve as shown in the 
diagram. 

The equation is satisfied when 5a22+10z-—29=0, ¢.e. when 
y=O0, 2.e. where the curve cuts the axis of z. 

From the diagram, the roots required are 


16, -—3-6. 
Verification, When 7=1-6, 527+10r-29=5(2-56) + 16 — 29 
=12-8+16 —29 
Sey 


Thus when r=1-6, 527+ 10x —29 is nearly zero. 

.. 1-6 is an approximate root. In the same way we can verify 
the fact that —3-6 is an approximate root. 

If we trace the graphs of y=a? and y=a?+bx+c, where b and 
c have any assigned values, using the same units in each case, we 
shall obtain the same curve in different positions. This is easily 
seen by cutting out one curve and superimposing it on the other. 

In general, it will be found that the graph of any equation 
in. two vatiables, whose terms of the second degree form a 
perfect square, is a parabola. 

For instance, if we plotted a number of points on the curve 
(2a + 3y)?+32-2y+5=0 and joined them by an even curve 
we should obtain a parabola. 


MAXIMUM AND MINIMUM VALUES OF QUADRATIC. 
EXPRESSIONS OF ONE VARIABLE 
153. These all hinge upon the fact that a perfect square is 
always positive, ¢.e. it cannot be less than zero. 
To find the minimum value of «2-42 +7 for real values of x. 
ae —4a+7 =(4—2)? +3. 
.*. the given expression is least when (x —2)?=0. 
The reqd. minimum value is therefore 3. 
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To find the minimum value of a? -4x+T graphically. 


Ht SEE 


Let us trace the graph of y=a?-40+7. 
When 


z= -2 : ps | 0 Lose 5 
-40=8 | 4 | 0 | 4 | -8 -12 | -16 | -20 
y=l9| 12 | 7 | 4 | 3 | 4 | 7 | 2 


Plotting the pts. (—2, 19) (-—1, 12) (0, 7) (1, 4) (2, 3) (8, 4) 
—~(4, 7) (5, 12) and joining them by an even curve, we have the 
curve shown in the diagram. 


From it we see that the minimum value of y, i.e. of 22-42 +7, 
is 3, 


[In the diagram the x unit is taken five times as large as the 
y unit. | 


Lo find the maximum value of 3-5 +42 — 42° for real values of x. 
35 + 4a ~— 4a? =4-5 - (1 — 4a + 42) 
=4:5 - (1-22), 


* 
xxv1.] QUADRATIC EXPRESSIONS OF ONE VARIABLE 219 


*, the given expression is greatest when (1 —2z)? is least, i.e. 
when 1 -2z7=0. 
Hence 4-5 is the maximum value reqd. 
By plotting the graph of y=3-5+4ar-—4a2, we can find the 
maximum value graphically, as in the preceding example. 


154. Between what values of x is the expression 19x — 2% -35 
positive ? 
Let y denote the given expression. 
= — (2a? - 192 + 35) = — (2a —5)(x-7) 
= (2% —5)(7 — x) =2(4-3)(7—2). 
When z<21, x—$ is negative and 7 —z is positive ; 
oe . negative. 
When z>23 but <7, x—3 is positive and 7 —z is positive; 
49 Is wees 
When x«>7, x— is positive and 7 —z is negative ; 
.. ¥ is negative. 
.. the given expression is only positive as long as x is between 
22 and 7. 
This may be seen graphically by plotting the curve 
y =19x — 2a? — 35. 


Examples. XXVI. 


1. Draw the graph of 3x? — 5x —3 for the following values of x, -2, ~l, 
0, 1, 2, 3, 
(i) Using an x unit ten times as large as the y unit. 
(GD) spccpcgos wapernonace EVISU temic se nee sce nade as anise Zonese feck 
2. Draw the graph of 52?+42-21. 
(i) Using an « unit ten times as large as the y unit. 
(I) TS. Oot A fives tub 21a TAM ddeccsthe tis lees es : 
3. Draw the graph of 2* — 
(i) Using an x unit ten times as large as the y unit. 
(lies cece panes es ts LLY Cee eeeueseee tect es ies awtiosceueseese c 
4, Draw the graph of 4(x? — 1). 
(i) Using an x unit ten times as large as the y unit. 
(G8 esocic dsbocheouocsect VOM ec dete sesetettys sPoas-cteedlersens 
[Tabulate values of x and y before choosing your units.] 
5. Prove grophically that the expression 2*-6z+13 is positive for all 
real values of z. 
6. Show graphically that the expression 4% -6 -z? is never positive for 
real values of x. 
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Solve the following equations graphically : 
7. 422-42 -15=0. 8. 4a? —4a -35=0. 
9. x24+1-lx--8=0. 10. 22-3:37+2=0, 
11. 6a? — 232 +21=0, to the nearest tenth. 
12. 10a? 421% -—13=0. 
13. 522-32 -—16=0, to the nearest tenth. 


14, Draw the graph of 422-42+1. What do you deduce as to the roots 
of the equation 477-4%+1=0? 


15. Plot the graph of 4%?-32+7 using iategral values of x from —2 to 
3. What do you deduce as to the roots of the equation 4z°-3%+7=0? 


16. Prove graphically that the expression 13 —6%-—2? is never greater 
than 22 for real values of a. 


17. Draw the graph of 2? -—3z, and deduce approximate values of the 
roots of the equation 2? -3”=3. 


18. Plot the graph of 522-32 -—24, and from it deduce the roots of the 
equation 52?=32 +26. 


19. Draw the graphs of y=2*, 2y=32+14 im the same diagram, and 
deduce the roots of the equation 2a? —-3z-14=0. 


20. Draw the graphs of y=a? and 5y—8x-—69=0 and deduce the roots 
of the equation 5a?=8x + 69. 


21. In the equation y=5x* —4x-—10, find the corresponding values of y 
to the values -2, -1, 0, 1, 2, 3 of a Draw the portion of the curve 
thus given, and deduce approximate values of the roots of the equation 
522-42 -—-10=0. Read off the minimum value of the expression 5x7 — 42-10. 


22. Find graphically the values of x for which the expression x*-x-6 
vanishes. Prove that for all values of x between these limits the expression 
is negative and for all other real values of x positive. 


23. Draw the graphs of y=2? and 2y -3x-—20=0, and deduce the rocts 
of the equation 2a7=3x +20. 


24, Draw the graph of y=(#-2)(~-3), and deduce approximate roots 
of the quadratic (x —2)(~ -3)=5. 


25, ‘In the equation y=3 +32 —5a*, find the values of y corresponding to 
the values —0-4, —0-2, 0, 0-2, 0-4,:0°6 of w Plot the points thus obtained, 
using an inch to represent 0-2 along the axis of x, and an inch to represent 
unity along the axis of y. Write down the maximum value of y. 


26. Prove graphically that the line y=6x-13 meets the curve y=a?-4 


at one paint only. Find its co-ordinates, and verify your result 
algebraically. 


27. Find graphically, as accurately as you can, the minimum value of. 
d4a* — 3x +2 for real values of z Verify your result algebraically. 


28. Find graphically the maximum value of 6-3 -2*. Verify your 
result algebraically. 


29. Find graphically the minimum value of 2?-5a+25. Verify your 
result algebraically and write down the corresponding value of 2. 


30. Find graphically the minimum value of 3x*-62+5:6. Verify by 
algebra, and write down the corresponding value of x, 
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31. Find graphically the value of x which will give 2:4+40x+52? a 
minimum value. 


32. Find graphically between what limits the value of x must lic if 
25x? — 302 —91 is negative. 


33. Between what limits must the value of « lie if the expression 
20 - 2a? —3z is positive? ‘Find the limits graphically and by algebra. 


CHAPTER XXVII 
SIMULTANEOUS QUADRATIC EQUATIONS 


155. In this chapter we shall consider simultaneous equations, 
where one at least is of a higher degree than the first. 
The methods of solution are various, but the student should 
endeavour to reduce the equations to the forms 
ax + by=c, 
ax —by=c'. 
Addition and subtraction will then effect the solution. 


Example 1. Solve the equations 2547 -y?=84, 54-y=6. 


By division, 5a+y=14. 
Also 5a —y=6. 
Adding, 10z=20, Cg. 
Subtracting, 2W=8, <. y=t 
x=2, y=4 is the reqd. solution. 
Example 2. Solve the equations 32+ Y=9, cecseccseeseecsecerecareerevenn(L) 
MEU OIIOT cs Piciascvctanscnieeapan i2) 
Squaring equation (1) 9a? + bay +y?=81. 
From (2) 12ay =72. 
Subtracting, 9x? -6ay +y*=9. 
Taking the sq. root, 34 -y=+3. 
We now have the two cases, 
3a+y=9, 3z2+y=9, 
3% -y=3. 3% -y= -3, 
Adding, 62 =12, 6x =6, 
G2. eels 
Subtracting, 2y=6, 24 =12; 
y=3. y=6. 
“, w=2 t=1) are the reqd. solutions. 


. y=3 and y=6J 
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Example 3. Solve the equations 927+ y?=52, .........:sseseeseeeeeeeeeeees (1) 
iT feats he MGSe RR GANEL cat Sooo eatisenoccd (2) 
From (2) a eee EC a RBS: Bo bscnceacicnd (3) 


Adding to (1) to complete the square, 
9a? + Gay + 42 =100. 
Taking the sq. root 3z2+y=+10. 
Also, in the same way, subtracting (3) from (1), 
92? - bay +y? =4. 
2. 8e-y=+2. 
There are now four cases, 
3xr+y=10,\ 3ce+y= 10,| 3¢e+y=-10,\ 3y+y=-10, 
3x -—y=2. 32 —-y= —-2. se—-y= , 2. J 3x -y= —-2. 


Adding, - 62=12, 6x =8, 6x = -8, 6x= -12, 
oon x= $. a= —4$. z= -2. 
Subtracting, 2y=8, 2y=12, 2y= -12, 2y= -8, 
y=4. y=6. y= —6. y= —4. 
Hence the reqd. solutions are 
2=2,\ w=4, z= -4,)\ z= ~-2, 
y=4.J y=6. y= -6. y= -4 
Example 4. Solve the equations 407+ y?=17, ......cssssescesseesssesseeees (1) 
DET YO ean sccencay siedce se on Wancthe (2) 
From (2) by squaring, Aah 4 Acyl WAS 2Z5, - .,..esnvescscenesesee petites (3) 
Agent (1) by subtraction, 4ry =8. 
Subtracting this from (1) 4a? -4ay+y?=9. 
Taking the sq. root, 22 -y= +3. 
Hence 2¢+y=5, = 2e+y=5, 
; 22 -y=3. 2% -y=-3 
Adding, 42=8, 4a =2. 
ones = 3 
Subtracting, 2y=2, 2y=8, 
y=. y=4. 
*, 2=2,\ a=i ; 
39 : 
yaich yal \ are the reqd. solutions, 
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The Examples in XXVII. a. can all be solved by substitution. 
The student must be careful to do the work methodically. 


Example 1. BoE Bd, oop cs ssvaeletwtcee eee (1) 
EEO.” ee acesne ahisns cana peuneeoncesis ++(2) 
From (2), y=5x -6. 


.. by substitution in (1), 
2522 — (5x — 6)? =84, 
whence 60x -36=84, .. x=2. 
By substitution in (2), the simpler of the two given equations, 
10 —7=6, 3. y=4. 


rs art is the reqd. solution. 
. Example 2. : $0 45 =9 teks csedtevede ves eeesssee asoasacaenseecossmnsert( 1) 
c PY Useraaesethaenseses Papaveasnarasatreasvanonssanee() 
From (1), y=9 -32. 


.. by substitution in (2), x(9 -3x) =6, 
1. 32*-97+6=0, 
t.e. 22 -324+2=0, 
t.e. (w-1)(2-2)=03 
Olas 
When x=1, from (1), y=9 -3x=9 -3=6, 
“em PtSi. 5,.daee P88, 


oth ana = a } are the reqd. solution 


B.B.A. FP 
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Example 3. 973 oP 5D, ca stanacnesvmedse emecqseseunnadacsaawsnagecs(L) 


ay =8. be ete re ey 
From (2), y=. 


.. from (1), by substitution, 
92? + ©4 59, 
x 


je. Oat —52z7+64=9. 
fe. (922 —16)(x?- 4) =0. 


4 See is 
When t=+.5; from (2), y=5=+8x7=+6. 


SED) ie gesccccacevus vecuse = 45-24 

Hencex=={ 2 ce e=2) #==—2 ; 
3}: a 3} ot or } are the reqd. solutions. 
y=6 y= -6 y=4 y=-4 


, 


Examples, XXVII. a. 


\ 
Solve the equations ; 


1. 4a? - y?=35, 2. a2 -y?=21, 3. y?-9at=28, 
2e+y=7 t+y=3. Soto 2, 

4, 2 -—ay=35, 5, 40?+ay=51, 6. 92-3y=3, , 
a—-y=65, 40 +y=17. 92? —y2=65, 

7. da —2y=12, 8. 402 -25y2= —81, 9. 92? —49y? =29, 

2527 —4y? = 96. 4a —10y=54, 6% -14y=2, 

10. 2+y=15, ll. «-y=2, 12. s-y=1, 


xy =54, Lp ape lt. ee hye 
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13. e+y=4, 14. r+y=6, 15. zy=21, 
ay = —117. : zy==—91, e-y=4, 
16. 8xy=1, 17. 4%+y=11, © 18. 5a -—y=9, 
4(a+y)= . ay =6. cy =2. 
19. 37 -2y=14, 20. 5%+4y=28, 21. 2? +y?=53, 
zy =12. *zy=8. xy=14. 
22. 2? +y?=34, 23. 422+ y?=17, 24. x2 +9y?=18, 
wy= —15. — wy =2. ay =3 
25. 922 +4y?=136, 26. 16x +25y*=5e4, 27, 14 aor 
ay=10. ay =12. SE 
PePh Ly 14 Lis aa 2 
28. ss 29. So coat 1 30. Boe a 35" 
ry=%- z+y=14. e—y=2. 
a1. 242=1, 32. 3424-19, 33. 42 —3y=26, 
Bega 4 4_3__ 26 
fg ute oe LO 
34, 5a+7y=17," 35. 2% +y?=53, 36. a? +y?=,5, 
‘spat | 
ree: x+y=5. a-—y=1 
37. 42?+y?=104, 38. 927 +y?=81, 39. 22 +2y+y?=201, 
22 +y=12. ot —y=9. xz+y=16. 
40. x2-avy+y?=157, 41. 27+22y+4y?=28, 42. 922?+2y+4y?=91, 


z—y=l1. 


#156. In the following 
to reduce the equations 


in this chapter. 


Example. 


Dividing, 
Squaring, 
*, from (2), 


a —ay+y?=13. 


x+2y=6. 


3a —2y=13. 


equations, the student’s aim should be 
to one of the'forms exemplified earlier 


Solve the equations 


e+y=9l, 


x+y=T. 


a? +2Qay +y?=49. 
ry =12. see rereccevecccererseeveveeees seeree(4) 
Now solve equations (3) and (4) as in Example 2, Art. 155. 
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*Examples, XXVII. b: 
Solve the equations : ‘ 
12 rye—9, 2. 23 —y2=37, 3. 823 +y°=280, 
e+y=3. e-y=l. 22 +y=10. 


[Divide and then proceed as in the Example worked. out. ] 


[cHAP. 


4, x° —8y?=1889, 5. 27x35 + 8y8 =35, 6. 8x23 —27y3 =485, 
x—-2y=9. 3a + 2y=5. 22 —-3y=5. 
7 oe aay pa = 2D, aah eo so gotenseseratiensees (1) 
DEE ry ape Be eae ss os vaasensegecsecees eeasens (2) 
[Dividing (1) by (2), GRY ORT. aeavnas shacks dadaescateeerenee (3) 


Now add and subtract equations (2) and (3), and* proceed as in 


Example 3, Art. 155,] 


8. af+a%y2+y!=1281, 9. att+a%y?+y!=481, 10. at+2°%y?+y*=2613, 


x? —xy+y?=21.- x? —ary+y?=13. we+ayt+y*=67. 
ea! yay | 
11. ch gas a2. a ge 
Leer eee 
eae cy 
[See Note in Example 2, Art. 60.] 
Aoye 9 1 2% 1a 
13. ga hye 108, 14, zt y2 95” 15. ato 
2 alice! > 
Seley Sees = 
aa: “ ae 30zy=1 
1 4 257 
16. —=+5=5, k 2 4 gy) — See 
mty, 17. 15(2 eel 34xy, 18 via ie’ 
1 
=] ego = 
xy as A(x +y)=17. 
Dig) Uke 4x y 17 a oe 
19. =+==> >) '._— -=—> a —_= 
ya a 20 en 3 21. ee 35, 
a-y=3. Qn +y =20. ety 
Lik 
22. fey let 23, x +93 =351, 24. a8 —y°=702, 
11 x? —ay+y?=39. ~ B@+ay+y2=117, 
ae eke 
25. 8a +y8=2, 26. 8? +27y3=2, 


4x? -Qeyt+y?=1, 4x? — 6ry + 9y?=1. 
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* 157, Solve the equations 222y? — 13zy +18=0, 


Treating (1) as a quadratic for xy, 
(22 — 9) (xy -2)=0 ; 
. “. ty=$ or 2. 
The complete solution is then obtained by first solving the eq uations 
a+y=3, azy=8, 


, and then the equations x+y=$, wy=2, asin Example 2, Art. 155. 


*158. When the variable terms in the equations are homogeneous, 
t.e. of the same degree, the following method may be used. 


Solve the equations 122? -4ry +11y?=64, 
162? —Sary + 11y2= 78. ....cicceceesssnrseeees (2) 


Eliminate the constant terms, by multiplying across (multiply 


the left-hand side of each equation by the right-hand side of the 
other). 


78 (12x? — 4ry + 11y?) = 64 (162? — 9zy + 11y?), 
39 (120 — 4ry + 11y?) =32 (16a? - 9xy + 11y’). 
Multiplying out, and re-arranging, 
77y? + 132ay — 4427 =0, 
Ty? + lay — 422 =0, 
(7y — 2x) (y + 2x) =0; 


2x 
Yaa OF Y= — 22. 


(i the factors cannot be seen, solve as a quadratic for Z .) 
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(1) When y=, Substituting this value of y in (1), 
8 44 
2 _— = ) 
2x (12 7 +95) 84 


whence is = poet = r, 
576 9°” 


(2) When y= —2z. Substituting this value in (1) 
x (12+8+44) =64, 


cra 
t= thy 
y= —2r= F2; 
.. the reqd. solutions are Ls +i , +1, 
Ae 
y= +5; xn 


*159. When the above methods are inapplicable, substitution 
from one equation in the other may be employed. 
Solve the equations 3a + dary + By? =31,......ceccceseeceeeeenene (1) 
Cad ket Ee Ee eee (2) 
From (2) 7=5 —2y. 
Substituting this value of zx in (1), ’ 
3(5 — 2y)? +4y(5 — 2y) +5y?=31, 
whence 9y? — 40y + 44=0, 
(9y — 22) (y—2)=0; 
*, y= 74 or 2, 
v= ee y= Bees 4 
+orl. 


Examples. XXVIEe.. , 
MISCELLANEOUS EXAMPLES IN SIMULTANEOUS 


QUADRATICS 
Solve the following equations : 
1, x +xy=3, 2. Qry + y? =16, 3. e+y=ry +7, 


y? + xy =6, 2a? - zy =12, a —y? =ay -1, 


. 
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4. 327 —5xry= —2, 5. 2? -22y+3=0, 6. yYt+ay=4, 
4zy —3y?=1. 27 +y=4. x +2y? —zy =8. 
7. a+ay=3, 8. 6x Say +1ly?=584, 9. 22 +Scy +2y°=7, 
y? +ay=4. a=Ddy. x? -y=4, 
10. 227+2y=15, 11. 322+42y+5y?=81, 12. 22?+32y=26, 
Ty —47=2. 3a =2y. 3y? + 2ay =39. 
13. x+y=6, 14. 62°+3ay—18y?=20, 15. 2? +y?=5, 
(a? + y*) (2° + y?)=1440. 32" + 6ry =8. x +2y=6. 
16. 2? =14+2y, 17. x3 —y3=485, 18. 2? —4y=7?+47=21. 
y*? =axy —10. x—y=5. 
By As. 1 2 
19, oe get og 20. 227+32y+10=0, 21. 32y+22=10, 
gy a? +2y—y?+11=0. Bay — 2x? =2. 
4.6 5 
a2? y2 12" 
22. z?+ay+y?=61, 23. (x+5)(y+7)=(e+27)(y+2), 24. 2% +4y=28, 
z+y=9. cy — A. 3a =4y. 
25. 92? +6xy—4y?=1, 26. y?-ay=15, 27. a +4y? —3x +y=67, 
3a —-2y= —-1. a +ay=14. x—2y=1. 
28. x2 +2y+y?=49, 29. a? +2y=12, 30. 22+3y=14, 
¥A "4? +- 44 = 931. xy —2y?=1. 4a? + Sry + 9y?=11. 


ag Y_® _2+3 tty 
“ey eta ay 


31. (x +y)?+3(x-—y)=30, 32. 224+ 3ay+y?=1, 
wyt+3(e-y)=11. | 2 -ayt+y=13. 

34. 2? + ay=y? —9x*y + 64=0. ; 35. a4 —2?+y-y?=84, 
V+ xy? +y? =49, 


? 


GRAPHS. (CIRCLES.) 


*160.' The distance of the point (x, y) from the origin | 
= /(x* +y*). 

Using this, we-may also deterniine the ah of y=,/(25 ~ 2") 
as follows. The equation may be written, 27+y?=25. 

", Jf (a? +9?) =5. 

This shows us that the point (x, y) moves at a constant distance 
of 5 units from the origin. . 

The graph is therefore a circle, whose centre is at the origm, and 
whose radius=5. 
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*161. In the seeonipanying diagram, let P be the pt. (a, y,) and 
Q the pt. (2, Yo) 


Draw PN and QM perp. to the axis of x, and QK perp. to PN. 
PK=y,—Ys, and QK=2, — 2p. 
*, PQ=,/(QK? + PK?) =,/[(ay — 2)? + (¥, — Yo)" ]- 
Thus we see that the distance between the two pts. (xj, yx) 
and (3, Ys) 
= J (a, = &2)® + (¥ — Yo)? 


1 


*162. Trace the graph of 22+ y?-6x—8y=0. 
by 


sbteee Ly 


This equation may be written («—3)? +(y—4)?=25. 
J. V(e-3)? 4+ (y—4)?=5. 

It is important to notice that if no constant term occurs in an 
equation, the corresponding graph passes through the origin, for by 
substitution we see that when z=0, one value of y is 0. 

The graph of 2? +4?=5 is a circle whose radius is V5. 

A line 5 units long may be drawn either by using Pythagoras’ 
Theorem (2?+12=5) or by the method of Art. 136. 


\ 
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*Examples. XXVII. d. 
Trace the graphs of the following : 


1. 2? +y?=36. 2. 227+y?=0. 3. 2? +y?=49, 
. 4, 2 +y?=81. 5. 2 +y?+ 8a -8y=0. 

6. 2? +4? - 8x -6y=0. 7. (e-3)?+(y —4)?=36. 

8. (a —1)?+(y —2)?=36. 9. (% +2)? +(y —3)?=25. 
10. (x —3)?+(y+3)?=16. 11. /(15 - 22 - z?). 

12. ,/(21+42 —22). 13. ,/(15 + 22 — x2), 14. ./(14a —a?°- 13). 
15. a? +y?=2. 16. 2?+y?=5. 17. a2 +9? =15. 
18. 2?+y?=10. 19. 2? +y?=20. ° 

20. 2? +y?=38. 21, 2? +y? +22 +2y=0. 

22, («-1)?+y?=2. , 23, (+2)? +(y -2)?=5. 

24, 2? +y?+22+2y=3. 25. 2*+y? -64+4y+3=0. 
26,0222 = 2y2= 5: 27. 22° +2y? - 42 +8 +3=0. 
28. 422 + 4y? —162+8y+11=0. 29. 427 +4y? —-Z4a4+11=0. 4 


GRAPHICAL SOLUTION OF SIMULTANEOUS QUADRATIC 
EQUATIONS : 


*163. Simultaneous quadratics can often be readily solved by 
graphical methods. 


Example 1. Solve the following equations graphically : 
x+y=5, zy=4. 
C 


saa s 


= [| — 
@hEnas a 
a 
ae 


RH Rae 


On AB, 5 in. long (the diagram is reduced in printing), describe the 


semi-circle ACB. _ , 
If P is any pt. on the curve and PN is drawn perp. to AB, we know, by 
Geometry, that PN2=AN. NB. 
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Mark the pts. D, F on the curve where the lengths of the perpendiculars 
DE, FG on AB are equal to 2 inches (/4). 
Then DE?=AE .BE, and FG?=AG. BG. 
.. if AE=x and BE=y, 
x+y=AB=5 and zy=AE . BE=DE*=4. 
-. AE, BE are solutions of the given equation. 
From the diagram x=1, y=4. 
‘In the same way, AG and BG are solutions, and we have 


x=4, y=l. 
: . ae ia is the complete solution. 
Example 2. Solve the following equations by the graphical method: 
; x-y=3, cy=4. 
100 See 
sudeeetostees cateettastacttartansestectertctc! 
EEE seas cH PERE EEEEEH HEEEHH- PSIG 
HET atte 
CeCe CI Co COCee Ce Nr 
CEE EEE EE EEE EEE EEE EEE EE EEE EEE SE 
Sammy, Ce EEE BOSGn SERRE NGEEE 
safeedtasstontactvestesttertoctectiezs 
BEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE NEE 
SERRE HH 


Ee B QO. A D 


Take AB 3 in. long and AC at rt. Zs to it 2 in. (=\/%) long. With O, 
the mid. pt. of AB as centre, and OC radius, describe the semi-circle - 
ECD, meeting AB produced at D and E, 


As in the previous example, CA2=DA. AE. 
it AE =e and AD =y; 
%-y=AE -AD=AE -BE=AB=3. 
Also zy=EA . AD=AC?=4. 
.“. AE and AD give a solution of the given equations. 

From the diagram see that x=4, y=1. 

N.B. x=~-1, y= ~—4 is also a solution of these equations. The above 
method does not give negative roots satisfactorily. 

The methods of the two preceding example’ may be employed 
to solve some quadratic equations. 


Thus to solve 2? -7z+9=0, we have to factorize the expression 


a—7x+9; i.e, we have to find two numbers whose sum is 7 and 
product 9. ; amas 
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We can therefore use the method of Example 1. 

In the same way, to solve 2? —3xz-—36=0, we have to find two 
numbers whose difference is 3 and product 36. 

We can therefore use the method of Example 2. 


*164. Solve the following equations graphically : 
e+y—4¢e—-2y+1=0, 2x-3y=3. 

The first equation may be written 

(x— 2)? +(y-1)?=4. 

Hence its graph is a circle whose centre is at (2, 1) and: whose 
radius is 2. 

Draw the circle, and also draw, using the same axes and the 
same units, the graph of 2x —3y=3, a str. line through the pts. 
(1-5, 0), (0, —1). 

The pts. of intersection of the circle and str. line give the 
roots required. 


*165. Find approximate solutions of the Fillo equations by 4. 
graphical method : a+y2=16, zy=6. 


SennSo=SSnnene 

COPS 
COC a PEELE EEE CHEESE a C| 

IS 
HEH Sssdacosidavitossti tance a 
EEC EC 
10S 4 ee 
ECE eee PES 
COA ee Cer Ty NE 
eet eer te eee ev Pee 
SAE E EH eee PEE EN 
fea bie ieee Ee eT A 
POCO er Eye 
ACEC CeO COC EECCA 
a ON 
HE see NGO GOO Ss Ae es 
PREECE COC EEE 
EEE EEE EEE EEE EEE EEC Ee CIEEE A 
BEE EE EE EEE BECEE ECE reir 


D N Ey 
The following method depends upon the fact that if ABC is 
a triangle, right-angled at C, and CN is drawn perp. to the 
hypotenuse AB, then AC.BC=2AABC=CN.AB. Now V16=4, 
hence on AB, 4 in. long, describe a semi-circle ACB, and take the 
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pt. C such that the perp. from C on AB={=1} in. (Sqd. paper 
should be used.) 7 
‘Then . AC2?+BC2=AB2=16. - 
Also AC .BC=CN .AB=3x4=6; 
*, AC and BC are roots of the given equation. 
With centre A and radius AC describe a circle cutting AB at D 
AC =AD =1-65 approx. from the diagram. 
In the same way BC=3-65 approx. ; 
*, 1-65, 3-65 are roots of the given equation. 


*166. To trace the graph of xy=40. 
When 


e=42 | 44 | +5 | +8 | +10| +20] .. 


y= +20 | +10 | +8 | +6 | 44 | #2 | | 


the upper signs being taken together, and the lower signs together. 


Ly] SEHECHEeEt eae osoctoatoctss 


Plotting these pts. and joining them by an even curve, we have 
the figure shown in the diagram. 
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It is observed that the curve lies entirely in the first and third 
quadrants, and that the two branches are symmetrical in regard to 
both the bisectors of the angles between the axes of co-ordinates, 

Hence we have another method of solution of equations of the 
following type : z+ y2=89, 

ry = 40. 

We first draw the graph of ry=40. 

The graph of 2? + y*=89 is a circle whose centre is at the origin. 
and radius /89. Since 89 =25 + 64=52+82, the length OA in the 
diagram is the radius. Describing the circle, and reading off the 
pts. of intersection of the two curves, we have the following 

. solutions : 
z=8, 5, —5, -8, 
y=5, 8, -8, —5. 
*167, Find approximate roots of the equations 
xy=80, x—2y=10. 


From the following table of values, draw the graph of ry=8Q 


gee | +5 | +8 | +10 | +20 | a 


y= +20 | +16 | +10 | +8 | +4 | 


Draw the graph of x-2y=10, a str. line through the pts. 
(10, 0), (0, —5). 

The pts. of intersection of the two graphs give the reqd. roots. 
They will be found to be 

z=18-6, — °°6 | approx. 

; y= 43, -9:3 

Equations of the type of Examples 1 and 2 worked out in this 
chapter might also be solved by this method. 


*Examples. XXVII. e. 


i i ly, the values of the roots of the following equations 
by tie ee Ef area methods. Verify your results. 
_ (In some cases the exact values of the roots can be obtained.) 
1. +y=7, zy=9. 2..a+y =O ty =16. 3. x-y=2, xy=16. 
4, x-y=4, xy=9. 5. w+y=7, zy=5. 6. 2-y=3, zy=8. 
4, x? -1382+36=0. 8. 2? -1l#+25=0. 9. x? -87+13=0. 
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Find, approximately, the values of the roots of the following equations, 
by the use of graphical methods. Verify your results. 


10. 2? -2x-16=0. 11. a+y?=4, 2x-y=1. 
12. 22 +y?=8, 2+2y=2. 

13. a +y?-2¢-—4y+1=0, 5y -—5xr=38. ; ’ 
14, 422+ 4y24+82-4y=11, ~=2 =2y. ¥ 

15. 2?+y?=9, 4a+3y+6=0. 16. 2?7+4?=36, zy=15. 
17. 2? +y?=225, xy=80. 18. zy=80, 2% -y=10. 


CHAPTER XXVIII 
FURTHER EXAMPLES ON SYMBOLICAL REPRESENTATION: 


Examples. XXVIII. 


1. A man rows x miles an hour in still water, and the current runs at 
the rate of y miles an hour: 
(i) How many miles an hour does the man row with the current ? 


(0 et is cerscnatctindarte Sober tok cbt Ltrs see gonsebbactooee against»............ ? 
(iii) How long does.he take to row a miles with the current ? 
(tig Perpeoor docdecca: corse coder ck cone crow ocdsscced against .....,..9.0s 2 


2. Money is invested at simple interest at tne rate of x per cent. per 
annum : 
(i) What is the interest on 1£ for a year ? 


(TD) 22.5 fc seetwoewente cues 1£... y years 
(ili) Be Keto secets te ceaekeck «son ets PES WROEC ae 2 
‘ (iv) What does z£ amount to in.......... 2 


3. Calculating simple interest at the rate of x per cent. per annum, 
(i) What is the present value of l00£ due in one year ? 


(TIE. oinrececn ce easctonaoaenmeane eres GE Tune deer neencareette 2 
(Ul) wees oss coecsscpascscenesmadrerereees TOOL Rtecenccs y years ? 
(LY inser atewecneu eines koen deesoatneeant OE sess geCeususgeunduy shit 


4, A train runs at the rate of y miles an hour: 
(i) How long does it take to do one mile ? 
(Ji) eade terete eceac Meceeecc ae eae eee z miles ? 
(UI) Rows Sucwcscucesitce ives cateoanmecsen ee z miles at the above rate, and 
another z miles at double the rate? \ 
(iv) How many miles does it run in a hours at the slower rate ? 
5. A can do a piece of work in 2 hours, B can do it in y hours : 
(i) What fraction of the work do A and B do, working together, in one hour ? 
(EH) Sei Seccde became eget caine «sca UCR RMe aCe eae ane cae tae eh oe cae mee a hours? ... 
(iii) How long da they take to do the work when working together ? 
(19) Penn Soe AR ete anes sbi three-quarters SARGA NGO Sonien Oba 4 
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6. One pipe, running alone, fills a cistern in « hours; a second, running 
; gaene fills it in y hours; and a third, also running alone, empties it in 
z hours: 


(i) An fraction of the cistern do they fill, all running together, in an 
our 


(ii) How long do they take to fill the cistern, all running together ? 


7. x£ is the simple interest on y£ for z years : 
(i) What is the simple interest on y£ for one year ? 


EDR esa inc nas aeehucb otaec ett akin sacs, LS. sscpewapeseee ses ? 
[ETS Fer Eee ere rer ee eae ee LOU Ei escaxteeetene ? 
LN eS Rae ee egy ep af... b years? 


8. In x years y£ amounts to z£ at simple interest : 
(i) What is the interest on y£ for x years ? 


TY) ere he niske eoeeet eet stad aaa » yf ... one year? 
1) ea EI Pais 9 5 Est eS ? 
(LV Jinevccowencs sec -oseuess 2 arces af... b years? 


(v) What is the rate of interest ? 


9. Apples cost z pence per dozen : 
(1) What does a man give for one apple ? 
KU near eve coos soe TiOte ses sapee ses y apples ? 


(iii) What does he give for one apple when the price is raised a penny 
per dozen ? 


(iv) What does he give for y apples at the higher price ? 
(v) How much do a apples cost at the cheaper price ? 
Vil inte ede'ob ac cnlasotntsi dy -¥ Sivek traits dosene higher ...... ? 
10. A man invests money at compound oe at the rate of x per cent. 
perannum: | 
(i) What.is the interest on 1£for one year ? 


LG) 99.35 sear eoseave amount of 1S <i .128..002,. ? 
ED), eRceh dace tmoderc oarssesenec pS aD OC ? 
(ia) acorideoiaccman TMbERES KOM sag atse- spaces ee ? 
NO) -ncopnenenascane amount of 1£... 2 years ? 
AVL) ite codcorc sconce casccene snes tencsep Du veceee ? 
de cycle a spel <a cing anata Witinzass ? 
(ELIS) Sean eee ce ossecdee seo a P£..: 2 years ? 
(chal) Aken aeen peeoeae fe vatican sought Oiwenene z 
ipsa) eta saaotes evieie oseaise smnelap eos Teele. 2 
CEL pac copibovacn's interest ON......-+2-s000 ? 


11. If simple interest is calculated at the rate of x per cent. per annum, 
(i) What is the discount on 100£ due in one year ? 


GUI) em getetire oclever cers cGs onan vs cceens rh OCataee aan deka eae ao oss i 
(GID) Wesaccsrcacs Jeeaavt decnncpd atnens LOOS sssacanae y years 
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12. A man can do a piece of work in x hours; a woman does half as 
much as a man, and a boy half as much asa woman. What fraction of the 
work will 

(i) A man, a woman, and a boy together do in 1 hour? 
(ii) 2 men, 3 women, and 4 DOYS .........--eeeeeereeeeeees 2 

13. One man walks x miles an hour, and another y miles an hour 
starting at the same time, in the same direction. 

(i) How much apart are they in an hour if the first man is the quicker 
walker ? 

(ii) How much apart are they in a hours ? 

(iii) How long does the first take to gain one. mile on the other ? 

(iv) eects vs ote enoge vee secmcceceanscaeheneaame Sactcte By MMHUOS <cccance cess 2 


Express the following in the form of equations : 


14, The product of two consecutive numbers of which x is the smaller 
is less than the product of the next higher two consecutive numbers by y. 


15. A man bought a cows at x£ each, and b sheep at y£ each, and 
altogether spent z shillings. 


16. Apples are sold at 2 pence a dozen, and pears at y pence for 10. 
a apples and 6 pears cost z shillings. 


17. x men form a hollow square, four ranks deep, with y men on each 
outside face of the square. 


18. A hollow square is formed by a men, y ranks deep, with z men on 
xach outside face of the square. 


19. A fraction whose numerator is x, and denominator y, is increased by 
a when the numerator is increased by 6, and the denominator decreased 
by c. ; 

20. x dozen of wine at a shillings a dozen, and y dozen at 6 shillings a 
dozen, cost ¢ shillings a dozen on the average. 


21. The area of a room 2 ft. long and y ft. wide is doubled when iis 
length and breadth are each increased by a feet. ; 


22. In travelling a yards, the fore wheel of a carriage makes revolutions . 
more than the hind wheel. Take x feet for the circumference of the fore 
wheel and y feet for that of the hind wheel. 


23. One pipe will fill a cistern in 2 hours, a second will fill it in y hours ; 
running together they fill it in z hours. 


24. A starts off on a journey at x miles an hour; and » hours afterwards, 
B starts off at y miles an hour, and catches A up in a hours from A’s start. 


25. Two men start simultaneously to walk from A and B to B and A 


respectively, a distance of n miles. They walk at x miles an hour and y 
miles an hour, and meet in a hours. , 


26. Form the equation for the above. problem when the second man 


per hours after the first, and they meet @ hours after the first man 
started, 


27. Between two places one mile apart there are x telegraph posts in a 
straight line, y yards ‘apart. 


28. Between two places a miles apart, there are x telegraph posts in a 
straight line, y yards apart. ae Poca 
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29. A man spends one-third of his income of x£ in board and lodging, 
inte in dress and one-tenth in sundries, and has y& left at the end of 
the year. : 


30. A tradesman makes in a year a profit of x per cent. on nis capital of 
yf and has z£ at the end of the year. 


31. A man gains x per cent. on a£ and loses y per cent. on b£, and 
altogether makes a profit of c£. 


32. A man runs a miles at x miles an hovr, 6 miles at y miles an hour, 
and c miles at z miles an hour, and takes d hours over the whole journey. 


33. A man is hired for x days. He is paid y shillings a day for a days, 
and is fined z shillings a day for the rest of the time because he absents 
himself. He receives c£. 


CHAPTER XXIX 
PROBLEMS INVOLVING QUADRATIC EQUATIONS 


168. Example 1. A number of two digits is less than four times the 
‘product of its digits by 11, and the digit in the tens’ place exceeds the 
digit in the units’ -lace by four. Find the number. : 


Let x be the digit in the units’ place. 
Then x +4 is the digit in the tens’ place. 
The number=10(7+4)+2=112+40. 
Four times the product of its digits =4a(x +4) ; 
“. 4x(a+4) —(11lv+40)=11, 
42? + 16x -1lx-40=11, 
42° +52 -51=0, 
(x —3)(4% +17) =0, 
x=3 or eo 
" 4 
.. 3 is the digit in the units’ place, and 3+4(=7) the digit in the tens’ 
i 73 is therefore the reqd. number. 
The solution ee is inadmissible, because the digits of a number are 
positive integers. 
Example 2. A reduction of 2 pence a dozen in the price of eggs will give 
6 more for three shillings and sixpence : find the price per dozen. 


Let x pence be the price of 12 eggs. 
; gla 
For 42 pence we obtain =* 42 eggs. 


; Ae 3 
When x ~2 pence is the price of 12 eggs, we obtain 723% 42 for 3s. 6d. 
12 


2 ao? , 49 <6. 
x-2 x 


B.B.A. ' Q 
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84 _84_) 
BES ekcie 
84a —84(a% -2) =x? -22, 
a? —-22 -168=0, 
(% —14)(~ +12) =0, 
x=14 or -12. 
. 14 pence a dozen is the reqd. price. 


Example 3. A train does a journey of 240 miles at a uniform rate; if it 
had travelled 4 miles an hour slower, it would have taken 2 hours more 
over the journey : find its rate of travelling. 


Let x miles an hour be the reqd. rate of travelling. 
At the higher speed, the train took = hours over the journey. 


At the slower speed, x — 4 miles an hour, it took ee hrs. over the journey. 


: . 240 _ 
.. by hypothesis, eae ee tae 


Multiplying up, 240(a —4)=240a —2a(a —4), 
2a? — 82 — 960 =0, 
a? —42 —480=0, 
(x —24)(x+20)=0; 
*, w=24 or -20. 


-, the train travels at the rate of 24 miles an hour, the negative solution 
being inadmissible. 

It will be proved later on that every quadratic equation has two roots, 
As a consequence of this, inadmissible solutions of problems involving 
quadratic equations will often occur. In this case, the negative solution 
would imply that the train travelled backwards at 20 miles an hour. 


Example 4. A man invests his money at compound interest for two years 
at a certain rate per cent. and finds that he receives 5 shillings per cent, 
more than if he had invested it at simple interest. Find the rate per cent. 


Let x be the rate per cent. 
At compound interest, 100£ amounts to (100 +)£ in the first year. 


The interest on (100 +) £ for the second year =(100 +2) x 750" ; 
.”. the interest on £100 for the two years=x +e ae, 
At simple interest, the interest on 100£ for the two years =2a. 
: 100 +2)x a 
- &+ CO ee =22 +4, 
whence = 25, 
and ett 


.. 5 per cent. is the reqd. rate of interests 


: 
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Example 5. Two pipes running together will fill a cistern in 63 minutes. 
If one pipe, running alone, took a minute less to fill the cistern, and the 
other pipe, running alone, took 2 minutes more to do the same, then the 
two, running together, would fill the cistern in 7 minutes. Find in what 
time the cistern will be filled by each pipe running alone. 


Let the first pipe, when running alone, fill the cistern in 2 minutes, 


aud let the sccond pipe’ a. Lesth.i dee kesies oo eC. Wide soe chines PR wert 
When running alone, the first pipe fills - of the cistern in one minute 
RRS AEA ee & second...s.s+...:2 Post tocomomisoniessbs aunch's ss chonce ede 
y 
But since by hypothesis they running together fill the cistern in 2° min. 
*, in one minute ......... iy of the cistern ; 
dee samt 
gy 30" rie deteaSacanicd faded tenes wo deinen (1) 
In the second case, the first pipe fills the cistern in 2-1 min. 
Basra sstecsees seeeedevcots BOCOHG C0812. 060s solensecdestae ef fooneaee ss 
rae be: ; 
Sith yee een es es (2) 
1_ 3 _1_3y-20 
From (1), = Oy Dy . 
PR eee 
x ene ee (3) 
1 Sr eh ae Se 
From (2), a [tT yt+2 (Ty+2)’ 
_ (Ty +2) 
ae gcege Hdass savensyonisseine eeeaae =~ (4) 
20y _T(y+2) 
From (3) and (4), Peak | ga yi 


From this quadratic for y, y=12 will be found to be the only aauussible 
solution. 
Substituting in (3), s=L5. 
... the pipes would fill the cistern in 15 and 12 minutes respectively. 
; : 


Examples. XXIX. a. 


1. The difference of two numbers is 2, and the sum of their squares 
is 244: find them. 

2. A room is 4 feet more in length than in breadth, and its area is 
192 sq. ft. : find its dimensions. 

3. The product of two consecutive even numbers is 288. What are 
they ? 

4. Find two consecutive numbers such that the sum of their squares 
is 481. 


~< 


5 [cHaP. 
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5. w yards of cloth at «—3 shillings per yard were bought for 13s. 9d. 
What was x? 


6. What number when increased by 30 will be less by 12 than its square ? 
7. Find the number which, added to its square root, will make 182. 


8. The length of a rectangular field is twice its breadth. If 20 yds. 
were added to its length and 30 to its breadth, its area would be 10,458 
sq. yds. Find the dimensions of the field. 


9. In a right-angled triangle one of the sides containing the right 
angle is 3 feet in length, and the square on the hypotenuse is 4 times the 
area of the triangle. Find the length of the remaining side. 


10. A man bought x oxen for £120. Another~bought 3 more for the 
same money. What was the cost of an ox to the first man, what to the 
second ? If the difference was £2 per ox, what were the numbers bought ? 


11, A rectangular table 9 ft. by 6 ft. has a rectangular table-cloth which 
hangs down to the same depth at the ends and sides. What is that depth 
if the area of the cloth is twice that of the table ? 


12. The product of two numbers which differ by 3 is 40: find them. 


13. When 13 times a certain number is subtracted from the square of 
the number, the result is 30. Find the number. 


14. A motor-car does a journey of 192 miles at the average rate of 

@ miies per hour, and a second car does the same journey at the average 

rate of x+4 miles per hour. How long does each car take over its journey ? 
‘Tf the difference of these times is 4 hours, find the value of x. 


15. The difference of two numbers is 3, and the sum of their squares is 
117. Find the numbers. 


16. A man rents x acres of land for £54 per annum. How much does 


he pay per acre? If he sublets all except 8 acres at 5s. per acre more than 
this and receives £64 per annum, find the value of z. 


17. A rectangular enclosure has an area of 2000 sq. yds., and its 
perimeter is 180 yds. in length. Find the lengths of its sides. 


_18. A man rows 6 miles down stream at x miles per hour, and the same 
distance up stream at 2-1 miles per hour. How long does he take over 


each journey? If he takes 3} hours over the two journeys, find the 
value of x. ; 7 


19. If the hind wheel of a carriage is x ft. in circumference, how many 
revolutions does it make in a mile? If the front wheel is 2 ft. smaller in 


circumference, and makes 24 more revolutions in a mile than the hind 
wheel, find the value of x. 


eo A train travelling at x miles an hour for x +12 minutes goes 21 miles. 
ind x. 


_21. A bill of 80 shillings was shared equally between x persons. What 
did each pay ? | If two were excused, what would each pay? If this made 
a difference of 2 shillings to each, what was a ? 
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22. 110 bushels of coals are equally divided among 2 poor persons. 
What number of bushels does each receive? If this number is one less 
than the number of persons, how many are there ? 


23. Two trains each run a distance of 330 miles, one at x miles per hour, 
the other at +5. The faster takes half an hour less than the other for 
the whole distance. What are their speeds ? 


24, A can do a piece of work in x days, Bin +12 days. What fraction 
of the work can they respectively do in a day? If together they take 
8 days, what times will they take separately ? 

25. A cistern can be filled by two pipes in 14 hours. The larger pipe 
by itself will fill the cistern sooner than the smaller by 2 hours. Find 
what time each will take separately. 

26. A car travels 15 miles an hour faster downhill than uphill, and 
takes 2;1, minutes to run up and down a hill one-quarter of a mile long, 
when the time taken in turning is deducted. Find its speed downhill. 

27. A fraction, whose numerator is less than its denominator by 38, is 
doubled if 6 is added to the numerator and 5 to its denominator. Find 
its value. 

28. The product of the two highest of five consecutive integers exceeds 
twice the product of the two smallest by 6.’ Find them. 

29. The tens digit of a certain number is the square of a number which 
is 2 less than the units disit. and the sum of the two digits is 14. Find 

he number. 

30. A rectangle whose area is 54 sq. ft. has its sides respectively 
diminished by 5 feet and 2 feet and so becomes a square. Jind the length 
of a side of the square. 

31. A train does a journey of 288 miles at a certain average speed and 
is one hour late. If it had travelled 4 miles per hour faster it would haye 
been punctual. Find its speed. 

32. A point travels for 8 secs. at the rate of x feet per sec., and then 
for 4a secs. at the same rate. If the total space described is 96 feet, find 
the value of x. 


*Examples. XXIX. b. 


1. Find two numbers whose difference is 2, such that twice the square 
of the less shall exceed the square of the greater by unity. 

2. The plate of a looking-glass is 18 inches by 12 inches. It is to be 
framed with a frame of uniform width, the area of which’is to be equal to 
that of the glass. Find the width of the frame. 

3. Mr. Gladstone was born in the year a.D. 1809. In the year A.D. 2? 
he was x —3 years old: find x. 

4, When 17 times a certain number is subtracted from twice its square, 
the remainder is 84: find the number. 

5. The tens digit of a certain number is the square of the units digit, 
and the sum of its two digits is 12: find the number. 
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6. A man runs 600 yards at a certain pace, and then doubling his pace, 
does another 600 yards. If he took 23} minutes over the 1200 yards, find 
the pace he started at, in yards per second. 


7, Find two numbers whose difference is 3, and the sum of whose 
squares is 317. 

8. A’s rate of travelling is one mile an hour less than B’s, and B can go 
21 miles in 20 minutes less than it takes A to go 20 miles. How many 
miles an hour can A travel ? 


9. Find a number which together with its square amounts to 56. - 


10. Two trains each run a distance of 330 miles. One of them, whose 
average speed exceeds that of the other by 5 miles an hour, takes half-an- 
hour less to travel the whole distance. Find their average speeds. 


11. A lady bought 28 yards of linen and a certain length of silk. The 
whole cost was 65s., the silk cost as.many shillings per yard as there were 
yards of it, and 8 times as much as the same number of yards of linen. 
Find the price of the silk per yard. 


12. P rides from A to B in one hour at a uniform speed. Q rides for 
one-third of the way 2 miles an hour faster than P, and for the rest of the 
journey 1 mile an hour slower than P, thus taking 40 seconds longer.’ Find 
the distance from A to B. 


13. A person rents some land for £48. He cultivates 8 acres himself, 
and sub-letting the rest for 15s. per acre more than he pays, receives in 
rent £54 per annum. Find the number of acres. 


14. One side of a room is 6 ft. longer than the other, and 924 square 
feet of paper are required to cover its walls. Now if the room were 3: 
feet higher, the same amount of paper would be required to cover three of 
its walls, one of the shorter walls being left uncovered. Find the dimensions 
of the room. 

15. Of two square courtyards one contains as many square yards as it 
costs shillings to pave the other, and a side of the second contains as many 
linear yards as it costs pounds to pave the first, also the length of a side of 
the first exceeds that of the second by 3 yards, and the cost of paving the 
first exceeds that of paving the second by £2. Find the sizes of the court- 
yards, and the costs of paving. 


16. Ten minutes after the departure of an express train a slow train is 
started, travelling on the average 20 miles less per hour, which reaches a 
station 250 miles distant 3}. hours after the arrival of the express. Find 
the rate at which each train travels. 


17. The length of a room is 2 feet more than its breadth, and its height 
is three-quarters of its breadth. If the area of the ceiling be 42 square feet 
more than that of the longer side, find the dimensions of the room. 


18. A bicyclist, Having ridden 72 miles and stopped an hour on the way, 
finds that, if he had ridden faster by one mile an hour and stopped two 


hours on the way, he would have accomplished the journey in the same 
time. At what pace did he ride ? 


19. In 100 minutes a boat’s crew row 34 miles down a river and back 


again. If the river runs at 2 miles an hour, what is the pace of the boat in 
still water ? , 


20. In going a quarter of a mile along a straight road the hind wheel of 
a bicycle turns 11 times more than the front wheel. Had the front wheel 
been 3 inches longer in circumference than it actually is. the hind wheel 
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would have turned 16 times more than the front wheel. Find the circum. 
ference of each wheel. 

21. A battalion of soldiers when formed into a solid square present 
sixteen men fewer im the front than they do when formed into a hollow 
square four deep. Find the number of men. 

22. A man buys pigs, geese, and ducks. If each of the geese had cost a 
shilling less, one pig would have been worth as many geese as each goose is 
actually worth shillings. A goose is worth as much as two ducks, and 14 
ducks are worth seven shillings more than a pig. Find the price of a pig, 
a goose, and a duck respectively. 

23. A sum of money is divided among A, B, and C, so that a third of the 
whole sum exceeds A’s share as much as B’s exceeds a quarter of the whole. 
What part does C get ? \ 

24, A cyclist rides 3 miles an hour faster downhill than uphill; and 
takes the same time to ride 22 miles downhill and 48 miles uphill that he 
ont to ride 50 miles downhill and 27 miles uphill. What is his speed 
uphill ? 

25. A carrier charges 3d. each for all parcels not exceeding a certain 
weight ; and on heavier parcels he makes an additional charge for every 7 
Ibs. above that. weight. The charge for half a cwt. is ls. 3d., and the 
charge for 9 stones is five times that for 1 qr. What is the scale of charges ? 

26. A boat’s crew row a certain distance against the stream in 8+ minutes. 
If there were no current they would row the distance in 7 minutes less 
than it takes them to drift the distance down the stream. In what time 
vould they row the course down the stream ? 

27. A man being asked his age, answered, ‘If you multiply my twe 
digits together, the number formed will be my age 22 years ago, and if you 
add all the digits of the two ages you will have one-third of my present 
age.’ How old is he? 

28. Three travellers A, B, C make the same journey. A’s rate of 
travelling is 3 miles an hour greater than B’s, and B’s rate is 2 miles an 
hour greater than C’s. A accomplishes the journey in 3 hours less time 
than B, and B in 4 hours less time than C. Find the rate of each, and the 
length of the journey. ; 

29. A giant weighs 3 lbs. for every inch of his height, and the square of 
his height in feet exceeds his weight in stones by 31. Find his height and 
weight. J 

30. A labourer undertakes to carry a load a certain distance, agreeing to 
take one shilling for each cwt. moved one mile. He earns 4-05£, and the 
distance in miles exceeds the number of ecwts. carried by 4:05. Find the 
load and the distance. 

31. A rectangular enclosure is half an acre in area, and its perimeter is 
201 yards. Find the lengths of its sides. 

32. The sum of two numbers is six times their difference, and their 
product exceeds twice their sum by 11. Find the numbers. 

33. If the longer side of a rectangle be increased by 3 yards, and the 
shorter by 2 yards, one side becomes double the other, and the area is 
doubled. Find the lengths of the sides., ' 

34. A lawn, rectangular in shape, contains 864 square yards; if it were 
4 yards longer and 3 yards narrower its area would be the same. Find its 
climensions. 
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35. The circumference of one wheel is 8 inches longer than that of 
another, and the first makes 72 fewer revolutions in a mile: find the cir- 
cumference of each. 


36. A slow train takes 5 hours longer in journeying between two given 
termini than an express, and the two trains when started at the same time, 
one from each terminus, meet 6 hours afterwards. Find how long each takes 
in travelling the whole journey. 


37. The area of a rectangular room is 328 square feet, and its perimeter 
is 73 feet: find the lengths of its sides. 


38. A boat’s crew finds that the number of minutes which they just 
require to row 4 miles in a river against the stream exceeds by 31 the 
number of miles per hour they can row in still water; while it takes them 
20 minutes to row the 4 miles with the stream. Find the rate at which 
the river flows. 


39. In a mixed number the integer is 98 times the fraction. The 
numerator of the fraction being unity, and its denominator less by 7 than 
the integer, find the mixed number. 


40. Two men start simultaneously from opposite ends of a road and meet 
at the end of 6 minutes. They pass one another, and each continuing to 
the end from which the other started, one ends his walk 5 minutes before 
the other. How long does each take ? 


41. A, B, and C walk from P to Q, a distance of 30 miles; A starts 
24 hours before B, and B 14 hours before C, and they arrive at Q together. 
If B had started half-an-hour earlier, he would have passed A 2 hours 
before A reached Q. Find the rates at which A, B, and C walk. 


42. A grocer has two weights, one as much over a lb. as the other is 
under a lb., and he finds that on selling 511 Ibs. 14 ozs. of tea at 28. 6d. a 
pound he gets £2 more by using the lighter weight than he would have 
done by using the heavier: what were the respective weights ? 


43. A gentleman arrives at the railway station nearest to his house an 
hour and a half before the time at which he had ordered his carriage to 
meet him. He sets out at once to walk at the rate of 4 miles an hour, and 
meeting his carriage when it had travelled 2 miles, reaches home exactly 
an hour earlier than he had originally expected. How far is his house 
from the station, and at what rate was his carriage driven ? 


44, The figures which express the pounds and the pence in a certain 
sum of money will change places if £2 19s. 9d. be added to it, and those 
which express the shillings and the pence would be interchanged by 
subtracting 2s. 9d. What alteration would be produced in the sum of 
money by interchanging the figures which express the pounds and shillings ? 


' 45, Two cyclists travel, one from A to B, the other from B to A, by the 
same road, and at uniform speeds. They start at the same moment. One 
reaches B 2} hours, the other reaches A 3 hours 36 minutes after they meet. 
How long was each on the journey ? 


46. A and B walk from one town to another. After walking 6 miles at 
a uniform speed A arrives at the.top of a slope where he mends his pace 
by 1 mile an hour. B starts forty minutes later, and, after walking at a 
uniform speed, reaches the slope 10 minutes later than A: here increasing 
nis speed by 4 a mile an hour, he overtakes A just as the town is reached. 
A would have covered the distance in half an hour less, had he walked the 
whole distauce with B’s initial speed. Find the distance and the speeds. 
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47. Two towns A, B are connected by two roads, one of which is twice 
as long as the other. A man walked by the shorter road from A to B, and 
returning immediately by the longer road met one mile from B another 
man who started at the same time from A on a tricycle and travelled 
3 miles an hour faster; and when he had walked 2 hours longer he again 
met the tricyclist who had passed through B and A without stopping. 
Find the lengths of the two roads, and the rate at which each man 
travelled. 

48. What fraction will be increased by y4 when unity is added to both 
numerator and denominator, and diminished by ;S, when 4 is subtracted 
from each of them ? 

49. A railway passenger observed the time of transit over three 
successive miles, and finds that the time for the first mile exceeds the time 
for the second by twice as much as the time for the second exceeds the 
time for the third. He also calculates that the average speed for the train 
in the first mile is 5 miles per hour less than in the second, and 8 miles 
per hour less than in the third. Find the time of traversing each of the 
three miles. 

50. A cask A, of 20 gallons capacity, is filled with brandy, a certain 
quantity of which is afterwards drawn off into an equal cask B, which is 
then filled up with water. After this, A is filled up with some of the 
mixture in B; and when 63 gallons of the mixture now in A is poured 
back into B, the two casks contain equal quantities of brandy. How much 
was at first taken out of A? 


CHAPTER XXX 
EXAMPLES FOR REVISION 


XXX. a. (Oral.) 


Read off the square root of 9p a 


1. -25a%b?. 2; ‘0001 75: BF, 0" 4, 0064" 
Sl SAP 2 2 

5. 4a? -8ab + 467. 6. eT Ie 7, 4074+ 12a2y + 9y?. 

25a? 

8. 14 4a% + 4a4b?. @ 222+. Oger ee 

: ( 2 i 
a 3 a 
11. 14.2(a-0) + (a5) 12. (¢-2) +4($-2) 14, 
13. (x + 5y)? — 10y(x + 5y) + 25y”. 14, (a +5)? +2(a? -b*) +(a-5)%. 
1 i 
*+—-—e. 2 16. 4 A Aol og 
15. 4att 2+ oe pa 


Read off the roots of the following quadratic equations : 
17. 22-97+20=0. 18. x(z+3)=x+3. 19. (w-4)(~-5)+2(@-5)=0 
20. (x2-16)+(a-4)=0. 21. 22+50=0. 22. 252-16 =0. 
23. 2(2% +1) -}(2a +41) =0. 94, 3x(42 -5)=7(4x -5), 
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Read off the roots of the following quadratic equations : 


25. 3a(2e -—3)+4(2x% -3)=0. 26. 3(~ —a) +(x —a)=0. 

a7. #-2+2=0. 28. 1 (62-7) =99(54-1). 

29. (w-1)?=9. 30. ©4+24>=0. 31, 2x -2+2(x-1)=0. 

Find, by inspection, one root in each of the following equations : 
32, 2x -2 + (Tx -3)(a-1)=0. 33, 22 = 8 , ATF (6x —9) =0. 
34, 7 (2% —1) -5(@-4)=0. 35. 7(3e—6) + 11a(2e —4) -21a(5a - 10) =0. 
36. $2 (sx —3)+(11e+14)(7 -3)=0. 37. ap HTB 0 
XXX. b. 


: : a a 4ax 
1. Simplify 97 y3a 3a—De Sa 18a" 
Deduce the solution of the equation formed by equating the expression 
~ to zero. Test your result. : 
2. Write down (a) the square root of (a+6)?-2(a+6)+1, 
(6) the square of a+6-c, 
(c) the cube of a+. 


3. Solve the equation 4x ae +4=0. Test your answer. 


4, Draw enough of the graph of y=2? to determine V8 and V13. Use 
one inch as 2 unit and one-tenth of an inch as y unit. 
5. Solve the equations 3x-—Ty=2, zy=8. 
6. Use the remainder theorem to prove that e-a+b is a factor of 
(w —a)® + (26 —c)(% —a) +b? — be. 
* 7, Find a fraction which becomes equal to 4 if the numerator is increased 
by 2, and equal to } if its denominator is increased by 3. 


, 


XXX. 2. 


. Simplify a Check your result. 


1 1 
aut bx —ab* x —ax—ba ab’ 
. Determine values of @ which will make «? —- az +25 a complete square. 


. Solve the quadratic -4=1 sO 
x+4 


. Find the square root of 2524 — 7023 + 89a? — 56a +16. 


. Draw the graph of y=52-2?. From your figure determine the value 
of « which gives 5% —2? a maximum value. What is the value of y in this 
case ? Test your results algebraically. ; 


6. Solve the equations 2*+y?=25, «+y=7 graphically and by algebra. 
7. Between one census and the next the native population of a town 
increased by 8 per cent., while the number of foreigners decreased from 200 


to 150. The increase in the total population was 7 per cent. What was 
the total population at the second census ? 


Check your result. 


ar © NO = 


7 
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XXX. d. 
es 2a 3a 8a? 
1, a 4 
Beeler sb ta =3b * (6 —2a)(a +26) 
2. Write down (i) the square root of (x* — x)? — 8(x* -2) +16. 
(ii) the square of a—2b+c. 
(ili) the cube of a+20. 

; 3. Using half an inch as x unit, and one-tenth of an inch as y unit, 
draw the graph of y=2*-—3x+2, for integral values of x, from —2 to 5. 
What do you deduce as to the equation z?-—3x+2=0? Give reasons. 

4, Draw enough of the graph y=2* to determine the square rocts of 
54-8 and 58-5, correct to two decimal places. Use a large x unit. 


: ar ee 
5. Solve the equations Sy ie xy =12. 


6. Find the values of a which will make the expression 
8x3 + a*x? —10ax — 48 
exactly divisible by 2-2. 

7. A clock is two minutes slow but is gaining. If it were three minutes 
slow, but were gaining half a minute a day more than it does, it would 
show correct time exactly 24 hours sooner. How much does the clock 
gain in a day ? 

XXX. ec, 
pies: 2-2 x-3 
is BHEpETy's -22-22 242-2 
| 2. What values of a will make 9z*+azy +4y? a complete square ? 

3. Solve the quadratic 6(z*-2)=2, by completing squares, and verify 
your results by means of the formula for solving quadratic equations. 

4. Determine graphically between what values of x the expression 
35 —4a2 —4z? is positive. Verify your result by algebra. 

5. Solve the equations 32?+4ay=11, 

4y? + 32y =22. 
6. Find the square root of 16+ —16z° +42? + 82-4 toy 


7. A sum of money is distributed among some children, each chil, 
receiving the same amount. If a shilling less had been given to each, 36 
more children could- have participated; and if a shilling more had been 
given to each, the number of children would have had to be reduced by 20. 


Find the sum distributed. 


XXX. f. 
" Gatte-1  Grt4+llet+3 , 222+904+4 
1. Simplify 5 3—55-13*%  O28-1 ~~ 16 


2. Prove that x—a is a factor of 2? -(a+b —c)x? (ab —be —ca)x+abe. 

3. Solve, graphically, the equation 2a2+2-13=0. Get your results 
correct to one decimal place, and check your answer. ; 

4, Find the maximum: value of 7¢-2*, and the minimum value of 
a? — 5a. 


5. Solve the equations x? —5ay -14y?=10, 
e-Ty=1, 


\ 
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6. If a2=b2+c%, prove that (a+b+c)\(b+e-a)at+e-b)(a +6 —c)=46%c?. 

7, A fruiterer sold a certain quantity of oranges for £6. 10s. Tf he had 
given two more oranges for a shilling, the same quantity would only have 
realized £5. 17s. How many oranges did he sell ? 


XXX. g. 
Saat oaty? yk gat Soe -) 
1 Sepity wip eytty! “at party? toa) 
2. Prove that (a—6), (b.—c), (¢ —a) are factors of 
a*(b —c) +b4(c —a) +c4(a —6). 
3. Solve the equation 42% -32-—12=0 graphically and by algebra. 
4, Use a geometrical method to find the value of V8. 
5. Solve-the equations (x+2y)? -3(%+2y) -28=0, 
a —2y=5. 
6. Extract the square root of ##+1—12x(%7+1)+382". 
7. A man starts at 2 p.m. to walk to a place 13 miles off. He walks at 
a uniform speed till 4 p.m., when he increases his speed, by one mile an 


hour, and reaches his destination at 5.30 p.m. At what speed did he walk 
during the first two hours ? 


XXX. h. 
1, Resolve into factors : (i) ct-32?+9, 
(ii) 512 (e%- 3) — (8ax - a). 


ee (a+b)zx (b+c)x 

Babtraphity (e@+a)(x—6) * (@t+ey(b —2) 

3. Divide (x? —y?)—2§ by a? —y? —2%, 

4, A certain port wine is worth 47s. a dozen now, and increases in value 
at the rate of 3s. a dozen per annum. Draw a graph to determine its worth 
in coming years, and read off its value per dozen in 7, 13, and 17 years. 

5. Solve the equation 5x*-—5x2-21=0 graphically and by algebra, 
getting your results correct to one decimal place. 

6. Solve the equations x2+y2+1=32y, 

2(ay +4) =3y?. 

7. One-fourth of the subscribers to a certain school gave a sovereign 
apiece, one-fourth of the remainder gave half-a-sovereign apiece, and the 
rest each gave a florin. If the three sets of subscribers raised their 
subscriptions to a guinea, half-a-guinea, and half-a-crown respectively, 
the total increase in the subscriptions would be £2. 10s. 0d. . How many 
subscribers were there and what was the total amount subscribed ? 


XXX. k. 


1. Multiply 8a° — 120% - 54.073 + 2435 by 24430, using the method of 
detached coefficients: 


‘ a® +52 —¢2\2 : : ‘ 
} - Express (a apy as a fraction with a numerator of four 
actors. 


_. 4¢—11 2¢-17 32-22 2-10 
3. Solve the equation “gol: pone ete 
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4, With the same axes draw the graphs of y=r+4 and y=". Hence 
solve the equation x*-—x-4+0 as accurately as you can. 

5. Two cyclists, riding 9 and 10 miles an hour respectively, start from 
two places 55 miles apart at noen towards one another. Find graphically, | 
as accurately as you can, their time of meeting, and the times when they 
are 20 miles apart. Verify your results by algebra. 

6. Solve the equations (x+2y)*+(2¢ —y)?=85, ay=4. 

7. From two towns 445 miles apart, two cyclists start on Monday 
morning to meet each other. One travels at the rate of 48, the other at 
the rate of 57 miles a day. Find on what day they will meet. 


XXX. 1, 
1. Multiply 223 —32?+42-5 by 322+4¢+5. 
x 2 a b c 1 1 1 3 
2. Prove the identity eae teagan woe bs coe = 
3. Solve the equations et picks <= we Gude x5 
z-3 y-2 "2-3 y-2 ~~ 


4, Solve the equations x+y=7, xy=4 by a geometrical method, as 
accurately as you can. 

5. A cycles along a road starting at 15 miles an hour, but diminishing 
his pace by 3 m. an hour at the end of each hour. B starts at the same 
time, in the same direction, at 9 m. an hour, increasing his pace by one 
mile an hour at the end of each hour. Draw in one diagram a graph to, 
give their positions at the end of each hour. Determine when and where 
they meet again, and how far apart they are in 5 hours. 

8. Solve the equations 2 —ay+y?=21, 

te — aa 

7. A and B, who live » miles apart, start at the same time to visit each 
other. If A travel at the rate of g miles in an hour, and B at the rate of 
r miles in an hour, express in terms of 7, g, and 7 the time which will elapse 
before they meet. 


XXX. m. 
: - @—ab+b? a? —b? 
1. Multiply a? —3ab(a —b) — 6° by a +6? 
2 —-3 7x2-32-9 
2. Solve the eoastos = ‘ 


2 
3. Find the square root of ga 
4, A man spends £75 in 64 days. Draw a graph to give his expenditure 
in any number of days. Write down his expenditure in 17, 35, and 49 
days, to the nearest shilling. 
5. Draw the graphs of z*+y?—4a—-8y=0 and 2y—2=6, in the same 
diagram, and hence solve the equations. 
6. Solve the equations (3a+y)? —(3y+2%)®=24, 
e+y?=d. . 
7. A rectangular grass plot, 8 ft. longer than it is broad, is surrounded 
by a path 2 ft. 6 in. wide. The cost of making the path, at ls. 6d. a square 
yard, is £3. 2s. 6d. Find the length and breadth of the plot of grass. 
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XXX. n. 


- yep a — 307) + 3ab? — 5% 
i} Stnplty eo hp ae 
(1+2)8_25 
1423 13° 
3. Resolve into factors (i) (at —b*) —(a+b)?(a — 6)? + 26(a5 +6). 
(ii) 23 —102?+ 31x —-30. 


4, Draw the graphs of y=2x-2%, 2a+y=0, and hence solve the 
equations. 


2. Solve the equation 


5. Determine graphically the maximum value of 3—427-12x. Write 
down the value of x in that case, and verify your results by algebra. 


6. Solve the equations 42? —-6ay+y?=11, 
3y* — 2ey=14. 


7. A walks over a certain course and back again; B starting at the 
same time walks at half the pace of A over five-eighths of the course and 
back again. A passes B half a mile from the winning post: find the length 
of the course. 


Solve the problem graphically or by algebra. 


XXX. p. 
1. Divide ab(x?+y?)+(a?+6?)xy+(a—6)(e%-y)-1 by ax+by-1. 
2. Solve the equation 6(a+4)?+ (a —4)?=5(2?-16). 
3. Factorize (i) a(a+b—c)(a—b+c) —b(b+c-a)(a+b-c). 
(li) vt —3a2y? + y4. 


4. Draw the graph of y=x?-—32, using a large x unit. Hence solve, 
as accurately as you can, the equation 2? —32=7. 


5. A, starting at noon, cycles 15 miles in the first hour, and diminishes 
his speed by 2 miles an hour at the end of each hour. B, starting at 
2.30 p.m. in his motor car, catches him up at 4.30 p.m. How fast does B . 
travel? Solve the problem graphically. 


6. Solve the equations a4 x + : =13, 


7. A woman has a fifth more apples than pears, but obtains a pound less 
for her apples when they sell at sixteen a shilling than for her pears, each 
of which is worth two apples. How many of each kind of fruit has she ? , 


: 
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CHAPTER XXXI 


4 LITERAL EQUATIONS 


169. Instead of numerical coefficients, we sometimes have to 
deal with coefficients denoted by symbols whose values are 


supposed to be known. 


Such coefficients are called literal. 


The methods of solution are the same as in dealing with 


numerical coefficients. 


Simple Equations. 


(One urknown.) 


Example 1. Solve the equation 
a-a@ x+a_ 2ax 
a-b a+b a—b 


Multiplying both sides by a? —}?, 


(x —a)(a+b) -(x+a)(a —6)=2az. 
Removing brackets, and transposing, 


x(a+b-—a+b —2a)=a? 


—ab+a*+ab, 


2a(b —a)=2a?. 


Dividing both sides by 2(6-a), © 


Examples. 
Solve the equations : 
e+a_, = 
: Pa x—b° 
ae} a-6 a+b 
“g-e «+c 
fet oho. 1), lids pte 
De epi % i er ae b%c2z), 
ax a bx 
aah 9 ab ae: 


9. (x -—a—b)?=2? —(a -6)?*. 

eo ee 

‘g-a 2-b x 

x—-2a_ x-a 

‘“g+2a x+a 

3{ab—e(a+b)} , (2a+b) be _be 
a+b a(a+b)? a 


XXXI. a. 


PB PS Be aio 
wZ-C x-a 


x x+1 


‘ate atbt+e 
3u a ot 
10. qt 2b(a—c) +, =c(a + b}i+ " 


12, —* Sea tea 
a-6 x-a_ 2(a—-b) 
NE z=a 2-6 x—(a+6) 
a*b? 
~(a+6)" 


, 
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Solve the equations : 
2 os 2 = = 
16. (a’ 1)(az+1) , (4 +1)(x a) _ax+1 , a(az 1) 


a*(x+a) ax+1 ata axt+l 
x x a+b “—-a,£-¢ xt+2a_(x+a\? 
Te carb atbe ab te hia ee Te enlace) 
a Ue Peale e-2b .a-b > 2(2—a) 
e eta’ x+b x+ato mh a+b a+2b 3b 
22. (x+a)(x+b)+(a+b)(x+c)=(x+e)(x+d)+(x+d)(x+a). 
nay Seen, eee Te ee 
“g-a@ zw-atc x-b-c x-b 
1 1 a-b ‘ax bx 
24, zoa @-b a? ab" 25. =n Tey =at+b. 


\ 


Simple Simultaneous Equations. 


*170. Example 1. Solve the equations ax+by=p 
OE —AYHGi scscavesceexepincta-caeae (2) 
Multiplying (1) by a and (2) by 6, 
a*x+aby=ap, 
bx — aby=bq. 
Adding, x(a? +b*)=ap+bq, 
_ap +bq 
a?+63° 
Tustend of substituting for x to find the value of y, it will be simpler td 
eliminate x from the given equations. 
Multiplying (i) by 6 and (2) by a, 
abz+b*y=bp, 
abx — a®y=aq. 
Subtracting y (a? +b?)=bp —agq, 
“ bp —aq 


/ : apt+bg ._bp- 
a: at+oa? Y= abt 


is the reqd. solution. 


x 
Sa: V ae 1, crennoncnengeer ee erg ee (1) 
sa 
at ask sieeve pis anna cagaseieaes rates ansenant (2) 
a, Let Lipa 
Subtracting, «(1-} +y(4-2 =0, 
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Substituting in (1) or (2), 


*Examples. XXXI.b. 


Solve the equations : 


. 8(v-a)-2(y+a)=5-4a, 2. (a+b)xicy=be, (b+¢)y+ar= —abd, 


2(x+a)+3(y-—a)=4a-1. 3. ax+by=3(a?+b?), x+4b=y+42a. 


. ax+by=s, ax —by=t. 5. ax —by=a*, bx —ay=6?. 
. at +by =a? +2ab —6?, ba +ay =a? +b. 
- (a+b)u+(c+d)y=be —ad, (a—b)x+(c —d)y=ad —be. 


th 4 ie 1 x Tig epi k 
D=6 C=64 2 pec —ard—l. b—c. 


. a(x+y) —b(x-—y)=2a, (a? —b?)(x —y) =4ab. 
. ax —by=2ab, 2bx + 2ay =3b* — a. 

. e(b-c)+by—c=0, y(c —a) -ax+c=0. 

. axy=c(bx+ay), bxy=c(ax — by). 

. Cx + 2a*y =(c +a) (cx + 2ay) =(c —a)?. 

. axy+b=(a+c)y, bry+a=(b+e)y. 


x y a@ib? x y a®+6* a 


fe, ¥ SER De ib see 
“a+b'a-b a®-b” b'a ab’ . ty xz Y 
. (a—b)x+(a+b)y=2(a? -—6?), ax —by =a? +6? 
. axt+y=c, «+by=d. 
. ab(bx — ay) =c(a —b) (a? + ab +b?) =c(a*x — 5*y), 


wl BMI po Et 21. (a? -1)a —2ay=a, 2ax-+-(a?-1)y=1. 


‘10a+36- «46 2a” 
. by+cz=a, cz+ax=b, ax+by=c. ' 


= =f =, Ix? +my? +n2=1. 


Cn) 
. aly +2z)=y2z, b(2+x)=22, c(u+y)=zy. 


QUADRATIC EQUATIONS 
171. When the equation has been simplified, the factors can. 


generally be seen by inspection. 


Example 1. Solve the equation x? —3ax —18a*=0. 
Factorizing, (x — 6a)(x%+3a)=0; 


*, w=ba or —da. 


B.B.A. ; & 
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Example 2. Solve the equation az(x —1)+b(a+1)=26. 
Removing brackets and re-arranging, 
ax? +2(b —a) -b=0. 
Factorizing, (ax+6)(x-—1)=0; 
* atz+b6=0 or 2—1=0) 


e=-= orl. 
a 


Examples. XXXI. c. 


Solve the equations : i 
. «(5a — x) =6a?. 


1, 2? —2ax=15a7. 2 
3 be(a-Z) -(a-=)=0 4, 22 —(a-+b)x-+ab=0. 
5 i? — 20x tat + 6 pe(2-Z)+q(e-2)=0. 
poe Ups ie 
£ p-a pt+x : BT ps 
9. aba? +1=(a+6)a. 10. Oe es. 
2. . 2 
11. ax(z —3b)+2(2+2b)ab=16ab*, ) 12, oe aL =o. 
Soasen Ore ES Fete Se 
15. w -2ba =4a?+4ab. 16. 4ax +6? =4a? + a2, 
17. (a? — b?) (a? +1) =2(a?+6?)a. 18 pall Sek | Dat oe) xe 
* a-b bSea die Se 
a | Nee, PR 1 1 1 
Fe w+a-1 e-a+1 @-1 pe eid eb mock 
1 b a 
. 4a? 2=.. —— + -2= 
21. 42° —4ax+a*=—, 22. “gar geen pp 3 
b-x a-z ab ax?*—b a+ba?_ 2(a®+b?) 
ec aes ee) Mery - ax+b'G—be @-8- 


25. bx? +ay?=a9 +63, e+y=a+b. 


EQUATIONS IN AN IRRATIONAL FORM 


172, The square root of any quantity may always be regarded 
as having two values equal in magnitude but of opposite signs. 
For example, the square root of 49 is +7. When, however, 
such an expression as /2%+3 occurs in an equation it is usual 
to regard it as meaning the positive value of the square root 
of 2a+3. It might be contended that /42+7-J42+3=2 
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was the same equation as J40+7+/4¢43= 2; but they are 
commonly regarded as being different, and iilerubtions are given 
that after solving an equation of this sort, the answers obtained 
should be substituted in the original equation to see whether they 
satisfy it. 

Example 1. Solve the equation V4x+7+V/42+3=6. 


By transposition, A 45 =O A AES TS Gs Baca (1) 
Square; fo A$ B=86 -12V EFT $A Ts coccsecccseeees (2 
. 12V4e+7=36+7-3=40; 
Viet =12. 
_ Square ; £3 4u+7T=190; , 
4g=37 5 3. w=Si, 
This root will be found on iecaenisi to satisfy the equation 
V404+7+V 4043 =6. 
Example 2. Solve the equation V2z+34+Va—10=6, w..eeeeeeeee (1) ° 
By transposing, V22+3=6-Vx-10. 
Squaring, 22+3=36 -12V2-10+2-10: 
; Wi Bi 12 ha Ws anes saseasvonncssnnin ».(2) 
Squaring, a* - 46% + 529 =144(x - 10) 
=144x - 1440; 
x* -1902= - 1969 ; 
crit Weacoy el WAU 


The result 11 natiaties the equation; 179 does not. The fact is that in 
solving equation (1) we have introduced an additional root through squaring. 
As we squared equation (2) it would have made no difference if we had 


written it x-23= 12V'3 x—10. Thus, in solving (1) we are also sclving the 
equation V2z+3 —Vx—10=6; and this is the equation pees is satisfied by 
the result 79% 


* This may ‘be expressed in general terms. 
If we solve an equation P=Q by squaring, we introduce generally an 
_ additional root. 
The equation becomes P?=Q4, : 
i.e. P? —Q?=0, 
i.e, (P+Q)(P-Q)=0. 
Thus‘ we have not only the original equation P—Q=0, but another one 
also, viz. P+Q=0, t.e. P= -—Q. 
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Example 3. Solve 2?-2+5V/ 2x" -52+6=3(32+33). 


2a? — 2a +10V 2a? — 5a +6 =3a +33 5 : 
*, Qa? — 52 + 10V 22% — 52 + 6 =33. 
Let Vint aba 46 5a+6=y, i.e. 2a2-5r+6=y% 
Then the equation sacle i 
—6 +10y=33 ; 
z 5 10y -39=0; 


f (y -3)(y +13) =0, 

ie. V2x?—5e+6=3 or -138, 
222-54 +6=9; 
2a? — 5a —-3=0. 


By substitution it will be seen that the negative value (-13) of y will 
not satisfy the equation. 


Thus the question has been reduced to the solution of a quadratic 
equation. * 


The following plan is sometimes useful. 


Example 4. Solve V2a?+0a—1+-V2a2—T#L7=6. sesessesseseesseneees (1) 
Now evidently 22x? + 9a — 1 — (2a? — Te + 7) =160-85 2.2... reccereeseees (2) 
*, from (1) and (2) by division we obtain 


V 2a? +92 —1 —-V 222 Ek, ey etc 3 caleliteisessccseantstep 


3 
*, by adding (1) and (3) 
2V 2a? + On = 1== o= it, 


*, 6V 22? +9r—-1=8r+14; 
J 3V 222 +9n—-1 =4247; 
.. by squaring, 182? + 81a —-9=162? + 567449: 
.. 2274252 -58=0; 
“. (2%+29)(%-2)=0; 
*, w=2 or -29, 
Test, as before, to see whether the roots satisfy the equation. 


Examples. XXXI. d. 
Solve the following equations and verify the solutions by substitution : 


1. V2243=5. 2. V3e-5=1. 

3. 3/42 -1=3. 4. 5V2-1l=Vaee+l. 

5. Vz—-l=V2z-1. 6. V22-9= 

7. V3e°—4249=3. 8, V2z434+V2e—2=5. 

9. Vig+1 -V22=V ie. 10. Vie +9 ~V3e41=V 22-6). 


11. V2e+10+2V2+6=2. 12. V2z+8+2V2+5=2. 


XXxXI.J EQUATIONS IN AN IRRATIONAL FORM 255 


13. 2+5=V2+5+6. 14. Vzt+1+V2r+8=7. 

15. Vz-V 2 —(a—b)?=a+6. 16. 22? =21+4+~V22-9. 

17. Var+0?+Vax—-Qab=2a+b. 18. V14924+Vdetl=vVeel. 
5 se pipe ees =e a 

19. age t2 +e. 20. vbar+40 +V5ax —46=4V 0b. 
pepe: «48,14 2 a 

21. ee or 22. V2+1+V244=V209. 

23. Vivh+ Vex 24. Ve+av4r4+2a2=a4+vV xz. 

25. Vz —a?# -V2—b?=b -a. 26. 2 +V 2? +30+5=7 - 32. 

27. 22+V 2? —5241=52r+1. 28. 22420467 2242245=11. 

29, 22420447 a? +2248 =24. 30. 3a? — 2/32? — 22 +1 =2(2+1). 

31. 92 —3a2 +472? -32+4+5=11. 32. 222 —-V (a —3)(22 —7) =132 +9. 

33. V2? +3246 -V2?+3¢-1=1. ‘ 


*173. We now give some miscellaneous equations, of which the 


following are types. \ 
Example 1. Solve the equations : 
Ute Ee = VO. adehesscarssvegatesepsvewsgsivecnss (1) 
ay? +22 =133, eceeeeee Da a A (2) 
MIE eh iy EI JORIS EOE IE OO (3) 
Squaring (1), subtracting (2) from it, and dividing by 2, 
DY AUC Cd AS nastee sees tes ewasnscecssets sans cecers (4) 
-. from (3) i a(y+2%+z)=114, 
and from (1) z—6. 


Substituting this value of x and solving for y and z we obtain the 
following solutions 


Example 2. Solve the equations : 
x(y+2z)=7, 
y(x+z)=4, «... 
Z(VEY) =H. ccverecvececrsccscsscrscescasecces elo) 

Adding (1), (2) and (3), and dividing by 2, 

xy +y2+20=8. 
Subtracting (1), (2) and (8) from this, in succession, 
W215 
2z=4, 
ry =3. 

Whence by multiplication,  x?y’z?=12 | 
eye = se VI2;. 

2 anaes yt ev 
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Example 3. Solve the equations: 


Rt QyZ== 48, .. .u-- saossuggecconsecdareeserentnn: (1) 

7 B20 = 4G. accep saaewuveneos cocnereorseasss (2) 

BED gf AS seven casiassnsheccceeccensssuasests (3) 
Adding and taking the square root of both sides, 

Bt Of A a le Va oven edge pu ssrmaseseees weerbens (4) 


Subtracting (2) from (1) and factorizing, 
(x —y) (x+y —2z)=0. 
“. S=y or e+y=22. 


(i) If e=y, from (1) x" + 24z=48, 
and from (3) 224+227=48, 
whence 2s 
., ©=y=z, and from (1) or (2) or (3} 
v= $4=y=2. 
{ii) If 4 c+y=2z, 
from (4) z=+4=a2=y as before; 


“. *=y=2=44 are the only solutions. 


*Examples. XXXI. e, 


Solve the equations : 


1, {a+y)8+23=1125, 2. rz=y?, 3. 23 - 27 =f, 
e+y+z2=15, e+ut+z2=13, 
xy = 24. e+y?+2=91,. 
4, +9, 1927-% 7, 6. ay F=10. - 
zy ety ee 6 nae a+b, 
3 — e = =boy -+-=2 
xy =3 xy* —x=6by zy 2. 
7. at+ay+y*=2a? +32y +y% =c3, 
& | ety+z=7, . 9, Uta, e-a_a 
xy +az+yz=14, “zab 2-6 6 
xy2=8. 
. (%-a)(x-b)_aw-a-—b ' 5 5 /@O\ae 
10. odica) acend) 11. (ax +6y) + (ay ~b2)* =2(F 4-2) : 
: ey oa®+b 
ya ator 
12. a(yt+2)=5, 13. (e+ y)(%+2z)=1, 
ule +2)=4, (y+z)(y+%)=4, 
uUe+y)=3. (z+2)(z+y)=9. 


14, Find the rational solutions of the equations, 
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INDETERMINATE EQUATIONS 


*174, When we have but one equation involving two variables 
we can generally find any number of solutions. (Art. 57.) 

Such equations, however, often admit of only a limited number 
of positive integral solutions. 


Example. Find the positive integral solutions of the equation 
DE LLY VOSS esse ce os oes Revceesscestentoseuene (1) 


By putting z or y=0, 1, 2, and so on, one pair of roots can generally be 
found without difficulty. 


Here we see by trial that one pair of roots is given by x=5, y=14. 
NEDO Kd Ad Ube se osxnersasrioavoo hestesscases (2) 
Subtracting (2) from (1), 5(2 —5) +12(y -14)=0. 
5 (a —5) =12(14-y), 


Zale 
l4-y 5 
Now “ is in its lowest terms, and x and y must be positive integers, 
. «-5=12p, 
and 14 —y=5p, where p is an integer. 
WE D== DE BLD, caveiot vase dees vdds see costes tse (3) 
Ya NE — De sssee. setoccaes cts papeaseecwne() 
From (3) p cannot be <0, for then x would be negative. 
coctiee (4) Aca eee S76 cencoosuap Taras O ut 1 CO OHOQUCEC : 


*, 0, 1, 2 are the only admissible values of p. _ 


Hence from (3) and (4) the only positive integral solutions of the given 
equations are 
(p=0) x=5 (p=1) x=17 (p=2) «= th. 
y=14 ; y=9 y=4 
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*175. In how many ways cana bill of £2. 7s. 6d. be paid in half- 
crowns and half-sovereigns ? f 


Let x be the number of half-crowns and y the number of half- 
sovereigns required to pay the bill. 
Then 3a+10y=474 
5a +20y=95 
et dept On cramenl .tumitengoe dost (1) 


Now z and y must evidently be positive integers, and we see 
that the equation is satisfied by x=3, y=4, 


1.6. Sea nodes 19 Woda cnectieee (2) 
Subtracting (2) from (1) 
~-3+4(y —4)=0, 


2-3=4(4-y), 
ss ee 
4-y 1’ 
: * gi 34, 
4—y=p, where p is an integer. 
v.€. 2=3+4p, ee ee ic (3) 
yd. ce eae (4) 
From (3) p cannot be < 0, for then ~ would be negative. 
or (4) ona xsnaa tyro acngliek Alentt- seein’ W acastecvescem amet: Oeeteee 


“. 0, 1, 2, 3, 4, are the only admissible values of p ; 
ve. there are five ways of paying the bill. 


This includes as a solution the case when no half-sovereigns are 
used, for when p=4, y=0. 
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GRAPHICAL SOLUTION OF INDETERMINATE EQUATIONS 
*176. Example. Find the positive integral solutions of the equation 


32 +2y=30. 
Use a half-inch unit. 
When z=0, y=15, 
=U, 210: 


Joining the points (0, 15), (10, 0) by a str. line, we have the graph of 
the equation 32+2y=30. 
The only points, whose co-ordinates are positive integers, through which 
the line passes, will be seen to be the points 
: (8, 3), (6, 6), (4, 9), (2, 12), not counting zero values. 
.”. these are the reqd. solutions. 


*Examples. XXXI. f. 
Find the positive integral solutions of : 


1, 27+5y=35. 2. 2x+3y=15. 3. 5u+2y=27. 

4. 7x +3y=73. 5. 92 + 5y =33. 6. 7x+13y=207. 
How many positive integral solutions are there of : 

7. 22+13y=185. : 8. 27+ 1ly=165. 

9. 4% +9y =207. 10. 72+3y=119. 


1i. Prove that the equation 7x -5y=16 has an infinite number of positive 
integral solutions. 
Use graphical methods to find the positive integral solutions of : 
12, 3¢+2y=17. 13. 52 +y=18. 14. 32+4y=48. 
15. 22+ 7Ty=23. 16. 272+3y=30. 
Find graphically, or by algebra, all integral solutions of the following 
equations which have positive values of x and negative values of y: 
17. 2 —2y=12. 18. 2% -3y=24. 19. x-y=4. 
Find graphically, or by algebra, all integral solutions of the following 
equations which have negative values of x and y: 
20. 2x+3y+24=0. 21. 4x+3y+24=0. 22. «+2y+12=0. 
23. A man bought a number of books at 5s. each, and a number at 7s. each, 
and spent 38s.: how many of each did he buy ? 


24. A man bought a number of geese at 7s. each, and a number of turkeys 
at 1ls. each, and spent £4. 6s.: how many of each did he buy ? 


25. In how many ways can I pay a bill of 31s. in sixpences and shillings, 


excluding zero solutions ? : 
_ 26. Divide 59 into two parts so that one may be a multiple of 9 and the 
other of 4. 


27. A has only four-shilling pieces, and B only half-crowns. What is the 


simplest way in which A can pay B the sum of 35s. ? 
"28. In how many ways can I pay a bill of 37s., if I have only florins and 
- half-crowns in my pocket ? 
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29. The sum of two fractions is 2,5, and their denominators are 4 and 7. 
Find all the solutions of the problem. 
30. Find general formulae to represent all the integral solutions of the 
’ equation’.9z —13y=63. 
31. A has 25 four-shilling pieces, and B 25 half-crowns: in how many ways 
can A pay B the sum of 37s. ? 


32. Find the positive integral solution of the equation 5x +13y=227, for 
which the value of x is largest. 


33. A man exchanges a number of geese at 7s. each, for a number of turkeys 
at 13s. each, and receives £4. 13s. in cash. Find the number of ways 
in which the exchange can be made, a condition being made that the 
man shall not take more than 20 turkeys. 


CHAPTER XXXII 
THEORY OF QUADRATIC EQUATIONS 


177. To prove that a quadratic equation cannot have more than 
two roots. 


If possible, let the general quadratic equation 
ax* + bx+ce=0 
have three different roots a, B, y. 


By hypothesis, each of these values of satisfies the equation, 
.. by substitution 


do's ba eae Oy.) 2. ee (1. 
/S GS & Gee U, 7 giacencieseeext aenecemearee (2) 
ay? + Dip On) rn. inupsde teciepeceiincers nage (3) 


Subtracting (2) from (1), a(a? — 6?) +b(a— 8) =O. 
Dividing by a —, which by hypothesis is not «qual to zero. 


(0,45 B48 2a oes wunyce oy sai empaesis Saunt nes (4) 
In the same way, subtracting (3) from (1) and dividing by a—-y, 
Oh a op) D xO. os nae nor snes denen nana ana»(B) 


Subtracting (5) from (4), a(8-—y)=0; 
.. a=0 or B-y=0, 
which is impossible, for a is not equal to zero, nor is 8 equal to y, 
by hypothesis. 


.. the quadratic cannot have more than two roots. 
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178. The square root of a negative quantity cannot be found. 
It is said to be ‘ imaginary,’ or ‘ unreal,’ or impossible.’ 
The quadratic equation ax? + br +c=0, will have 
(1) real and different roots if b?>4ac, 
(2) real and equal roots if b? =4ac, 
(3) imaginary roots if b?<4ac. 
We have seen (Art. 149), that the solution of this equation 
may be thus written : 
if ab +,/b? —4ac 
SS 
(1) If 6?>4ac, b?-4ac is positive, and the value of /b?-4ac 
may be found ; : 
*, we then have two real and different roots, 


viz, ~b+VO—Mae | —b- VP tae 
2a 2a 
(2) If 6?=4ac, b? —4ac=0; 
. <== 2 is the only solution ; 
in other werds the roots are equal, and each equal to 
peas 
3a" 


(3) If t?<4ac, t?—4ac is negative, and the value of 
_ /6? —4ac is imaginary. 
Hence the equation in that case has no real roots. 
By means of the above we can determine the nature of the 
roots of a quadratic, without actually effecting its solution. 
The student must be careful to distinguish between «rational 


and wnaginary roots. 
If the roots of ax?+bx+c=0 are. rational, b?-4ac must be a 


perfect square. 
The roots of 22—27-—2=0 are 1+/3, and 1- V3. 
These are real but irrational. 
The roots of a2 -2a+4 are 1+/—3, and 1-/-3.: 
These are imaginary. | F 
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179. The rocts of ax?+bae+c=0 are equal, but of opposite sign 
ff b=0. 
The roots are equal but of opposite sign, 


t -b+VP—4ac | 
2a = 2a 
_b+V—-4ac. 
"err. 
Pai 7 re 
2.e. if Tatae 3 
de. if b=0. 


Example 1. When we solve the equation 27+ pz -—g?=0, the expression 

under the radical sign 
=p? +4q’, (6? —4ac) 

which is positive. 

.. the roots of the equation are real and different for all values of 
p and q. 

Example 2. When we solve the equation 522-27+4=0, the quantity 
under the radical sign 

=4-4x20, which is negative. 
*, the equation has imaginary roots. 


If we drew the graph of y=5a?-2x+4, as in Art. 151, we should find 
that the curve does not meet the axis of x, 7.e. no real value of x can be 
found which will make 522 — 2a +4 vanish. 


Example 3. When we solve the equation 2x? —- px +8=0, the expression 
under the radical sign 


=p? -4x16=p? - 64. 
.. if p?=64, te. if p=+8, 
the roots of 2a* —px+8=0 are equal. 
180. In the quadratic equation ax? + bx +e=0, 


(1) the sum of the roots = a 


(2) the product oj the roots =<. | 
Let a and B be the roots. . 
aa 0+ Nb = 4a0 
oa 2, 


_ -—b-VJ? —4ae 
B oa tad 
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Adding, a+B= “ 
Gee b? — (6? — 4a 
Multiplying, aB= a ) [(p+g)(p-9)=2- 2) 
_ 4ac 
~ 4a? 
eae! 
ae 


If we write the equation in the form w+ "FS @o, we may 
express these results as follows : 

When the coefficient of x? in a quadratic equation is unity, 

(1) the sum of the roots is equal to the coefficient of x with 


the sign changed ; 
(2) the product of the roots is equal to the constant term. 


These results are of the greatest importance, and will be found 
most useful in solving problems concerned with the roots of 
quadratic equations. 

181. If « and B are the roots of az? +bx+c=0, 

ax? +br+c=a(xr—-2)(x—-f). 


ax*+ba+e= a(at+ 2 +2) 


=a[a—(a+P)x+uf] 
=a(x—a)(a—f). 
In the same way, if a and # are the roots of 27+ pr+q=0, 
a? + pa +q=(x-a)(x—f). 
Example 1. The quadratic whose roots are —5 and 6 is 


(x +5)(x —6)=0, 
or a*—x2 —30=0. 


Example 2. If a and £ are the roots of x*-px+q=0, find the values of 
(1) a - (3, (2) a? +f, (3) a? +8%. 
(1) 


Squaring (1) and subtracting four times ( 2), 
(a - 8)? =p? -4q; 
ni -. a-B=+V p* —4q. 


\ 
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(2) Squaring (1) and subtracting twice (2), 
a? + B? =p? — 2q. 
(3) Squaring (1) and subtracting three times (2). 
a® — a8 +8? =p* — 3g. 
Multiplying this with (1), 
a® + 63 = p(p? — 39). 
Example 3. If a and 8 are the.roots of az?+bx+c=0, form. the 


: 1 
equation whose roots are a? and =. 


B 


The sum of the roots of the reqd. equation =~ 4 
B 


ap 
lec@ 
The product of the roots yen 
.. the reqd. equation is 
2 0% a 
x? +—+—-=0, 
Cc c 
or cx? +bx+a=0. 


182. If a is positive and a, B are real roots of the equation 
ax? +ba+c=0, the expression ax*+bx+e vanishes when x=a or PB, 
and is positive for all other values of x except for those lying between 
aand f. 


(1) The values a and £ satisfy the equation ; 
., the expression az? +bx+c is zero when x=a or f. 
(2) a+fp=-2, aB=S. (Art. 180.) 
ey aa? +ba+e=a( a? +724) 
aa 
=a[a*—(a+B)x+af] 


=> —-a@ = + Hae eee eee eeeneene 1 
Let a be greater than ~. panty Ss 


When x >a, x—« is positive and w— is positive ; 
.. from (1) az? + bx +c is positive. 
When « <.a but >, x—« is negative, 


and x —f is positive ; 
.. from (1) aa? + be +e is negative. 
Lastly, when x < B, x—« is negative, , 
and «- is negative; 


. from'(1) a2? +.ba+< is positive. 
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“, a+bx+c=0, when x=< or f, : 
is negative when z lies between a and f, 
and is positive for all other values of z. 

It follows that if a is negative and « and B are the roots of 
ax* + bx +c=0, the expression az*+bxr+c¢ is zero when x=a or f, 
negative for all other values of x except for those lying between 
a and £. 


Example 1. To prove graphically that the expression x?+2-6 
(i) vanishes when x=2 or —3, y 
(ii) is negative when x lies between 2 and —3, 
(iii) is positive for all other values of a. 
(i) If we draw the graph of y=2?+2-6 as in Art. 151, we shall see 
that the curve cuts the axis of x where x=2 and x= —3. 
(ii) When = lies between these values, y is negative. 
(iii) For all other values y is positive. 
x*—32+4 


Pa3en4 Can never be greater than 7 nor less 


Example 2. Show that 


than + for real values of x. 
a? —3xr+4 
ec IE oY Uae 
Multiplying up and rearranging as a quadratic for z, 
x7(1 —u) —3z(1+4u) +4(1 —~)=0. 
When we solve this quadratic for x, the expression under the radical 
sign =9(1+u)?-16(1 -u)? (6? — 4ac) 
= -7+50u —7u? 
=(-7+u)(1-7u) 
=7(u —7)(F -u). 
Hence if wu > 7, u—7 is positive, and + ~wu is negative. 
.. the expression under the radical sign is negative and x is imaginary. 
If u<7 but > }, u-7 is negative and + —w is negative. 
*, the expression under the radical sign is positive, and z is real. 
Ifu<t, u—T is negative, and 4 —v is positive. 
*, the expression under the radical sign is negative and 2 is imaginary. 
Thus for real values of x, w cannot be greater than 7 or less than +. 


183. Find the condition that the equations ax*+ba+c=0 and 
a’'a? +b'x +e =0 may have a common root. 
Let « be a common’root of the equations. 


Then by substitution Ga? +ba+6=0,  crccrceereerreers xvas) 
a'o2 +B ate =O. o.sseecceeeeee Sate fe (2) 
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Multiplying (1) by 0’, and (2) by 8, and subtracting, 
a2(ab’ —a’b) + b’c — be’ =0, 


be’ —b’c 
Se ee emer (4 
or a ab —a'b ( , 
Again multiplying (1) by a’, and (2) by a, and subtracting, 
a(a’b —ab’) +a’c—ac’ =0, 
a’c —ac’ 
SE Ce saan asa 
or a ab’ —a’b ( ) 
rf be’ —b’e_/a’c—ac'\? 
we JrOom (3) and (4) ab =a'b - (=a) 9 
or (ab’ —a’b)(be' —b’c) =(a'c—ac’)? ; the reqd. condition. 
Examples. XXXII. 
Form the equations whose roots are : 
LP 2; &. 2. 4, -5. 3. 3, -3. 
_ 4.0, -3. 5. 2a, —3a. 6. a+1, a-l. 
itn ms ys 8. miVm—n. 9. ms V mi An 
a a 2l 
10. 3+-V3, 3-V3. ig 


12. For what value of & will the roots of x? -10a=k be equal ? 


13. What is the condition that the roots of the equation z* -pxr+¢=90 
may be rational ? 


14. Prove that the roots of «* -32+k=0 will be imaginary if & is greater 
than 2}. 


15. Solve the equation x? — px +q=0, and hence find (1) the sum of the 
roots, (2) the product of the roots. 


16. If a and Bf are the roots of az*+bx+c=0, find the values of 
(1) a— 8, (2) a?+ 6%, (3) a3 + 6%, (4) at +84. 

17. If a and f be the roots of the equation z?-px+q=0, form the 
equation whose roots are 2a, 28. ; 


“If a and £ be the roots of the equation az?+b2+c=0, determine the 
equation whose roots are : 


tyre cee! 19. 32, 33. 20. § é. 
2a 26 an) Bt 
21. e é . 22. 28 “-@y 2a —B. 23. B’ ah 


24. Find the numerical value of a in the equation ax*+2%+3a=0, when 
the sum of its roots is equal to their product. 


25. If one root of the equation az*+ba+c=0, is double the other, prove 
that 9ac= 202, . 
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2 2 
26. Form an equation whose roots shall: be me Eas where a, 8 ara the: 


roots of the equation 2*=pa+p*. 
27. If a, 8 be the roots of the equation ax?+ba2—a=0, determine the 


‘ a 
egaation whose roots are BP E 
a 


28, Find the sum of the cubes of the roots of 22+ pa+q=0. 


29. If a, 8 be the roots of the equation p2*+gr+r=0, find the equation 
whose roots area+8,a8. Find also the value of at+f4. : 


30. If a, 6 be the roots of the equation aa? +ba+c=0, form the equation 
whose roots are a? and £?. 


31. Find the quadratic equation whose roots are the squares of the roots 
of the equation «?=pr+gq. 


32. Prove that the equation a* -2(k+2)x-k*=0, cannot have equal 
roots for any real value of k. For what value of k will the roots be equal 
but of opposite sign ? 


33. If a, 8 be the roots of the equation Riek maby prove that 
x*+px+q will be a negative quantity, if x be put equal to $a 2, 38. 

34. Find the condition that the two quadratics 2*4+px+q=0, 
224 p’x+9q’=0, may have a common root. 

35. If a, B be at roots of the equation a+ petq= 0, prove that 
at + B*=(p? — 29)? - 

36. Show that one oat the roots of the equation pax anh TED; will be 
double one of the roots of the equation ra*+q2+p=0, if either r=2p or 


Qptr=+qv2. , 

37. If as B be the roots of the equation. 2?-pa+q=0, prove that 
a8 + 6° =p* — 5p*q + 5pq?. 

38. Prove that, if one of the equations 

x?—2(3c-—b)+bc=0, 2x -—2(5c —b) +4c?=0, 

has equal roots, so has the other. 

39. If p, ¢ be the roots of the equation ax? + 2b —c=0, find the equation 
whose roots are p, g° 

40. One root of the equation 2?+ax+b=0 is double of the other; and 
one root of the equation z+ ax +¢=0 is equal to three times its other root. 
Find the' value of .. 


41, Prove that the roots of one of the two equations 
8a2x(2x —1)+b2=0, 4a%x? +b?(4a +1) =0, 
must be imaginary. 
42. If az*+bx+c=0, bea*+cax+ab=0 have @ common root, and if 


a+b+c=0, prove that 
6*(a —c)? =a?c?(a —b)(b -c). 


_ 4%, The roots of:the quadratic az*+ba+c=0 are x,, x,; find in terms 
of a, b, c, the values of (1) (ax, +6)(a%_+6), (2) (ba, +¢)(bx +c). 
44, If x,, x, be the roots of the equation az? +bx+ c=0, find, in terms of 


, 


a, 6, c, the value of I ] 
Brau, * OFaa) 
' B.B.A. Ss 
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: w?432-15 


can have 
-5 


45. Prove that, for real values of x, the expression 


all numerical values except such as lie between 3 and 23. 


* 2 
46. Prove that ~ +7 ++ 
real values ofz. 7 + 


a 
47. Prove that aie oak 


cannot be greater than 2, nor less than +, for 
g 2 2 


cannot be greater than 3 or less than 3, for 


real values of a. a+ 20 +4 
48. For real values of 2, prove that the expression aan cannot 
lie between 9 and — 132. ) 


49, Find the greatest value which the expression x+ V bax —Ta® — x3 
can have for real values of 2. 


aw —ae+ 


50. Find the minimum value of S for real values of x. 
w+a+1 


CHAPTER XXXIII 


Examples. XXXIII. a. 
1. Resolve into rea] elementary factors : 
(i) 622 —232y + 20y?. (ii) v4 -—Ta®y? +y4. (iti) 2-1. 
, ; 9 iff 2 

Fg Sac hand Ea a “@4+e—-12 a-—8a+15° 

3. Find the squares of x+y+2z-—1, and of x+y-—2z-1. What is the 
value of the difference of these squares when z=3(x+y) ? : 

4, Find the L.o.m. of a —ay!, a +a8y, 28+ y8 +27y?(a? + 9°), 

5. Solve the equations (i) 27a2-57a% =14. 


(ii) at +y2=5, at — yt SU. 


6. A travels 42 miles in 5} hours. Find, graphically, how long he 


ge travel 35 miles, and 29 miles. How far did he travel in 2 hrs. 36 
min. 


7. Solve the equations x+2y-—z+4=0, 
3% +4y+z2-1=0, 
5a +6y —32+18=0. 

8. If a, 8 are the roots of the equation 2?+px+q=0, f i 
‘whose roots are a +28, B+2a. ' Cr ee ee 
XXXII. b. 

1, Find tho factors of (i) #2+162+63. 
(li) y® — 43a?y + 4228, 
ii) a? —142> + 492% — 36a, 
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2. f'md the square root of 9x4 — 422° + 3722 + 282 44. 
1 1 2a 


eo oe F-G 24a x +a2 1 l 
3. Simplify ae | oe Soe eae = ax za 
z—a> z3+a8 


4. Solve the equations (i) “+-2 =at+6%, 

bx ax 
(ii) (x —10)(x —7) + (2% -9)(a —8) =103. 

_5. A person after paying income-tax of 6d. in the £ gave away ong 
thirteenth part of the remainder, and then had £540 left. What was his 
original income ? 

6. On an examination paper of maximum 58 the marks gained by six 
oandidates were 52, 47, 41, 36, 24, 12. Draw a graph to raise, the 
maximum to 100, and read off the raised marks of the candidates. Test 
one of your results. 

7. Employ the Remainder Theorem to prove that 24 —423+22?+2+6 is 
exactly divisible by x? -52+6. 


XXXIII. c, 


1. Remove the brackets in 7a+6[b —5{c+4(6-3(a+2c))}] and find its 
value when a=2, b=3, c=1. : 
Picaiiiyh ete 
w—-424+3 2 +2¢-15 w+407-5 

3. Find the u.c.¥. of z*— 823 +132? -302+8 

a — 423 —11z* —-507 +16. 

2e-1 42°-1 
4. Solve the equation Se =223 : cds Us 

z+1 ~3(@-3) =3) 
5. Solve the equations : 

(i) (@+6b)(c+x)+(b+c)(a+z)=(c+a)(b+2). 


ae ees ; 
(li) «+y=3, as =2. 


6. I bought a horse and carriage for £80. I sold the horse at a profit 
of 20 per cent., and the carriage at a loss of 4 per cent., and found that on 
the whole transaction I had gained 5 per cent. What was the original 
cost of the horse ? 

7. Determine the values of & for which the equation ' 

12(k+2)a? —12(2k -1)x-38k -11=0 
will have equal roots. 


1 


XXXIII. d. 


1. Divide 254244422 +2122+232-40 by 2?+42+5, using the method 
of detached coefficients. 


el Rea De a 6? _ [a b\2. 
a simply {2% -2(2% 4%) +5} <(g-1-2)% 
3, Find the square root of dart + 1228 — 11a? — 302 +25. 
B.5.A. 82 
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4, A man travels at the rate of x feet per second. : 
(i) How many yards does he travel per minute ? 
(G5) Miteeinee acest MileS'....c00vseuc te ree ecdess- hour ? 
(CU acco otigs o> zs tx eluates ean a-e eee sone in y hours ? 
(iv) How long does he take to travel y miles ? 


5, Solve the equations : 


, Gin x 48 
G) pea ny 
/ ~ Ba —5 “2 


op 0 ode ey 
(it) esrnterin ts 3y +2e=13xy. 


6. A man on a bicyele, who travels at the rate of 10 miles an hour, and 
another walking at the rate of 4 miles an hour, start at the same time and 
from the same point to go round a field a quarter of a mile in circum- 
ference in the same direction. Find how soon the bicyclist is one-quarter 
of the whole circumference ahead of the walker. 

7, Trace the graph of y=3x-2*, and deduce the valué of 2 when the 
expression 32-2? is a maximum. What is the maximum value of the 
expression ? 


XXXII. e. 
2 
1. Show that 2° +a° is divisible by 22+ pa +5 if p*-27a° =0. 


2. Find the product of e-y, w+y, x2-ay+ty?, a+ayt+y* 
3, Tind the square root of n(v+1)(n+2)(n +3) +1. 


baal 
aes wa 21 of _ 92 
ce eae pe labs Ph eet 25 | Pee : 
4, Express rt fi tae \ in its simplest form. 
x yz 


5. Employ the Remainder Theorem to prove that 
1 -— a? — 228 - 2a4—25 447 
is exactly divisible by #+1 and by #+1. 
6. Solve the equations 
.» @(a~az) b(b+x) _ 
(aida E wus aa 
was 2 F 
(ii) 3—g ~~ Fy (correct to two decimal places). 


7. Two travellers, one of whom travels 3 miles an hour faster than the 
other, set out to meet one another, starting simultaneously from two 
towns which are 216 miles apart. They meet after a lapse of 8 hours. 
Find the rate at which each of them travels. 


8. Divide 1 into two fractions such that the sum of their cubes is 4. 


XXXIII. f. 
1. Divide (w+y)*+(a?—y*)?+(a—y)* by 82%+y2, 
2. Resolve each of the following into three real factors : 
» Ag8 = 232? +28x, y*+lly?-180, @& +2768, 
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3. Solve the equations : 
t+a_ x-b_ 2(a+b) 


() S-@ 2+6,, « 
(li) z2+2y=28, ay+y*=21. 

4, Given that ca, 8 are the roots of 2*+pxr+q=0, find the roots of 
x*+4px+16q=0. : 

_ 5. Prove that the difference of the squares of two consecutive numbers 
is equal to the sum of the numbers. : 

6. A, walking uniformly, but taking a rest of 20 minutes when he has 
gon half-way, does 5 milesin anhour. B, starting at the same time, and 
taking no rest, passes A 3} miles from the start. Find, by the graphical 
method, how long B takes to walk the 34 miles. 

7. Show, by any method, that a*(b—c)+5%(c-—a)+c%(a—b) contains 
6-c, c—a,a-—bas factors. , 


XXXIII. g. 
1. Find the quotient and the remainder when 2x4 -323-22+2-1 is 
_ divided by x —-3. 

2. Find, to three places of decimals, a positive number such that if it is 
added to its square, the sum is unity. 


3. Two workmen take the same time to earn £22 and £21 respectively. 
The former earns £15. 8s. in one day less time than the latter takes to earn 
the same sum. How much does each earn per day ? 


‘ 4, Simplify the expressions 
(i) (-z) (# +b 3a =f). 
6 a/\a+b a-b 
* 1 1 1 
O =a F-Ae a) Cary 
5. Solve the equations 


a a) 
Fa aap te 
... a 6% (a+b)? > > 
(ii) ey tee e+y=e. 


6. A man spends £70 in 45 days; make a graph and read off from it 
his expenditure in 17, 32, and 41 days, to the nearest pound. 
7. If a and B are the roots of the equation az*-br+c=0, find the 
equation whose, roots are 2a and 28. 
XXXIII. h. 
ap Gan — b2gmt4 i 
1. Simplify See Tt mes : 
2. If the coefficients of zt and of x in the product of 22°+432?+axr-—10 
- and 323 —ax? -10”+4 are equal to one another, find the value of a. 
3. Find (i) the u.0.8., (ii) the L.c.m. of a4 +a%b? +64, at -— a*b® + 2ab3 —b% 
4, In the same diagram draw the graphs of 
y=x+3, 2y—-x=8, and 2y+5x=20. 
_ What do you deduce as to the roots of the different pairs of equations 7 
5. If a, B are the roots of a*-px—g=0, form the equation whose roots 
are —3a, —3£. 


- 
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: : 
6. Solve the equations (i) (22?+3a—1)(227+3x —2)=156, F 
(ii) 2(a-1)(y-1)=6(@+y) = —32y. 
7. The difference in the average rates of two trains is 13 miles per hour. 
The faster of the two takes 2 hours less time to travel 164 miles than the 
slower takes to travel 168 miles. Find their respective rates. 


XXXII. k. 


1. 744% =0, ¥42%=s, %42 Hc, prove that a? +b? +c? -abe=4. 
y x Zany ete 

2. Solve the equation 42%7+2x2-1=0, giving results correct to two 

decimal places. 
aietiee b-c a-b+ce\/1 c-b ; 

eae ores (steer Pea \(G-“S") 

4, The denominator of a certain fraction exceeds its numerator by one. 
‘Two other fractions are formed, one of them by adding 9 to the denominator, 
and the other by subtracting 6 from the numerator, of the original fraction. 
These two fractions are equal. Find the original fraction. 

5. An old clock increased uniformly in value from £4. 10s. in the year 
1890, to £8.10s. in 1899. Find graphically its value in 1893, 1894, and 
1897, to the nearest shilling. 


2 a\t 
6. Solve the equations x? + y?=2(a?+6%), a See =8. 
7. Construct an equation whose roots shall exceed by a quantity m the 


roots of the equation ax? +bx+c=0. 
XXXII. 1. 
1. Resolve into factors (i) at —8ab — 480%, (ii) (a? +6?)c+(b?+¢?)a. 
2. Multiply a’ +4a%b + 8ab? + 863 by a* —4a%b + 8ab? — 8b8. 
3. Show that if a+6+c+d=0, then 
a? — $2 +0? —d?=2(a+b)(a+d). 
4, Find the area of the quadrilateral formed by joining the points 


ws (10, 20), (15, 9), (23, 8), (28, 20). 

5. Solve the equations x+y+z=6, 4da+y=2z, 2?¥+y?+22=14, 

6. If a, 6, ec are real quantities, determine the condition that the roots 
of the equation ax? 4+2bx+c=0 may be imaginary. 

7. The journey between two towns by one route consists of 233 miles by 
rail followed by 126 miles by sea; by another route it consists of 405 miles 
by rail, followed by 39 miles by sea. If*the time occupied on the journev is 
50 minutes longer by the first route than by the second, find the average 


speed by rail, assuming it to be the same by each route, and 25 miles 
an hour faster than the average speed by sea. 


XXXII. m. 
— ps my s 
1. Simplify >, [iecthe ae -(a+e -2)}. 


‘2. Resolve inte factors (i) 182?+53a—35. 
(ii) a? + 2be — (c? + 2ab). 
(iti) (2 - 3b)® — 46a + 126%, 
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3. Divide 2* + 625 - 224+ 3723 -52*+13r -15 by 2*-27+5, using the 
method of detached coefficients. 

4, Find the value of V'13 correct to two decimal plaees by any graphical) 
or geometrical method. 
vas z+y=1 
ees sites 


. (ii) ab (a? +1) =2(a? +0). 
6. Prove that if the roots of the equation ax? + 2bz+¢=0 are imaginary, 


the roots of the equation az?+2(a+6)%+a+26+c=0 are also imaginary. 


7. The marks of a form ranged from 225 to 259. Draw a graph to scale 
them from 80 to 0, and read off the scaled marks corresponding to the 
following actual marks gained: 280, 295, 312. Verify one of your results. 


2 
5. Solve the equations (i) at 


XXXII. n. 


1, Find the relation between the constants when the three equations 
ax+by=c, by+ay=d, z*+y?=2zy 
are simultaneously true. 


2. If f(y ="), oad #(n) 2 tH), Gateke value of 


(i) f(n+1)-¢(n), (ii) [f(n +1) -[¢(n-1)P*. 
3. “ind the t.c.m. of 327-42 —4 and 423 -82?-2+2. 


4. Find graphically the maximum value of 6x-2?-+. Verify your 
result by algebra. 

5. A merchant beginning business with a certain capital succeeded in 
doubling it, but afterwards lost £1000. He employed the remainder in a 
venture which brought him in a profit of 35 per cent., after which his 
capital was found to be £10 more than his original capital. Find the 
amount of that capital. 

: ; .. @—(a+b)a—be_«*-(a+c)x—be 

6. Solve the equations (i) ae a . 

(ii) ay? +bay=b, ba*+axy=a. 


7. If a and B are the roots of the equation az?+bx+c=0, find the 


‘ 1 1+ 
equation whose roots are ar a i Es 


XXXII. p. 


1. Find the t.c.m. of x4+2, z4—2?, 28-2, and a°+2°+2. 
2. Find the quotient when 23 —y° +2°+3xyz is divided by v—-y+z. 
3. Multiply 42°+322-7 by 22-a«-5, using the method of detached 


coefficients. 4 f 
4, Draw the graph of y=? +22, and hence solve the equation 


x2422—7=0. (Use a large x unit.) 
: .. 14+ 22-32? 3-27+2? 
5. Solve the equations (i) 7) 2 + 302 = 3420-2? 


(ii) a? -y=y*-a=1y'- 


274 ELEMENTARY ALGEBRA [cHaP, 


6. A and B start in a long-distance race. For 15 minutes A goes at the ~ 
rate of a yards per second, and B at the rate of 2” miles per hour, and then 
A is leading by 100 yards. Find the value of z. 


7. If a, B are the roots of «?+px—q=0, and 7, 6 those of 2? +px+r=0, 
prove that (a —)(a —5)=(8 —y)(8 - 6) = +1. 


XXXII. q. 
(a+6)§—c? (b+c)®—a®  (c+a)8 —6° 
a+b-c + bre-a c+a-b 
is equal to 2(a+6+c)?+a7+b? +c. 
2. Solve the equations: (i) av+by=ay=cx+dy. 


(ii) ( +3) =z —2a—6 


1, Show that 


z2+b)  x+a+2b 
ab —cd x+a_(a-c)(a+d) 
Su TE Ste eae show that © ahah eae), 


4, Find the L.o.m. of 8z3+27, 1624+3622+81, 6a —5x -6. 


5. Draw enough of the graph of y=2* to enable you to find the square 
voot of 95. i 


6. A dealer bought 200 sheep. He sold 80 of them so as to gain 4 per 
cent. on them, and the rest so as to gain 7} per cent. on them. His whole 
profit amouuted to £21. 7s. What did he pay for each sheep ? 


7. Prove «3 —pa*+gx—r=0 to be the equation that,results from the 
elimination of yandzfrom «+y+z=p, 
wy +Yyz+2e=q, 
age=r 


XXXIII. r. 


1, Find the factors of each of the following expressions : 
a=1, 2? -62—-—7, 22 -322+20, 322 -72+2. 

What is their L.o.M. ? 

2. Simplify (i) (2% +3)(8%-1) + (2x —5)(5x —3) —(4¢ -8)%. 

(ii) {(8a + 26)? — (2a +.6)?}= {7a — 2b — (2a — 5b)}. 

3. Draw the graph of y=2*-32, and hence solve the quadratic 
v*—3x2=14. (Use a large x unit.) 

4, Find the condition that z*+ax+6?=0, and x?-ba+a?=0 may have 
a common root. : : 


Sea bEy an election, if one-tenth of those who voted for A had refrained 
from voting, B would have been returned by a majority of 128, while if 
one-fifth of those who voted for B had transferred their votes to A, the 
latter would have been elected by a majority of 535. Which candidate 
was elected, and by what majority ? 


6. Solve the equations | x(#-y)=10, 
y(a+y)=24. 


1\ LE Lt+yt+z=a, eP+y2+2=b, a4 e= 
find the product ayz in terms of zt b,c. dig at 
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XXXII. s. 


1. Prove that a+6+c is a factor of a? +63 +c3 —Sabe. 

Deduce the fact that «+y+z is a factor of the expression 
(e7+y) +(y+z)2 +(z+2)8 -3(@+y)(y+z)(z+2). 

2. Solve the equation (a +6) (ax +b) (a —bx) =(a2x — b®)(a +-bz). 


3. Tf jee ee find the value of 


(i) f(m) —f(m —1). 
(ii) f(n) —f(n —2). 
4. If a and f be the roots of the equation 2*—px+q=0, form thé 
equation whose roots are ma*+n§?, and m6? + na, 
5. Find the limits of value between which x must lie in order that. 
42° +42 —35 may be positive. 


6. Solve the equations e+yt+z=l, 
a 4 t= 9, 
B+y+3=1. 


7. A and B start from the same place at the same time. After an 
hour and a quarter A is found to be 73 miles ahead of B. If, however, 
A’s rate of cycling had been greater by one-seventh, and B’s by one-fifth, 
A would have been 8 miles ahead. Find their rates of cycling. 


PART II 


*CHAPTER XXXIV. 


184, We will here prove the various Laws employed in. 
Algebra, the truth of which has been assumed in previous 
chapters.- 

Commutative Law. 

(a) The order in which additions and subtractions are performed ts 
smmaterial. 

This is shown to be true in Art. 9, and is usually accepted 
as selt evident. 

(5) Lhe order in which multiplications and divisions are performed — 
48 immaterial. 

Ql) For integral numbers. 

3x7=34+3434+34+2343+43, ie. 3 taken 7 times, 
= 21. 
Similarly 7x3=:74747=21. 
Thus we see that if a and 6 are positive integers, 
: axb=bxa, or ab=ba. — 

Similarly, axbxc=axcxb (by the above) 

=cxaxb and so on. 

Again ax pe c means that a has to be made b times as great 
and to be divided into ¢ equal parts. But if a be first divided 
into c equal parts, and if then each part be made D times as great, 
the result is the same as before 

*. axb+e=(a+e)xdb. 


(2) For Fractions. ’ 
Let a, }, c, d be positive integers: 


’ The expression ; means that the unit has been divided into 6 


~ equal parts, of which a parts are. taken. 
BBA. 
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When, therefore, we multiply ; by > we mean that 4 is divided! 
into d equal parts, each equal to a and that c.of these parts ars 
taken. 
a x & = = x<Ct= so5 
Ob 6 She ae ae: 
It follows by similar reasoning that 


Associative Law. 

185. Jn addition and subtraction, we may group (bracket) the ierma 
of an expression in any way. 
~a+b-c-d=a+(b-c)-d 

=a-—c+(b-d): 

= (a+b) -(c+d) =a —(c—b) -—dand soon (See Art. 14) 
Tn the same way, in multiplication and division, 

abcd +e=a x (bc) xd~+e 
= xd=* x bed and so on. 


186. The Law of Indices is a particular case of the above. 
Thus, a? x a =aa x aaa=a =a?"8, 


aaaaa 
a5 ~ a3 = (aaaaa) + (aaa) = a ee G=agh-8. 
Distributive Law. 


187. If a and } have any values whatever, and ¢ is a positive 
integer, (a+6)c=(a+b)+(a+b)+... taken c times 


mC Ot Obed PE POOR eee 
se eh de on DD eR TS 
SAE EBC. Sa scieve du asce cm senndeNneas SOE, Hees eee (1) 
Also if d is any positive integer we see that again é 
(a+b)+d=a+d+b~+d, 


for if we multiply each of these expressions by d, the resulte 
are equal, 
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. (a+b) xc+d=[(a+b)xc]+d 
=(ac + be) +d 
=ac+d+be+d, 

or (a+b) x5=ax 4 oFbx 5. 
’. the law illustrated in (1) is et to be true whether c be 
a whole number or a fraction, as long as ¢ is positive. 


Again, if (a+ 6)c=ac + be, 
(a +b)(—c)= —-(a+b)c by the Law of Signs 
= —(a+be) 
= -—ac—be 


=a(-¢)+6(-c); 
. for all values of c (a+6)c=ac + be. 
Tn the case of division, 
(a+b) +e=(a+))x2 


wee here 
C Cc 


_ where ¢ is any quantity, positive or negative (proved above) ; 
*, (a+b) +c=a+c+bd+0. 


ac ad tbe 
Eais0 Bd" hati 
=ad +bd+be+bd 
ad + be 
~ ob 


188. If an expression has a factor, any multiple of the expression 1s 
divisible by that factor. 
Let P be a factor of A, then P will be a factor of mA. 
For suppose A=aP, then mA=maP. 
. Pisa factor of mA, 1.2. mA is divisible by P. 


189. If two expressions have a common dee the sum and the 


difference of any multiples of those expressions are divisible by that factor. 
Let P be a common factor of A aa B, we have to prove that 


P is a factor of mA+nB 
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Let.A=aP, B=OP. 
Then mA +nB=maP + nbP = (ma + nb)P. 
.. Pisa factor of mA+nB. 


190. To prove the rule for finding the u.0.F. of two algebraic 
expressions. 

Let A, B be the two expressions, from which it is supposed 
that monomial factors have been removed; and let them be 
arranged in descending powers of some common letter. 

Divide A by B, supposing that A is not of lower degree in_ 
that letter than B. Let the quotient be p and remainder C. 

Divide B by C. Let the quotient be g and remainder D. 

Divide C by D and let the remainder be zero. 

The work is shown below. 


B) A (p 
pB From this we see that 
C)B(q A-pB=C........, (1) 
gC B=9C=D....50. (2) 
. 7 pats rD=C ....0c-0 (3) 


To show that D is a common factor of A and B. 
From (1) A=pB+C “ 

, =p(qe+D)+C... from (2) 
=p(qrD+D)+7D... from (3) 
=(par+p+r)D; 

“. D ia a factor of A. 

From (2) B=g0+D=grD+D=(gr+1)D; 

*. Dis a factor of B. 
Thus D is a common factor of A and B. 
Next, to show that it is the highest common factor. 
All the common factors of A and B divide A - pB, i.e. C. 
Thus every common factor of A and B divides B - 0, i.e. O. 
Thus D is a common factor, and all the other common factors 

tivide it ; 
.. Dis the H.C.F. 
Monomial factors were removed from A and B; 
*, D contains no such factors. 
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Moreover, if at any stage a monomial factor were introduced 
for convenience into either the divisor or the dividend (say D 
or C), it would not appear in the result; for it would not be a 
common factor of D and C, and consequently not a common 
factor of A and B.. 

Also a monomial factor might at any stage be removed without 
affecting the result ; for such factors do not appear in D. 


191. The L.c.M. of two expressions is equal to the product of the 
expressions, divided by their H.C.F. : 

Or, The L.o.M. of two expressions multiplied by their u.C.F. is equal 
to the product of the two expressions. 

Let L be the L.o.M., and H the H.c.F. of A and B. 

Let A=aH, B=0H, so that, by hypothesis a and b have no 
common factor. 

*. The L.c.M. of A and B is the L.o.M. of aH and 0H, whichis 


abH, which =>. 


*CHAPTER XXXvV. 


HARDER FACTORS. SYMMETRICAL EXPRESSIONS. 
CYCLIC ORDER. 


192. For all positive integral values of n, the expression x” —a”™ ts 
, divisible by x —a. 

When we divide z*—a” by x-—a, the remainder =a" -—a"=0, 
(Remainder Theorem, Art. 95.) . 

*. z"-a" is divisible by z—a, as long as n is integral and 

positive. 

We have already used simple cases of this, . 

-—a?=(4—a)(a+a), (#8 -a3)=(4—a) (2? +0"+¢"). 

Again, n being a positive integer, the remainder, when we 
divide x”+a" by z—a, is a"+a"=2a"; .”. 2" +a" is never divisible 
by z-a when n is a positive integer. 

If n be a positive even integer, x” — a” is divisible hey u+a. 

ee iee we divide x" —a” by +a, the remainder is (- ayesa”, 
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Now if n be an even integer (—a)"=a"; 
*. the remainder is zero ; 
*, a —a” is then divisible by +O 
If 2 be an odd integer, the remainder 
=(-a)"-a"= -—a"—a"= — 20’, 
which is not zero; .. when m is an odd positive integer, 2"— a" 
is not divisible by +a. 


193. If n be any odd positive integer, the eapression 2"+a" ts 
divisible by «+a. 

The remainder, when we divide a*+a" by «+a, is (—a)"+a". 

Now if n be an odd positive integer, (—a@)"= —a"; 

.. the remainder is zero ; 
i.e. "+a" is then divisible by «+a. 

If n be an even positive integer, the remainder =a" +a"= 2a", 

which is not zero; .”. "+a" is not divisible by 2+ in that case. 


‘ 


194, The theory of quadratic equations is often useful in the 
fetermination of factors. 


Example 1. Consider the expression 3x?- 5x +7. 
If we solve the equation 327-5x+7=0, 


the quantity under the radical sign =25-4x3x7 (b? — 4ac) 
= 25 — 84, 
which is negative; .. the equation has imaginary roots ; 


«. the expression 3a?-5a+'7 has no real factors. 


Example 2. Find factors of the expression 2? — ae The 
If we solve the equation x? -4%+1=0, 


44J16—4 The method of finding factors 
Sie aor by nee squares is useful. 
S —4x+1 
—f#V12 =2*-47+4-3 
at = (x —2)2- 
=24N/3; = (x — 24/8) (a - 2-3). 


.. the reqd. factors are x-2-\/3 and «—24N3. 
195. a°+b? +3 — 3abe = (a +b +c) (a? + b? + c? — ab — be — ca). 
This can be seen by dividing a?+03+¢3—3abe by at+b+a- 
, (See Ex. 2, Art. 93.) ; 
By writing — 0 instead of } in the above we see that 
— 08 + c8 + 3abe = (a -b +6) (a? + 02 + 6% + ab + be ~ ca). 
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In the same way, writing —a for a, 
—a3 +18 +03 + 3abe=(-atb +c) (a2 +0240? + ab -- be+ ca), 
and similarly 
a’ + 63 — 3 + 3abe = (a+b —c)(a? +0? +0? -ab+be+ca). 


Example 1. x3 + 8y3 +23 — Bxyz 
= 23+ (2y)3 +23 — 3 (2x) yz 


=(x%+2y+z)(2*+4y?+ 2? -Qry - Qyz-22). 


Example 2. Factorize the expression 
(ac? — Bar + 4)? - 5a (ax? - 3a +4) + 62”. 
The expression is in the form a? —5aa+6z? which is equal to 
(a — 2x) (a—32x) ; ; 
*, the expression = (2? - 3x+4-2zx)(x?-3x+4- 32) 
= (a? — 5x +4)(x2—6ar+4) 
es ? =(a - 1) (x — 4) (x2 -Ga+4). 
Example 3. Factorize the expression a*+ a?b?+ b4, 
a4 + a7)? + b4 = (a4 + 2a7b? + 54) — a?b? 
= (a? +12)? - ab? 
.=(a*+6?+4 ab) (a? + b? - ab) 
=(a?+ab +b?) (a? -ab+b*). 


Example 4. factorize the expression 


— 5a? ~ i2-2 245 


The given expression = + 2,-5( 2° +)-12 
a 1 
Shes 29c ae 
=(2 + =) 2 5(a2+5) 12 


tere dlgey -14 


=a? —5a—-14, writing a for w+ 
=(a—- 7) (a+2) 


= (2-742) (+242) 
2 
=(* T+) (+2): 


Example 5. Factorize the expressior 
‘ 6x2 + Taxy — 3y?- 14x-10y+8. 
Consider the equation 6x?+7xy — 3y”— 14x -10y+8=U. 
Arranging as a quadratic fora, 
6x? + «(Ty — 14) -3y?-10y+8=0. 
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_ ~(Ty-14)4N(Ty— 142 24(— 8y?- 10y+8) (-b+ fa iae) 
e 12 2 2a 
_ —Ty+144N 121 y?+44y44 ; 

12 
_ ~Ty+14+(lly+2) 
A iV artes 


_ 4y+16 


-18y+12 
12 12 
_yt4 —3y+2 
=. — OF a. 
.. 38c-—y—4 and 2x+3y—-2 are the reqd. factors. 


or 


| DIVISION BY MEANS OF FACTORIZATION. 
196. Divide 22+2(a+b)x+a?+2ab+¥? by c+a+b. 
a? + 2u(a+6) +a? + 2ab+ D2 =2? + 2x(a+b) + (a? + 2ab+ 0?) 
=(a+a+b) [(p+gP=p? + 2pq + 9%} 
*, +a+6 is the reqd. quotient. 
Divide a? +b? —c? —d?+2ab—2cd by at+b-c-d. 

a? + 0? — c? — d? + 2ab — 2ed = (a? + 2ab + b?) — (c? + 2cd + d?) 4 
=(a+b)?-(c+d)? me 
=(a+b+c+d)(a+b-—c~—d). 

*, a+b+c+4d is the reqd. quotient. 


Divide 22+ 2ay+y2+at+y—6 by a+y-2. 
a+ 2cy+yr+et+y—6=(e+y)?+(e+y)-6 
=(«+y+3)(e+y—2). 
[a +a-6=a+3.a—2] 
*. e+y+3 is the reqd. quotient. — 


Examples. XXXV. a. 


1. Prove, without actual division, that a2*-—a® is divisible by x-a 
without remainder. Find three terms of the quotient by division, and 
hence write down the complete quotient. 

Do the same with 

9. ai+aland x+a. 3. 27-a7 and x-a. 

4, 2®-—a8and x+a. 5, a8 —a8 and a-a. 

6. x - 64 and 2-2. 7, 2-64 and #+2. 
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Factorize the following expressions : 


8. 2? +2?-da—4. 9, (2? +x)? -2(a2 +2) —3. 
oF 
10. 3-1. 11, oF + 5, 
12. (x? — 407)? + 7 (a® — 4a) + 12. 13. 2?y?-—2?-y?+1. 
14. c(c-—b)+a(b—-a). 15, a?—2a-2. 
16. a@?-23a?+1. 17. aba? + (a? —b)a?- 1, 
18. a(at+r)-b(b+e). 19. a°+b?+1-3ab. 
20. x? - 110x423. 21, 4x°-4ay+y? — 102+ 5y — 24. 
22, xt +4. 23, «° — 8y? —27 - 18a. 
M4, 402— 8x +1. 25, 9x2 —16y2 - 9a + 287 — 10. 
26. 1527 - Way +4y?+ 41a —22y +428. 
Pie a). 28. a®—b?+8+6ab. 
29, 16a7+8ax—5. 30. 1624*+42?+1. 
31. 8a?+b? -1+6ab. 32, (2a? -5x+3)(2u?-5x+4) -2 
33. 6x" — 19xy + 15y? + 23a —-36y+21. 
34, 21+ 64. 35. at — xy? + 16y/. 
36, (x? + 2x - 8) (x? + 2a - 2) -27. 837. 2° + act + a2? + a8? + ote +a, 
88. 8la*+9a?+1. 39. 227+ 5xy + 3y?+6a+10y-8. 
40, x*+42?+16. 41, Sla*t+64. 
42, 2° —axt+a7x-a®x*+atx-a*®, 43, a+ 21044455 
10 4 
44, 2°+1lx2—-6(2?+1). 45. a? — 5a -10-— += 
46. 2234+ 52?+a-2. 47. 25a —24 


eee 
48. aA+ 32?-8+ 44 op 


[The following examples should be done by using your knowledge of 
factors, and ‘not by actual multiplication and division. ] 


Find the product of : 


49, x+2y4+3z and x#+2y— 3z. 50. 2a -3y+42 and 22+ 3y+42 
51. a+b-2 and a+b-3. 52. at+b+a+yanda+b-ax2-y. 
538. x?-a+land a+a+1. 54, 2-2+2and 2®+2+2. 

55, x?-a2-Qand w?+a+4+2. 56, x*- 3xy+5y? and a? + dary + 5y?. 
57. 2a+b+%+2y and 2a+b-x- 2y. 

58. 2a? + 3ay —4y? and 2a? - 3xy + 4y?. 


59, 23+a?+a4+1 and xz2+22-2-1. 60. x? —24+4 and x°+2ax+ 4, 

61. (2a +b)? -(a+2b)? and (2a — b)? — (a — 2b)?. 

62. ate ad -14>, 63, 2? — 2a? +4 +2and 2°+2a7+4%+42, 
x 


64, (a? +2041)? (a?—2+1)? and (2x? + x” —2)?— (2a? - 2-2), 
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65. 2ax —2x?, 3av+322, at+ 0%. 
a—b), (a+b), (a?+ab+b?), (a?-ab+b%). 
a—b)?, (a+b), (a? +b?). 


68. (3a- i ea (15a? — Qa: — 8). 
6a? + 5a — 4), (8-4), (Qa+1). _ 
70. (a2) eg ba (a? —2Qa+4), (w24+2a+4). . 


a—b)?, (a+b), (a? +67). \ 
72. (3a+b)?=(a+3b)?, (8a —b)? - (a— 3b)?, (a? +57), 
73, (a+b+c), (a+b—c), (a—b+c), (a—b-=c). 


74, Divide (322+ 2x +1)? — (2a? -2+5)? by 2?+3x-4. 

75, Simplify (622+ 2-1) x (2u?-9a+4) + (3x?-132+4), 

76, Show that (2x?+3a+2)3 —(%?+2a+1)3 is divisible by (w+ 1)”. 

77. Divide the product of 2x?+a”-6 and 3x*-5a-—2 by 2a?-7x+6. 
78, Divide (a—-2b+38)?-(a+2b-5) by a-1. 

79. Show that (3a? -72+5)?+(x?+3a—4)° is divisible by (2a - 1). 
80. Simplify [x?+ aa —ba — ab] x (2? - aw + bx - ab) + [x —a?}. 

81, Multiply the square of 3a —2b by 9a?+ 12ab + 4b. 


( 

( 

mak 
69. ( 
( 

( 

( 


Write down the quotient when 
82. x4*-y* is divided by x-y. 83, zt-y' is divided by x+y. 
84, x4t-16y% is divided by wa-2y. 85, xt-16y% is divided by x+2y. 
86, Prove that 2° — al is divisible by 2—a, by x®-a*, and by x?+a2. 
87, Prove that w+ 3a++4a?+224 is divisible by 2?+7. . 


SYMMETRICAL EXPRESSIONS. 


197. An expression is said to be :ymmetrical when it is unaltered 
by interchanging any pair of the letters which it contains., 

Thus the following are symmetrical expressions : 

atb+c, 4h? +03, 
+0?+e-ab-—be-ca, abt+be+cd+datac+bd. 

The expression (a—6)(b-c)(c—a) is not symmetrical, for if 

we interchange a and 8, the expression becomes 
(b-—a)(a—c)(c—}), 
- (a-B)(c~a) (6 =0). | 

In connection with sean expressions the ine nota- 
tion is useful. 

>[a (6-c)|=the sum of all terms like a(b-c) when we inter- 
change the letters a, b, c, in order; 
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t.€. = [a(b-¢)]=a(b-c) +(c—a)+c(a—d) ; 


a are a? B? c2 
are(a—b)(a—c) (a—b)(a- <)  (b—0)(b—a) ' (Cayo) 


The following are simpler cases : 
2 (@)= 8 +P +2; 


> (a — be) = (a? — be) + (0? - ca) + (2 - ab), 


CYCLIC SYMMETRY. CYCLIC ORDER. 


198. When an expression is written so that the letters forming 
it are taken in a selected unending order (generally the order of 
‘the alphabet) it is said to be in cyclic symmetry, and the letters are 
said to be taken in cyclic order. 

This is well illustrated by arrang- a 
ing the letters in order round the 
’ circumference of a circle. 
Arranging the letters a, b, c, d in 


this way and looking at the expres- ¢ e 


(a-b)(b-¢)(¢-d)(d-a) 

we see that the letters are taken in 
cyclic order, and the expression has Cc 
cyclic symmetry. 

On the other hand, in the expression 

(a—d)(e-b)(d—6)(d-a) 

the order is changed in the second and third factors. 

By changing the signs in these factors, the expression may be 
eauen “(@-D)b-9)(e-a)(d-a), 
and is now reduced to cyclic symmetry. 

The work will be much simplified if the expressions used are 
first arranged in cyclic symmetry, where such is possible. 

Dimensions. The dimensions of any algebraical term are 
determined by taking the sum of the indices of.the various letters 


employed. 
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Thus 92y? is of five dimensions ; 172#yz4 is of eight dimensions. 
In the latter case it must be remembered that the index of y is 
unity. 

Numerical coefficients are not taken into account. 

Homogeneous. A compound algebraical expression is said te 
be homogeneous when all its terms are of the same dimensions. 
a? + 2ay +? is homogeneous, every term being of two dimensions, 

— 5atb + 6a%b? — 5a°b3 + abt — b> is homogeneous, every term being _ 
of five dimensions. 


HOMOGENEOUS AND SYMMETRICAL EXPRESSIONS. 


199, Find the factors of ab(a — b) + be(b —¢) + ca(c — a). 
Let X denote the given expression. 


When a=b, 
X=0+bce(b—c)+ch(c-b), 
= be(b—c+c-b) 
=0. 


*, a—b is a factor of X, by the Remainder Theorem. 


In the same way we may prove that }—c and c-a are also 
factors of X. 


Also no two of the factors a—}, b-—c, c-a have a common 
factor, 
’. X is divisible by (a—6)(b-c)(c —a) without remainder. 
Again, X is entirely of the third degree, 
and (a —b)(b—c)(c—a) is also of the third degree, 
", the only other possible factor of X is a numerical one. 
Let that factor be k, so that 
ab(a—b) +be(b eh sea we BL ee c)(c - a). 
This equation must be true for all values of a, 6, and ¢, 
*, puttinga=0, b=1, and c= -1, 
-1(1 +1) =k( ~ 1)(2)(=D), 
k= -1. 
". ab(a ~b) + be(b - ¢) + ca(a—c) = — (a—b)(b-€)(e—a). 
The value of & might be determined in the following manner 
Examine the equation 


ab(a— PUPP) Ga k(a b)(b-c¢)(e—a). 
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The coeff. of a*b on the left-hand side is unity. 

The coeff. of a) on the right-hand side is — k. 

(We sec this by taking the product of &, with a in the first 
factor, b in the second factor, and — a in the third factor.) 


-~k=1 ork=-—1. 
The expression ab(a—) + bc(b —c) +ca(c—a) may be written in 
any of the following forms 
a*b — ba + be — c2b + ca — ac, 
a(c? — b?) +b(a? - c?) +¢(0? — a?), 
or a?(b—c) +0? (c—a)+c(a—b). 
We therefore have the following important results: 
ab(a —b) + be(b —c) + ca(c - a) 
=a"b — b’a + b’c — cb + c7a - a7e 
=a/(c? — b”) + b(a? — c?) + c(b? — a?) 
a?(b—c)+b?(c -a)+c7(a—b) 
—(a—b)(b—c)(c—a), 


Ii 


or 
> [ab(a - b)J=Z[a(c?- b?)] = 2[a’(b — c)] = ~(a~b)(b —c)(c—a). 

200. Factorize the expression &[a*(b—c)}, 

' i.e. a3(b —¢) +03(c-a) + 2(a—8). 
Let X denote the given expression. 
When , b=, 
X= 63(b-a)+%(a-6)=0; 
*, b-c is a factor of X. 


In the same way it may be proved that c—a and a—) are also 
factors. 
Now X is of the fourth degree and (a - b)(b-c) (c- — a) is of the 
third degree. 
*. there will be one more factor, and it must be of the Jirst degree. 
Also it must be symmetrical with regard to a, }, and c. 
It must therefore be k(a+b+c) where & is some numerical 
. quantity. 
a. @(b—c)+b%(c-a)+ (a- b) =ka—b)(b- ole —ay(a+ b. +¢)...(1) 
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Putting a=0, b=1, c=2, 
248(-1)=k(-1)(-1)2)(3) 
whence aD 
". Z[a(b-o)]= -(@- b)(b-c)(c-—a)(a+b+0). 
& might be determined as follows. 
The Focottt of a?) on the left in (1) is unity. 
Lager oust Vath fos tenet ade tee right ......i8 —&. 
(This is found by taking a from the first and fourth factors, 
* —a from the third, and } from the second.) 
Shite k="= 1. 
“201. Find the factors of 
> [@(o- c)*], te. a®(b—c)8+b2(c—a)>+c?(a—56)% 
Let X denote the given expression. 
Whena-d=0, X=a2(a—-c)®+a*(c-a)s 
=0, for (c-—a)'=[-(a-c) P= -(a-0)%, 
.. a@—b is a factor of X. 
In the same way it may be proved that 
b-c and c—a are factors. 
", X is divisible by (a — 0)(b —c)(c- a). 
Now this expression is of the third degree, and X is of the fifth 
degree, therefore the remaining factor must be of the second 
iiagredt 
' Moreover it must be symmetrical with regard to a, 6, and c. 
.. it must be of the form 
k(a? + 6? +c?) +1 (ab + be + ac), 
where & and / are numerical quantities. 
“. @(b-¢8 +8(¢- a) + 02 (a — by8 
=(a—b)(b-¢)(c-a)[k(a? +b? +02) +.1(ab + be +ca)]. 
When a=0, d=1, c=2, 
Q84+4(-1)8=(-1( DEE +4) +12)] 
16. Bb Db om Qy: scklive. Laas cseanree SOngeanieeen alld (1) 
When a=0, b= —1,¢=2, 
(2)-+4(1)8=(1)(—3)(2)[k(1 +4) +1(-2)] 
4.6. 5h —- 2b 2. cece Feta da gaees tome ..(2) 
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To find & and J. we must sqlve equations (1) and (2). 
By addition k=0. 
By subtraction i=1. 
ze (b —c)®] =/a ~-b)(b—€)(e- a) (ab + be + ea). 


Methods of testing accuracy of working— 


(1) In dealing with homogeneous expressions it is useful te 
notice that if two such expressions are multiplied together, or 
if one is divided by the other, the result must be homogeneous. 

Thus if an expression in which every term is of the 5" degreé 
be multiplied by one in which every term is of the 2"¢ degree, 
the product must be homogeneous of the 7° degree. Any term 
which does not stand this test betrays an error. 

Similarly, if the former expression be divided by the latter, 
the quotient must have all its terms of the 3" degree. 


(2) Results may be checked by substituting special values for 
the letters employed. 


(3) In multiplying together symmetrical expressions the pro 
duct must be symmetrical. 


202, The equation 2? + 4? =0 may be interpreted geometrically. 
We know that the equation 2? + ?=c? represents a circle whose 
centre is at the point (0, 0) and whose radius =c. 

By making ¢ zero we see that the equation 2? + y? = 0 represents 
a circle whose centre is at the point (0, 0) and whose radius =0. 
ze. it represents the points (0, 0). 

*, the equation 2?+4?=0 is equivalent to the statement that 
x=0 and y=0. 

From this we see that, if an equation can be reduced to the 
statement that the sum of certain squares is zero, we can equate 
these squares simultaneously to zero, 
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Examples. XXXV. b. 
Write down ir iull: 


Ser, jc, geen wie oat a 
1, % (a*~be). z. 2 igeaael " adc (b—a)(c—@) 


; a? ~ a? 
4, Saabs =a 5. = [(a-b)(a-)(w+a)]. 


"Find the factors of the following expressions : 


6. > (a-0). 7 = [a2(b? —c3)]}. 8. THY -A1L 9. 2 [be(b>~ eh} 


Prove the following identities : 
10. > [o*?(a —b) = -(a-—b)(b-c)(c-—a)(ab+be+ca). 
ll. S (xtl(y-z)]=-(%-y) (y-z) (2-2) (P+ Yt+e+ay +yz +2), 
12. tae (b-c)?]=(a-b)(b-c)(e-—a)(a+b+c). 
13. > (a—b)}=5(a—b)(b-c¢)(c—a@)(a?+b? +c? -—ab — be -ca), 

abe 
14. > [(b-¢)(x—b)(%—e)]= - (a - 6) (b—e)(c— a). 
15. (w-y)(wt+y)?+(y—-2z)(yt2z)P4 (2-2) (ztaxP+(e-y)(y-z)(z-zaad ~- 
16. (at+b+c))+(a—b—c)8+(b-c-a)§+ (c-a—b)$=24abe. 
(a-y)(e+y+(y-2z)(yt+2)8+ (2-2) (2+2)% 

+2(x-y)(y-2) (2-2) (e@+y+z)=0. 

U8. (ety t2)8+(a-y-z8 + (y-z—- a) + (z-x-y) = 80xyz (a? + v2 +24}, 


pest 
nN 


Reduce the following to their simplest forms: 


(Check your results by giving a, b, ¢, ete., ners values.’ 


atl a+e b+e 
19. ab +c? — ac — be abn be ab = be be +a? —ab—ac’ 
¢ b a 
20. ab(b=c)(e-a) ‘ ac(@—)(b =<) t be(a=b)(enay 
21. x(y +2) + Mand z(x+y) 


(w-y)(z-a) (w@-y)(y-z) (2-2) (y—-2) 
99 a?(b —c)?+62(¢— c-a+e(a— be 


be-+ca+ab 
" b-c c-a a-b 
id i a hs ales See ae a 
28. oi (-of  B(e- apt AaB 
1 1 D 
94, eS en er ee es, ee oe 
x(a—y\@—2)  yy-2)(y—a) ze —z)(a~y)y 
25, 2 y 2 


(@ — 2) (x - ye) * (ayy -2)(y—2) *(a-ale—a) 9) 


xxxv.] HOMOGENEOUS AND SYMMETRICAL EXPRESSIONS 98% 


26 2(b-c)(e- a)(a—b) Bc? ca? a? —}? 
~ (b+) (e +a) (a4+-b) (c+a)(a+b) (a+b)(b+e) (b+c)(c+a) 
g7, 1 (02= 2) +b8(c2 a2) + 8a? - D9) 
*  @(b-c)+b2(c—a)+c2(a—b) ~ 
a ee Soe b+e 
28. biased) 23. i a(a—b)(a—c) = (ea) (a8) 
1 a as 
1. 2ae mee % Zane =—93- Se aHarH 
1 a 
34. ea hia =c)\(a—a) 35. 2 art b)(a—c)(x-ay 
a? a(b+c) 
%. 2 a-ha-oetay a. 2 a-Hia-e 
a? —be ar? y/? 
88. 2 (arate 9. Fee 


203. Find the value of d if the expression x? - xy —6y?+7z-y+r 
can be resolved into two factors of the first degree. 
Taking the terms of the second degree 2?— zy — 6y?, we see 
that they can be resolved into (x — 3y) (a+ 2y). 
*, the factors of the given expression will be of the form 
_(@ - 8y +a) (a+ 2y + b). 
URNS, this expression is equal to 
a? — ay — 6y? + (a+b)a+ (2a — 3b) y + ab. 
Fes by comparison with the given expression we see that 
a+b=7, 2a-3b=-1, and ab=i. 
From the first two of these equations — 
a=4,-and b=3,...A=ab=12. 


204. If the expression xy+gxz+fy+c can be resolved into two 
factors of the first degree, find the relation between g, f, and c. 

If the expression has factors they must evidently be of the 
form (z+), (y+). 

*, their product zy+Pz+ay+af must be the same as the 
given expression. 

». by comparison, 

B=g9, a=f, and aB-~c. 
.. fg=e. 


B.B.A u 
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205. If two expressions of the n™ degree (n being a positive integer) 
are identically equal to one another, the coefficient of any power of x in 
one expression is equal to the coefficient of the same power of « in the 
other. 

Let the two expressions be 

aa” + ba" +...4¢92+72+8, 
and wa +UVat+..t+7etr'st+s. 
They are equal to one another for all values of 2. 
.. putting x equal to zero, s=s’. 
*, aa" + ba +... +g +reHa'ae" + Va +... +9 +9°%, 
Dividing both sides by 2, 
aa") + ba"? +. get reat +a + tater. 
Putting «=0 in this identity, 
r=, 

In the same way we can prove that g=q’...b=0', and a=a’. 

206. 7o jind the relations between the coefficients in order that the 
gepression x4 +ax> + bx? +ca+d may be a perfect square. 

If it is a square it must be of the form (?+pr+/d). 

'. a +a08+ bert cet+ds(22+pa+/d) 
= at + 2px + (2d + p?)a? + Wed +d. 
.. by equating coefficients of like powers of a we get . 


MDP ytd a denis s gueicinavnns cnet ae (1) 
Qaldt 0 =, 4.n80cnsuey ied Wie cea (2) 
Danie." Fycie 1%. stages cyan (3) 
.”. from (1) and (3) by divison /d = <. 
CUE SAG, BSN MS eae (4) 
From (2) 8 /d=4b — 4p? 


' = 4b —a?... from (1). 
.. by squaring we get 

Gd =.(45.— a?)*, o naraciveereny etl 
Equations (4) and (5) are the required conditions. 
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207. If «, B, y are the roots of the equation x° + pa? +qz+r=0, 
a+B+y=—p, aB+Py+ya=g, oBy=—r. 

a, B, y evidently satisfy the equation («-a)(x-)(x-y)=0. 
This may be written 

w—(at+B+y)2+(aB+ By +ya)x—aBy=0. seccccess (1) 

Thus we see that the given equation and equation (1) must bse 
identically the same. 

.. by comparison 

a+B+y=—-p, oB+By+ya=q, and afy= -r. 

Similar properties may be proved for-equations of higher 
degrees. 

The sum of the squares of the roots 


=(a+B+y)?-2(By+ya+ af) =p? — 29, 


208. If two expressions of the n™ degree in x are equal for more 
than n values of x, they are identical ; i.e. they are equal for all 
values of «. 

_ Suppose that az" + ba"~* + ca"? +... = pa" + qa" + 12" +...., (1) 
when z has the values a,, a,, a,... a, and £. ’ 

Then (@—p)2"+(6-—9)2")+(c—71)a"? +... =O, -....0.0008 (2) 
when « has these values. 

.. by the Remainder Theorem, s-—a,, t-a,, t-a,... 4-4, 
are all factors of the left-hand side of equation (2). 

J. (a—p)a"+(b- ga" 7 +(e-r)a"? +... 
=(a—p)(a—«,)(a—-a,)... (%-2,) 

Now, by hypothesis, the left-hand side of this equation 
vanishes when z=. .’. the right-hand side also vanishes when 
rots “. (@—p)(B - 4) (B 49)... (B-4,) =0. 

But no one of the factors (8 —«,), (B-—«,)...(P—4,) is zero. 

’.. a-p=0. 16 @=p. 

“. from (1), ba"-1+ ca®* +... =qa"1+12"-* + ... for more than 
n-—-1 values of a. 

.. from the above )=gq, and similarly c=7, and so on. 
.. the theorem is established. 
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Examples. XXXV. c. 


1, Find the condition that 22-S8ax+p may Le a perfect square fot 
all values of x. 


2. Prove that x"—1 is not divisible by x+a, unless a is equal to+l. 
3. Prove that 22"+14+1 is not divisible by x+a, unless a is equal te 
unity. 


4, What number must be added to 2?—52? to make the expression 
exactly divisible by x-1? 


5. If 2?-5px+q? is exactly divisible by x—, prove that g= +2p. 


6. Find the relation between p, g, and r, if x°-—px*+qxu+r is exactly 
divisible by x—p. 


7. Ifa+b+c=0, prove that a°+6?+c3=3abe. 
8. Prove that > (2 -—y)®=3(x%—-y)(y —z)(z-2). 
xyz 
- 9. Prove that 4px*—8p%x?+3pq?x + pq? is exactly divisible by x—p, 
q=+p. 


10. Use the remainder theorem to prove that »y (b+c-2a)?-9 2 (a?) is 
exactly divisible by a+b+e. 


11. Solve the equation (#-a)?+(y—6)?=0. Distinguish between it and 
the equation («-a)(y—b)=0. 


12. Prove that 2 (b+c-Y%a)8=3(b+c-—2a)(c+a—-2b) (a+b —2c). 
13. Prove that if Pr > (be), then a=b=c. 


14, Find the soodinen that ei gy may be a factor of ax*?+ bate. 


15. Prove that the equation (a#—-—by+2ab)?+(ax+by)?=0 has only one 
solution, and find that solution. 


16, What value of x will make x4 — 10a? +2922-16x-8a perfect square ? 


17. What must be added to at — 6x3+ 17a" — 32x +12 in order that it may 
be a perfect square for all values of x? 


18, Prove that (3a—-)>+(3b —c)§+ (3c — a)? =3 (3a — b)(3b—c)(3c—a) if 
at+b+c=0. 
19,. Prove that P =q= 8r2, if ipo px?+qx+r is a perfect cube. 


20, Prove that (a+y+z)"-a7—- y - z’ is divisible by (~+y)(y+z)(z +a). 


21, Prove that the equation 8x?-—4dxy+y?—4e+1=0 has only one 
solution, and find that solution. 


be —¢3 e&— ae a3 — 8 : 
E that = = 
22. Prove tha a(S a) +0(= 5) te(% =; ) =o ifa+b+c=0. 


23, Find an integral value of x which will make («+1)? greater than 
5a—1 and less than 7% — 3. 


24, Prove that ifw=at+d, y=b+d, z=c+d, then 
xt y® +22 — yz — xz —-xy=a*+b?+c?—be-ca-—ab. 


xxxy.] HOMOGENEOUS AND SYMMETRICAL EXPRESSIONS 28] 


25. Prove that if (4+ +3) (Z +£)= be , then ete =0. 
GL \a aj) a” 
26. Resolve the following expression into two ee 
4x8 — darty? + 1223y + 24 ~ Gay? + Dy. 
27. Find what number must be added to the expression 
ates pee, 2 to make it a perfect square 
OS AEN ie . 
28. Simplify the expression ? 
(b—c)(% — a)? + (c—a)(x—b)?+(a—b) (x —c)?+(b—c)(c—a)(a—6). 
Fas. - e8(y? — 2?) + 3 (2? — a?) +23 (x? — y?) 
29, Simplify the following Gea Tay) : 
30. If (b+c)x=a, (c+a)y=b, (a+b)z=c, prove that 
i Rit Mala oor 


$1. If S,, stands for 2" +- = prove that 
(i) Ss, a= =8,+2, (ii) S,?=S., +2. 
(iii) $.S,=8, +S, : (iv) §,$,=S,.,+S8,-3. 


CHAPTER XXXVI. 
SURDS. 


209. When the root of a quantity cannot be obtained exactly, 
that root is called a surd or irrational quantity. 


J/2=1:41491..., J7=2°645..., V3 =1°442... 
are examples of surds. 
V9 =3, and /49=7. .. V9 and V49 are rational quantities. . 


By continuing the operation of finding the square root of 2, 
we can obtain its value to as many decimal places as we please, 
but its exact value cannot be found. We might express this in 
another way: no exact quantity multiplied by itself has a 
product which is 2. 

Surds may often be simplified by the use of factors. 


Thus /147=/49.3=7/3, and J12=\4.3=2N3. 
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It must be remembered that /ab= ve: Jb, but /a+b is not 
equal to /a+~b. 
Care must be taken when the quantity is a decimal. 
J/T-69 =1°3, and is not a surd, but /16°9 is a surd. 
ih 44 SYM ees Pee cf AAS % esesen ts 


Similar or Like Surds are those which are rational multiples 
of the same surd. 


J =J)4.7 =2N7, JIT =N25.7=5N7, J700=V100.7 = 10N7 5 
these are like surds. 


Conversion into an entire surd would be the reverse of this - 
process. 


Examples. 2V3=V/4.N3=N/12. SV6=N64. 6 =N 384. 
Expressions can often be simplified by the use of factors. 


Example. \/12 +N'75 - 2/27 =N4.34+N25.3-2N9.3 
=2\/3+5N3 -6N3=N3. 


Important. To jind the value of < correct to 3 decimal places. 


We might say that ao = 2S approx., and then find the 


value of the expression by division. 
A much shorter method is to rationalise the denominator first, 
6 6/2 Ae 2 = 
=3,/2=3 : 
ee aiea ni x 141421 


= 4-243 correct to 3 decimal places. 


Examples. XXXVI. a. 
(These may be taken orally, if preferred.) 


Write down, or read off, as entire surds : 


1, 32. 2. 5/2. 3. 


3N5. 4, 5N3. 

5. '7N6. ON. ak! Os 
co OP 8. 

7 9 8 6N3 
py ee 10, ——. sees Ee, 
V7 V3 var 9 12, 2 
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Simplify : . 
13. V2. 14, V8. 15. 32. 16, N75. 
17, N24. 18, J243. 19. 381. 20, 81. 
21. <JI6. 22, 2/32. 23, 500. 24, 507. 
25. Sei . 26, B+ 27. NI8+N2. 
98. V'75 +23. 29. av5+22 


Te 30. 8-2. 

210. The product of two surdic expressions is found by 
multiplying each term of one by each term of the other, as in 
ordinary algebraic multiplication. 


Example. (5V3+2\/2) x (83V3 - 2) 
= (5V3 +22) x 3N3 -— (5N3 +22) x2 
=45+6N6 -5V6 -4=41+N6. 

Or 5N3 +202 

. 8N38- N2 
45+6N6 ~ 
— 56-4 
41+ J6 

Results in surds are only practically useful when expressed as 
decimals. 

The process is much shortened by simplifying the expression 
first, and by rationalising the denominator if the expression is 
in a fractional form. 

We can obtain any required degree of accuracy by taking the 
root to as many decimal places as we please. 


Such cases as pe we have noticed in Art. 209. 


a 


1 


Example 1. To find the value of correct to three decimal places, 


(3-2) x (3 +2) =3?- (/2)? [ ee a 
ayes (Wa +Ny) (Nx -Ny)=2-y- 
“. we multiply numerator and denominator by 3 Pn/2.- 


“ 1 _ 8 +N2 3B 4+N2_ 441421 
is 3-N2 (3-N2)(34N2) 9-2 °° 7 


= 631 correct to 3 decimal places. _ 
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Example 2. Find the value of ____——_. correct to 2 decimal places. 


5a J5-N8 


(We shall first rationalise the V3 in the denominator by multiplying 
numerator and denominator by 2+N5 +N3.) 
1 2+N5+N3 _ 24N54N3 _2+N5+<3 
Q+N5-N3 (2+N5)?- (V3)? 444N5 45-3 4N5+6 
_24+N54+N3 _(2+N5+N3) (25 - 3) 
2(2/5+3) 2(2V5+3)(2V5-3) 
_4N5+10+2N15 - 6 - 3N5~-3V3 _4+N5-3N3+2VI15 


~ 2(20-9) Ts 22 
4-0000 
J5= 22361 
2/15 =2 x 3'8730= 7-7460 
13-9821 
3V3=3 x 1°73205= 51962 
2| 8°7859 
1 | 4:3930 
“399... 


*. the given fraction= ‘40 correct to two decimal places. 


Examples. XXXVI. b. 


Simplify : 
1. V12+2/48 +5147 - 4/3. 2. 3/125 - 2/80 +7578. 
8. 3V24-5\/54+4 150. 4, 80+ 2/245 — 3125. 
5, 8/2187 - er 6. 9/108 + 108/32 + 8/500. 
7. 1N3-+ agtNT. 8. V2(5V3 - V2) -/8(2V2 - 8). 
LA r, / seg = 
9. (V5 i aaa 10. (< 2) 42. 
hye d , 
11. (Js+=s) V2. 12, (V7 -2)(V7 +2). 
| (W54NDP, ke ie 
13, (V3+N3) 14, (v2+ <3) 
15. (20/3 - V2) (2/3 +2). 16; (V5 +1)(2N5 -2). 
17. (2V3+1)(3V3- 1). 18, (32 - 2/3) (5V2 - V3). 
19. (5V3 - 4/2)(3V3 + 2/2), 20. (67 +15) (7 -- 9/3). - 
21. (9N2 +53) (9/2 - 5n/3). 22. (8N5 + 2/3) (3N5 - 2/8), 
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Rationalise the denominators of, and express in their simplest forms: 


23, Ale 24. Abe 25. VS Vor 


1 1 J2-1 Na-Nb 
= B=. ped ated : 
J24+1 2-2 /2+1 20. Nate 

1 4 3 2447 

Sih, ee BOL eae AS iy ee : : 
3422 V5+1 5 +2 27 +1 


35 54+2V6 36 Ja+b —N/a =: 
* 6-2N6 ” Va+b+Na—b 


[V2=1:41421, /3=1-73205, V5=2-2361, 6=2-4495, /7=2°6458. 


The above values may be used in the following examples. ] 


Calculate to two decimal places the value of 


1 4% 6 7/243 4/7 +32 
~ TS ete C27 ie we sa FON 
2 ERE) 3 
=———s 42, /3 —/2)2. 43, eo Eee . = 
41, 3-— (V3 —/2) 57 ao 
3N3-1 57 J5-1 1 
° = eh ie ee 47. 1+——_-- 5. SS—— "= 
= 3V2-1 “ 53-32 “he N3+N2-J5 
ag et | pgp dp _NB+N2 
: 24+V3-V7 i N54+N3 42/2 ; 342-1 


211. If a+ JVb=c+Jd, where a, ¢ are rational and Jb, Jd are 
surds, then a=c and b=d. 
For if not, let a=Cc+a@; 
. 2+Jb=VJd; 
*. by squaring, 2?+22Jb+b=d; 
. Wib=d-b-2, ; 
ie, a surd=a rational quantity ; which is impossible. 


a=c and Vb=d. 
212. The square of the sum of two surds=a rational quantity +a 
surd, e.g. (VB +N3)?=8 + 24/15. 


Consequently the sq. rt. of a+Jb say sometimes be found in 
the form Vz+WVy. 
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213. Tf Va+vb=Va+Vy we have, by squaring, 
at+Nb=atyt2Vzy. 
Equate rational to rational and surd to surd. 
Then a=a+y, Vb=2Vzy; 
J. a-Nbaaty— Way. 
Thus if Va+Jb=V2+Vy, then Va—Jb=J/2- Vy. 
Example. Find J 10 +2/21. 


Let V/10+2N21=V2+Ny. By ee we get bos 
Ae “ 21 Se % ~ 
Then V10-2NV21=Nx-Ny. * 10+ 20 Sy Tea 
aiceans y equating rational parts, 
“. by multiplication, 


: x+y=10. 
V100-84=a-y; But x—y=4; 
Bet PSU g ore ey 1 SSS 


| : 
2. V104+2N21=N74N3. 


Square roots of surdic expressions can sometimes be deter: 
mined by inspection, by remembering that 


(a+b)? =a? +b? + 2ab, and (VatVyP=a+yt2Jzy. 


Thus 4= 358 a= Se ok 
o. Nd Pen eal 
Also 1042/21 =74+342,/7. 3. 


ae NIOK ON TL aA Taree 


Examples. XXXVI. c. 


Find the sq. root (evaluating results to 2 decimal places) of 


1, 4+2N3., 2. 7+2N6. » SA T2ORNS: 4, 114+6N2, 
5. 30+4N14. 6. 17-12V2. 7. 12+2n/35. 8. 32-8/15. 
9, £-N5. 10. 27+4N35. 11. 101-2813. 
12, $2+3 9. 13, 4V2-2N6. 14, 33-182, 
Find the 4th roots (leaving your results in surdic form) of 
15, 49+206. 16. 17+ 12.2. 
17. 56- 24/5. 18, 284-48,/35. 


19, Find to four decimal places the value of 


1 
N{12 — (56 — 24,/5)}° 
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Simplify eee 
9+2N5 

21. Calculate to 3 decimal places 


3-1 N10 - 2/2 
N5-2 3-3 


wt 
23. Find the value of (2*2 2)" == when a=a(1+2n/3). 


20 


(3+V5)2- (2+/10)? 
3-8 


, and find its value to 8 places of decimals, 


22. Simplify 


94. Reduce J 6- J 17 —12N2 to its simplest form. 
[3 3 5 
25. Simplify —~ hndwen se ae 
V5+N2 500-200 NI5+N6 /60- ee 
Find the value of their product to 3 decimal places. 
245 +/75 N245 + N75 W245 - N75 
/5 -N3 V5+N3 — 


26. Simplify * 


Ja+Ne 
27. If u(b-—c)?=c(b+c)*, find the value of =. 

Va-Ne 
28. Simplify 20S). 29, Simplify J1+V1—a?+V1-1—a%, 


Find the product of 


30. V24+V3, V24+V2+N3, J eVo4J04N3, V2-/24J24N3 V2+N8 the 


positive value of the root being taken in each case, 
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214. “What is the meaning of a5?” A very common answer 
is “a multiplied by itself 5 times.” Of course this is wrong. 
There are 5 factors, but only 4 multiplications. «° is the product 
of 5 factors, each factor being a. 

a"=a.a.a...n factors, a’=a.a.a...p factors. 
. a". @=a.0.0...n factorsxa.a.a...p factors 
3B hs Winn AP SAPROR A TE ccs Gouda ssveane (1) 
a” _a.a.a... factors 
a a.a.a...p factors 
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If there are more factors in the numerator than in the denomi- 
nator, cancelling will leave n —p factors in the numerator ; but if 
there are more in the denominator, cancelling will leave p—n 
factors in the denominator. 


a” : 
Thus oo ie LE 1 PRS Bin. Soot oti cen ns cowie (2) 


= if n<p. 


215. These results depend upon the definition “a” is the 
product of n factors a”; and this definition evidently requires 
that n should be a positive integer. If we wish to employ 
fractional or negative indices, it is necessary to give a definition 
which is applicable to them. 

Der. Fractional and negative indices are defined as being | 
such that they obey this law:—To multiply powers of a 
quantity add the indices. 


216. To find the meaning of a”. 
Following the above law, 


But Vax VJa=a. 

We therefore denote \/a by a’. 

In the same way, a®xat xadaqtttt3 _g 

But JaxNJaxva=a. 

We therefore denote «/a by a. 

Similarly, a” when raised to the n™ power becomes a. 
We therefore denote </a by a". 

oartaa: gt 3/8 =9. 

217. To find the meaning of a° 


0 
w= — a =—Ga_ (following the above law) 


a . 
=— =], 
a 


1.é. a°=1, for all finite values of a, 
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Examples. 2=1, (-2)°=1, (V3)°=1. 
/ 3? x3" $333 30_), 
218. To find the meaning of a-", n being a positive integer. 
Lexa ias CG. 5. | 


a" = = = — 


a” a” a” a” 


Examples. 2-3=— = 
Tf \ ea Sel \r aL we sal 


219. Following the same law, m, n, p, 7 being positive integers, 
nu Pp mip 
be x a? — FM 7 igh 


me _p Np has pip ae 

Also a® *xq% =a” * tag"; 

= 

na ™ - 

| 

2 

az 

3 
Examples. at x at =atttug, 


32 x 32 —32th_ 329 
220. To prove that (a”)"=a"™" for all values of m and n. 
(1) When » is a positive integer (m having any value), 
(a”)"=a"xa™xa™... n factors 


gettin... to mn terms gl ceeiveee (a) 
(2) When n is a positive fraction (m having any value), 
take n= a pand qg being positive integers. 
= 2 
a=J/x?; .. writing (a)! instead of 2, 
ei (fens 
we have (a™)*= \/ {(an)2} =/(a”)”, by (a) above, 
mp 


=a" =a", 
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4 


(3) Lastly, when x is negative, fractional or integral (m having 
any value), 


take n= —s, s being positive. g 
1 i 
(a™\" = — (a”)-*= = wy <a ——— =f ms q™ 
Examples. - (a3)? = aX? at, 
(a5)-® =a 3= - 
shin 92nd de 
ial 6 


221. To prove that (ab)" =a"b" for all values of n. 
(1) When n is a positive integer, 
(ab)” = ab x ab x ab... (the product containing n yer ab) 
oe Oy aabait LB gtd op -chels elt ee< een ee () 
(2) When n is a positive fraction, 


take n=’ p and q being positive integers. 
RP p\e 
(2.08) =a?.b?, from (1), 
Pig 
= (ab)? = 1 (a)"}' 


taking the g” root < each por 


we have at, be (aby*. 
(3) Lastly, if n is negative, 
let n= -s, where sis ae 
n —-s__ 1 —8 = 
(ab) 3 (ab) =p a’. a’. b eb b-* 
za". ", 
Examples. (ato?)* =a'h)0, 


(gi J 3)3 (93 i 3") 98 . 32 =N6. 
Simplify the expression Qn. at he 
(Express it in powers of 2.) { 


The expression = Qn, (28)n+2_ (Q2)-3n_O2n 
= Qn, BWn+6 D-6n _ O2n 
= Q"+8n+6—6n-+ 2n — 96 — G4, 
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222. In multiplication and division of compound expressions, 
we work, both as to method and arrangement, as if the indices 
were positive integers. ; 

Example 1. Multiply Ya?-2V6— by at+074. 

2 = 


a® —2b 2 
= 
i 


a+ a® bt 2asp-4 - op-# 


Example 2. Multiply at + aty? + yt by at — atyt + y?. 


{((ct+y}) aby}. { (at +y*)-atyt} 
=(zb+y4)’ = (xtyd) a4 Deeb yT + y ~ gly® 
=r+atytty. 


‘Example 3. Divide a?+4a%b- + 6ab-2+4a2b-34b-4 by a? +b-2, 


at +b-1) a? 4 4a*b-! + 6ab-2 + 402-34 b-4( a? + Sab-14 302-2459 
a®+ a®b- 
3a2b-1 + 6ab-2 
3 
Bab} + 8ab-2 
3ab-2 + 4a2b-3 
8ab—?2 + 3a2b-2 
a2b-3-4b-4 
a*b-? +b-4 


Examples. XXXVII. a. 
(These examples Fak be taken orally.) 
Write down, or read off, in their simplest forma 
1, 16°. 2, 2-8, 3, 2) x28. 4, 88, 
5, 27°. a at. 7. 3txat.. 8, atzab, 
on (0 8 ce 
sie. u(t). 5 16. 2574. 


308 ELEMENTARY ALGEBRA [ CHAP. 


Write down, or read off, in their simplest forms: 


17, 649, 18, (6°)3, 19. 2x2-% | 20, pa 
Ben Ne 23, 16°. 24, 16%. 
42 8 3 
95. 814. 26, 3° x9? 97, 16x 167?. 28. (28)-8, 
29, 1257. 30. 12578, 31, 371x382. a. 
5 2 


33, (at+a). 34, (ab 40%)(a?—02). 35, (eta). 86, a2? x aad 


Sey 38. (e*+e-*)2 = 339, (x! = 7). 40. (22 ak 


Examples. XXXVII. b. 


Express as simply as possible with indices, without denominators : 


ee 2. Jat, 
a7} 
3N5 at Vy 
ae 4, Jee? Tey? J2a-3, 
5. Simplify 8? and 2572. 6. Simplify 277? and 492. 
7. Express with positive indices abe +a—b—¢+ab—7cH, : 
Simplify 
8, 16°. 9, 2567. 10. 28972, 11, 327%. 
12, 72978, 13, 625%. 4, 024i ha 
1257-3 343° 3 
16, (a*a*)-%, 17, (yal2b-8), 18, (275-80). 49, (Qe-18/y2)-8, 
tL = = " 3 $ 
20. (Sr) - a, 2 a2 ae 
Demis at +b2 
j -4 4 On, ann 5-", 2538-2 
23, (1024 #)#. Pe i oe Aa 
Multiply , 
4, ty nt 
26, 2y+3xtyte a? by Tet45 27, Nx +1 Rich 3] 
Y ¥ ry 1 yo. +1+>= va YN ner Eee ea = 


28, at+a*yt +6-1 by a7)- Eee ies, 

29, a? +a% ato +ab+atotie® by ab —ot. 

30, a+2b' 430! by a+ 2b* — 3c}, 31. xt + aly + aty2+ y® by at — y. 
B2. a?+3ab-14 4e-2 by a2 -3ab-1— 4-2, 
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Divide 

33. 82°-—27y-3 by 2x -3y-. 34, 2-3- 64y? by x § a5 ay? 

35, a-2 ris by a? —2atbt +57. 


8 


. Simplify {s [4x aR" 25 r 


rs 


37, Divide a?-b-* by a® —b 
38, Give the product of at 54g byt y vs and a®—atbt+5t. 

39. Factorise 5 (a? +47?) +3 (a? +073). 

40, Square a? —2a* bt +d, and divide the result by (at —b3)3, 


CHAPTER XXXVIIL 
RATIO, PROPORTION AND VARIATION. 


RATIO, 
223. If two quantities are of the same kind, they have a ratio; 


a 
and the ratio of the Ist to the 2nd is the quotient obtained by 
dividing the Ist by the 2nd, whether that quotient be integral or 


fractional. 


The ratio of a to b is expressed as a:b or . 


a, b are respectively called the lst and 2nd terms or members 
ot the ratic, or the antecedent and consequent. 
If the antecedent=the consequent, the ratio is a ratio of 
equality, and is equal to unity. 
If the antecedent is the greater, the ratio is called a ratio 
of greater inequality, 7.c. an improper fraction. 
If the antecedent is the less, the ratio is a ratio of less in 
equality, i.c. a proper fraction. | 


224. A ratio of greater inequality is diminished by adding the same 
positive quantity to both its members. 


Let ; be a ratio of greater inequality (7.2. a >). 


B.B.A. x. 
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Let i =; be the new ratio. 


a ata ab+ar-ab-—lba_ (a—h)e 
b b+a- hits ~~ b(b+ 2) 
=a positive quantity, for a>, 
i.e, the original — th e new ratio=a positive quantity ; 
. the new ratio < the original ratio. 


Similarly it may be proved that a ratio of less inequality os mei veased 
by adding the same positive quantity y to both its members. 

The proof of this should be written out as an exercise. 

The two statements may be combined in one, viz.: A ratio is made 
nearer to unity by adding the same positive quantity to both its members, 


225. Ratios are compounded by being multiplied together. 
The duplicate ratio of a to 0 is a?: b?. 


The sub-duplicate ratio of a to 0 is a®:b3, 


226. Many properties of ratios are easily proved by taking 


some single letter & to represent a ratio, or to represent each cf 
several equal ratios. 


. 


E . T I i ee ee ac i Kat me TNE 
seu o prove that, if at a a each of these ratios ag Be 
‘ ae 5. fea on 
Let | pa Then qn and = 
= big c=ak, Cj 


lat+me+ne_lbk+mdk+nfk_ (b+ md +nf)k =1=2% 
lbh+md+af  lb+md+uf ~ ib+mdtaf —-o° 


As a simple case take —— eh ik This= bk+dk+fk (b+d+f)k a 


bt dif . badarf a Gay, 5 ae 
From this we see that if a number of ratios are equal, a new 
ratio equal to each of them can be formed by adding their 


antecedents for a new antecedent and adding their consequents 
for a new consequent. 


Nors.—A ratio may sometimes be simplified by the use of this Article 
for purposes of approximation or checking. 


4494-5 


4526 
TI 
Thus 1007> = (approximately) ———~— “1000 


=4°4945, 
The fuller working is 


4526 a 4526~31:5 4494-5 
—— =f 4 } —: => “8 es = b, 
1007 aac 1007-7, 1000 es 
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227. lf ° 5 ; are unequal, the ratio re lies in magnitude 


between the greatest and least of these ratios. 


Suppose Beaty 
Let pak Then o<k and 7< ks 
a=Dk, c < dk, e<fk; 
- atc+e<(b+d+fjk; .. Seday<™ 
Let ok. Then in a similar way ; ee. K. 


Thus “*°* lies between the greatest and least of the ratios 
b+d+f 

at e¢ 

7. Sy? fe 

Bid of 

Example. Find a ratio'intermediate between % and 33. 


By what has been proved we see that such a ratio can be found by adding 
the numerators and adding the denominators. Result 23, i.e. }}. 


228. If = ‘ = - then each of these ratios is equal to 
( pa” + 9c" + re" ) 
pl” WE g me +rf” ? 
DP, 7, n being any quantities whatever. 


1 
n 


a ¢ é 
Let “ | ; a 7 = 7 ~_ k, 
so that a=bk, c=dk, e=fk, 
and av, adh, t= prk. 


3 par = pork" ge =qa'k, re" = 1 f"k". 

.. by addition, 
pa" + ge” + re" =k" pb” + qd” +1f"). 
pa” + qe” +7e" 
ph + qa" + rf 
w"+qo" + re" \” a ¢ eé 
eevee ?) se eth PRS! 


=k", and taking the n™ root of each side, 
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Graphic Representation of Ratio. 


229, Take an abscissa OA to represent the consequent of the 
ratio, and an ordinate AB to represent the antecedent on the 
same scale. The magnitude of the angle AOB enables us to 
estimate whether the ratio is greater or less than another ratio 
represented in the same manner. 

B 


Cas ACa ao 
Suppose ae to be'the 2nd ratio; and let OD meet AB at E. 


By similar A* EAO, DCO, beg ok . 
, OC OA 

=A : 

at also represents the 2nd ratio. 


Thus we can compare the ratios by means of the lengths of 
AB and AE. 


A ratio of less i Sosa is increased by adding the same quantity 
to both its terms. 


O A F 


As before, take an abscissa OA and ordinate AB, so that kaa 
represents a ratio. bel 


If OA be produced to F, and an ordinate FGH be drawn, where 
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FG=AB and GH=AF, the ratio ~ has been ‘altered by adding 
the same quantity HG or AF to both its terms. 
perc re ERE ents 
The new ratio oem the old ratio, if OH cuts AB above B; ie. 


if the 2 HBG > the « BOA. . 
But LHBG=45°; 


{ 
.. the new ratio >the old, if 2 BOA< 45°; ie. if the ratio ae 
is one of less inequality. 


Norte. It is convenient to have a name to denote this graphic represen- 
‘ tation of a ratio. In trigonometry the ratio AB:OA is called the tangent 
of the angle AOB. In many mathematical works this ratio is denoted by 
the slope of the line OB. 

230. Thermometric scales. In a Fahrenheit thermometer the 
freezing point is marked 32° and boiling point 212°; in the 
Centigrade thermometer these are marked 0° and 100° respec- 
tively. If a certain temperature be indicated on the Fahrenheit 
scale by F degrees, and on the Centigrade scale by C degrees, we 
can compare these by noticing that the distances of the given 
temperature and the boiling temperature from the freezing point 
must have the same ratio in whichever scale they are expressed. 

Thus 


F-—32 distance of the given temperature from freezing point 


219-32 distance between boiling and freezing points 
4.020 
~ 100-0’ 
; F-32 C . -F-32, C : 
4.6. = 


. 10 nit lOOd A arf tea 9B) wd’ 
For the graph of this equation see Article 80, p. 123. 


7x -3y_ 29 ae 
Example 1. If Bat dy 33° find the ratio ey. 
: ” 33 (Ta - By) =29(5a+4y) ; 
“. 231a -99y=145z + 116y ; 
“. 86a =215y ; 
_215y | 
= SO 
x 215 5 
“y 86° 2 
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Example 2. If 22-5ay+2y?=0, find the ratio x: y. 


2 
2(=) -5=+2=0; 
y) 


-. by solving this quadratic equation we get 


~ 
~ 


® 2 or 
y 


Example 3. Whena straight line is divided in extreme and mean ratio, 
what are approximately the ratios of the parts to the whole? 


Let the whole measure a units, the two parts x and a— x units. 
By hypothesis x?4=a(a—2) $ 

 a+ax=a?; 
ee 


: > rejecting the negative solution. 


. the ratio alt=) =°618 sprasinaaie 


Example 4. If 73 and o_, find the value of 12ax — by 


b Qax+3by" 
l2ax—by l2ax—by | 2ax+3by 
Qax+3by by ~ by 
° 
[o0e~ Sere. go 
sean leone 
= = ( 
at Pipi Bi20aa8 
by 5 
Sobek R=5 67 


3243 12+15 pa he 


231. Oroes Multiplication. = om the equations a," + hay +¢,2=0, 
aot + bey + coz =0, find the ratios © 5 and ‘ 


By multiplying the first by j and a second by 6,, we get 
4, b.% + bi b,y + b,¢,2 = 0, 
igh % + bday + dyC2 =O 5 
». by subtraction, 2(a,b, — ab) + 2(b9¢, — By¢y) = 0; 
vs &(dyby — gh) =2(by0y—bo¢,)3 + 
: Boe 2 
Paes ooo ee salam (1) 
- ©) bys — boty 
2.6. 2 61 sew eee eee eee ees deeeeees waud 2} 
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By eliminating « from the original equations, we get 


2 —_ 
7a eee Perit oh Coates (3) 
Ry = Oa 8 


Hence we have the ratio %, 


Results (1) and (3) combined read thus : 
et ea ee 
Byly — Dal, Uyly— Ant, 4b, — a,b, 


This is easily remembered in the following manner : 
Write down the coefficients, omitting the a, y and z, thus: 
ee Ape es 


NX 
4h 


; Gist > Cag Aves 
To obtain the denominator of x, imagine the a column erased, 
and take the’ products of the 0’s and ¢’s crossways as indicated, 
the downward arrow being accompanied by a + sign and the 
upward by a — sign. 
To obtain the denominator of —y, imagine the } column erased, 
and proceed as before. 
To obtain the denominator of z, imagine the c column erased, and 
proceed as before. 
This method is called Cross Multiplication. 
Simultaneous equations can be solved by this method: for by 
putting z=1, we find the equations 
, aa+by+e,=0, aet+byt+c,=0 
solved in the following form : 
© -y 1 
Dyey = Bey yg Aye yb, — gb, 


Example. Find . and from the equations 


4x — 6y — 24z=0, 3a + 7y + 5z=0. 
x al = ey Zz 
—6x54+7x24 4x54+3x2 4x74+3x6 


316 ELEMENTARY ALGEBRA [cHar. 


232. To eliminate three unknowns it would in general be 
necessary to have four equations ; but from the three equations 


10 + yy +62 =O, oo. ce cece ee cence ee ee ees (1) 
gl + Do + Co® =O, .cee eee eec sec eee eee eeeatere (2) 
gh. + Dol + gz = 0, 2 2-s0c0eeceresenes career s®S) 


it is possible to eliminate 2, y, 2; for we are really only elimi- 
nating two ratios between them. 
From (1) and (2), 
x -y z 
Dieg— Dye, QyCy— Ugly Ayby — ay), 


=k suppose. 


By substituting in (3), (b,c, — b,¢,) for x, and similar expression 
for y and 2, and dividing “ 'k, we obtain 


€g(D C9 — b9¢,) + bg(aa¢y — MyCq) + €3(4 4g — Agh,) = 0. 


Examples. XXXVIII. a. 
1, By means of squared paper compare the ratio +4 with 
1 evap ts et ors.e a 
30) & 239 11? 67: 
[Jom the points (0, 0), (19, 11) and produce this line. Observe whether 
the point (30, 17), for example, is above or below this line. ] 
2. Vind the ratio of 2 lbs. 6 oz. to 3 lbs. 9 oz. 
3, Find the ratio of £2. 5s. 6d. to £4. Os. 6d. 
4, Express as a decimal the ratio ] inch: 1 em., if 1 m.=39°37 inches. 
. What value of x will make a equal 2 


5 ‘ 374 
6. If Be ayo find the ratio of x to y. 


3° 


Yh is 5 =%, find the ratio of «+5 to ¥+8. 
8 


\ x 3 e+ 
aoe Find the value Ce ——2. 
9, 3x?-l0ey +3y2=0. Find © a 
10. at} =the duplicate ratio * 4to5. Find x. 


3a5+4a%e+5e°e a 
30° + 4U?d + 5d2f BF 


12. RE ie _©_. Prove that a=b+e. 
w+ yY-Z2 Z2+2 


ll. If $7457 prove that 


a4 + 5e8e+ e4 22 


@ €..1€ 
13. If aay prove that + 5a +f4 ba® 
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14, Two numbers are in the ratio 3:4, and when each is increased by 7 
they have the ratio 4:5. Find them. 


15. Find two numbers in the ratio 5 : 4 such that when each is diminished 
by 5 they shall be in the ratio 4: 3. ; 


16, Find two numbers whose sum is 85 and whose ratio is 8 : 9. 
17. Divide 92 so that the two parts may be in the ratio 8:15. 
18. Divide 65 into two parts so that 3 of one may be $ of the other. 
19. The ratio of a rectangle to the square on its diagonal is 6:13. 
Find the ratio of the sides. ‘ 
20. The ratio of A’s age to B’s is 5:3. 28 years ago it was 4:1. How 
old is A? 
21, If 4:3=the subduplicate ratio of «+6 to «+2, find x. 
2 22% b 
22, TiS >S, then (ete) <fand >S. 
23, Find the least integer which, added to each term of 9:17, gives a 
ratio greater than 2. 
24, Find the least integer which, added to each term of 25:12, gives a 
ratio less than $. 
25. What quantity must be added to each term of the ratio a:b to 
make it equal to c:d? 


26. If aie nea each of these ratios= 
27. Find a ratio intermediate between $4 and $4. 


+b 
28. Tf e205, prove that each of these ratios= 3g 5, and that 


a_a?+b?+c7 
¢ ++ 
29. On squared paper represent the ratios 3, 3, ay) and see which is | 
greatest and which least. 
30. By observing where the hypotenuse of each cuts the ordinate whose 
abscissa is 10, find the value of each of the above ratios in a decimal form. 
31. Draw the ratio formed by adding 6 to the numerator and denomi- 
nator of it: Compare it with 33. 
32. Show graphically that, if ? ° © are ail equal, the ratio 
ae is equal to any one of them, by taking a, c, e for ordinates and 
++ 
b, d, f for abscissae. 
4 7 ¢ %, ¢, & 1, 2HE+E Jeg 
33. Show graphically that, i Pea 7 are ts > b¢dtf 
in value between the greatest and least of them. 
34, Which is the greater, — or a ? 
35. If an object of height at a distance d from the observer subtends 


a small angle of A degrees at his position, it may be proved that roughly 
h=Ad/57°3. Use this to find the height of a tower which subtends an 


angle of 9° at a point 170 yds. away. 
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36.. If ees be taken away from each member of the ratio the 
pb-a ‘ 


new ratio is “. 
pb 
37, Aand B trade with different sums: A gains £200, B loses £50, and 
now A’s stock : B’s=4:1; but if A had gained £100, and B lost £85, their 
stocks would have been as 60 to 13. Find what each had originally. 


38. Construct a scale of feet for a drawing in which 10 ft. 6 in. is 
represented by 33,inches. 

What ratio does the area of the drawing bear to the area of the figure 
represented ? ; 


If 7=2=5 prove the following (39 to 43): 


39 3a? - 5ce+7e _ ace 4b+d 40, + 28 +e 
1 BP -5df+ TP? bdf date * bf +2 +a? 
41 lat+me+ne la-—mce+ne_ a 42 a+c_ ace 


* lb+md+nf lb-mdinf ov B+a> bdf 
43 3!pare+qade+re® a 
* NV pb?d + qhbdf?2+rf? b 
a3 7a +2b 
44, If 58’ find the value of da 108° 
a_3 c 5 3ac + 5bd 
45, IE e357) and ane find the value of dues tat" 
 2e+6y 4 x a+b_c+d 
46. If bee ty ?? find 7) 47, If ub eta Prove that ad=be. 
a@_¢ a+b_c+d a+b_c+d 
48, If Bq Prove that pe ee and Sa 


i 
49, If a0 prove that @+e=(a+5) (a? — 0? +c), 


50. If C, F be the readings of any temperature in Centigrade and 
Fahrenheit scales respectively, prove that C+ 40=5(F +40). 


What is the Cenvigrade reading which corresponds to 41° Fahrenheit ? 
x+2y Qa%2 5y-3x+2' 
Gh Ot a ‘ = Sy + a qycauay prove that each of these ratios=1. 
Poe ee es 
62 a b+e b+c-a 
BS a at a, 


C-Y Y-z “2-2 


, prove that x—y+z=0. 


, prove that a+b+c=0. 


a_b ; a a® a?+l? 
54, If (ars prove that cb be 
\ 


Me+NY px+Qqy 4 . x ; 
55, If Pree, ery ; each fraction ===, if mg and np are unequal. 


56. At present A’s age is to B’sa e as 5 to 2, but in 3 ees 
ratio will bé 35:23, Find their ages eet a ae 
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‘ 
57. If 42°+10y?=7y(x+y), what is the ratio of x to y? 


58. If tay then a+3c+2e:a-—e=b+3d42f:b-f 


59. Find x:y from the equations 3a -4y-— 7z=0) 

3x+4y-172=05° 

60. Find «:z from the equations 3x-—4y-— z=0) 

6a +5y -8z=05° 
61. Findx:yand w:z from 7x- Went 
3x -8y+47z=05" 

62, Eliminate x, y, z from the equations ax+cy+bz=0 

cry +oa=0]- 
ba+ay+cz=0 

63. Eliminate x, y, z from the equatigns az+hy+gz=0 

he +by+fz= of 
gx+fy+cz=0 

64, A sum of money is divided into two parts in the ratiox:y. Aand 
B divide between themselves the first part in the ratio a: b and the second 
part in the ratioc:d. If they receive equal amounts, find the ratio of x 
to y. 

65. On a certain map a road 1320 yds. long is represented by 2? inches. 
Determine the scale of the map. What area on the map would represent 
io 84. mile? 

66. Find the ratio of x to y from the equation 2x?-92xy+10y?=0. 

67. Two vessels contain mixtures of wine and water in the ratios of 
8 to 3 and 5 to 1 respectively. In what ratio must liquid be drawn from 
each vessel to give a mixture in the ratio of 4 to 1? 

68. In a certain examination the number of those who passed was 
8 times the number of those who failed. -If there had been 16 fewer 
candidates and if 6 more had failed, the numbers would have been as 
2tol. Find the number of candidates. 

ba-ay  cx—az -2+y 
drs cy-az by-ax x+z' 

70. Two men set out at the same time from A and B along a road ABC, 
both going in the direction BC. The hinder man travels at 4 of the pace 
of the other and overtakes him at a point 10 miles from B. Find the 
distance AB. Solve this question also graphically. 

71, The marks gained in an examination-paper for which the maximum 
was 65 were 53, 42, 37. Find by a diagram what these would be if the 
maximum were 100. ; 

72, A quantity of milk is increased in the ratio 4:5 by watering, and 
then 3 gallons are sold: the rest by being mixed with 3 quarts of water is 
increased in the ratio 6:7. How many gallons of milk were there at 
first ? 

73. Two vessels A and B contain mixtures of water and wine, A in the 
ratio 2:3, B in the ratio 3:7. What quantities must be taken from A 
and B respectively to form a mixture which shall consist of 5 gallons of 
water and 11 of wine? 


each of these ratios = ; unless b+c=0. 
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PROPORTION. 


233. The equality of two ratios forms a proportion. Thus 
a,-b, c, d are in aga PTs if $7 
Quantities are in edntimned proportion, if the ratio of the 
Ist to the 2nd=the ratio of the 2nd to the 3rd=the ratio of 
the 3rd to the 4th, and so on; 
69. $=Z=34.,.5 
*. 1, 2, 4, 8 ... are in continued proportion. 
lf oe ad=bc; that is, ‘in any proportion the product of the 
extremes = the product of the means. 
If ‘7 y ac=b?; i.e. if three quantities are in continued proportion, 
the product of the 1st and 3rd =the square on the 2nd. — 
In this case 6 is said to be a mean proportional between 
a and c, and ¢c a third proportional to a and 0. : 
b a . e . ° 
Tf S2) then’ S224 2a Se ceeaptir i 
Ru? then 2=35°-= 553 i.e. of three magnitudes are in con 
tinued proportion the ratio ye the 1st to the 3rd is the duplicate ratio of 
the 1st to the 2nd. (See Art. 225.) 


If eee the following results are important and easily 


deducible : 


( Lie . -?. (Alternando.) — (2) > = (Invertendo.) 
4a) 8, 8 1 a+b c+d 

2 =atl,.or rag aorta (Componendo.) 
()#-1=£-1, or ate ea (Dividendo.) 


> 
(5) ==> dialect alii {rom (3) and (4). (Componendo and Dividendo.) 


A ite, number of questions in proportion may be solved by 
the ‘k’ method explained in Art. 226. 


: 
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Example 1. If a, b, c, d are in continued proportion, 
(a-c)(b-d) -(a—d)(b-—c)=(b-c)?. 
=5; take each of these ratios equal to k; 
=~ @=bk, ‘b=ck;, c=dk; 
. (a-—c)(b-d)-(a-d)(b-c) 
* =ab- Ba ad + ed - ab + bd + ac —cd 


Since 2— 6 
c 


6 


=ac-—ad—bc+bd=bk. ok be+ck. 
—2be+c?=(b —c)?. 


z 


ar a cid c+? 
Example 2. If aib:b=c+d:d, then 3 ae er 


F ath c+d a 
Since ar Sai | ak #1=541 
E p=g=k suppose; .. a=bk, c=dk; 
pase ee = _@i?+d?_ c?+d? 
e_ Pe—6 ~B— ~ Phe — a a 


° 


Examples. XXXVIII. b. 


1.. If ab=cd, express this in the form of a proportion. 


2. Find a mean proportional to 7 and 63; and ‘a 3rd proportional to 
2x and 5.c°, 


j 8, Find a 4th proportional to a, ab, c; to 3x, 4y, 9xz; and to a’, abc, 


If $=" prove the relations 4-7. 

4, Sate _Sat- 5, “tabs _cteedte 
' Sb?+ a? ~ 5b? — 2d 5 a * a? ~ab+5*" c#~cab+-a? 

g, wtme _ac 7, -[2acit+3e _a 

~ 1b? +md? bd’ * V 2bd!+3a>~ Bb 


8. If a:b=b:c, a? +b?=a(a+b)(a—b+c), and 
at + atc? + c4= (a? +b? + c?) (a? — b? +c”). 
9, Find two numbers such that their sum, product, and difference of 
squares are proportional to 7, 12, Te 


10. Three numbers are in continued proportion ; the middle one is 15 
and the sum of the others 50. Find them. 


11, Find a third proportional to V3+1 and /3+2. : 
12, Find a mean proportional between V5++/2 and ee: 


13. If (a+b+c+d)(a-b-c+d)=(at+b-c-d)(a—b+c-d), then a, b, 
c, @ are in proportion. 


. 
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If a:b=b:c, prove the following (14, 15, 16): 
14, a-b:b-c=bie. 
15. a:c=a?+0?:b?4+ 2%. 
16. (a+b+c)(b-—c)=ab —-c?. 
F 2b 2(a+b 
17. If a: b=b:e, and if ee aoe prove that a—c= = 
18. If a?-b?=(x+y), put this in the form of a proportion. 
19. Ifa, x, a—a are in continued proportion, find x Give also a 
geometrical construe tion. 


= 
. 


7 


20. If a—b:b-c=b:¢, then a, b, ¢ are in continued proportion, 


21. The components of gunpowder are:—nitre 75 per cent., charcoal 
15 per cent., and sulphur 10 per cent. How many grams of each (to the 
nearest gram) are needed to make a pound (454 grams) of gunpowder? - 


92. Vind 2 numbers such that their sum, their difference, and the sum 
of their squares are proportional to 5, 3, 51. 
23. Given a+b:a—b=c+d:c-d, express the ratio 
Na? + pab +02: Ve + ped + ad? 
in terms of a and ¢ alone. 
24. If #+2y:a+3b=y+3x:a+46, prove that w#:y=a+5b:2a+5b, 
and that y+2e%:«+3y=4a + 15b : 7a +200. 


25. If p:q=a?:b*, and a; b=(a+p)?: : (a-)3, find in terms of a and p 


the value of Vise § 


26. If b(a-c):c(b- d)=a—b:c-—d, then either b=c or ad=bce. 
27. If a:b=c:d, then ab+cd is a mean proportional between a?+c? 
ar.d 6° +d". 
28. Ifa, 6, c, d are in continued proportion, 
a +0 + 8=b+3:84 da. 
CO, Cail gol 1 1)\_ (a-b)(a-c) 
a teas Sa G+a)-Gry- 
30. If a, b, ¢ are in continued proportion, 
at+b+e (a+b+c)? 
a-b+c a+bch 
3l. If a?+c ge a A : 424 d®, prove that a:b=c:d. 


LE Le Ee Se Oe Ge ne 
eS kes b= — 3 
32 Ar saat ab pet aa mlatet sta) 


VARIATION. 


234. When it is said that varies as y (written z <7), it is 


meant that, however x and y may alter their values, the ratio 
v:¥y remains ae 


ite y, =a constant ratio= m suppose. 


\ 
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Thus if LY, CH= My. 
£.g. in a cirele the circumference « the diameter ; 
. circumference + diameter =a constant. 
This constant is 3-14159... and is denoted by z. 
‘, circumference = 277. 


235. Variation is a functional way of expressing pro- 
portionality. 

When we say that y varies as x, we mean that y is proportional 

“to x; i.e. y is such a function of « that any change in x produces 

a proportional change in y. 

‘Thus the symbol « means “is proportional to.” 

If y « z, and when z has a definite value m, y takes a definite 
value n, then 2, 7, m, n are so connected that 

Liy=M:N. 


236, A statement of the following sort igs commonly made :— 
“if y denotes the distance travelled by a man walking uniformly, 
and a the time he has been walking, y « 2, 7.¢. y/x is a constant 


ratio.” 
Here the distance and time are not quantities of the same 


kind, and therefore cannot have a ratio; but y and z are numbers, 
t being the number of units of pcan and « the number of 


units of time. 
y may be the number of miles walked, z the m:mber of hours. 


. y/z is an intelligible ratio. 
If it is found that, when 4 hours have elapsed, the distance is 
12 miles, y:%=12:4; J. y= 8p. 
If we give x any other special value 5, the relation is still 
y=3t; .. y=3x5=15. 


E231. lf 4 =" y is proportional to a i.é. y varies inversely as 2. 


If y=mz+na*, where m and n are constants, vis a function ot 
‘¢ consisting of two terms, one proportional to , the’ other 
proportional to 2”, 
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If ij-=kez, where & is a constant and 2, 2 are variables, y is 
conjointly proportional to a and 2, or y is said to vary conjointly 
as x and 2. 

If yee y varies directly as « and inversely as 2. 
RC Se : 

If Y= Y 3s said to vary inversely as the square of 2. 

The law of gravitation furnishes an example: for the attraction 
of the earth on an external object varies inversely as the square 
of the object’s distance from the centre of the earth. If the’ 
distance of the object were doubled, the attraction on it would 
be multiplied by 1; if the distance were trebled, the attraction 
would be + of what it was. 

If yx, and we express this by y=mz, the constant m is 
called the constant of the variation. If at the same time y « 2, we 
may put y=n:, where n is a constant. We must not put y= 
mz, because the constant of the variation is not necessarily 
the same in both cases. ? 


238. If y is a function of z, the graph of this may be drawn. 

When y « 2, y= me. 

The graph of this is a straight line through the origin. 

When y « 2°, y= ma’. 

The graph of this is a parabola. (See Art. 133.): 
é . 

When y 2 2 ZY = M. 

The graph of this is a hyperbola. (See Art. 166.) 

239. Ifa xy, and y ~2, thnzaz | 


Since z «xy, -=m. 


Since y « z, Lian, 


es by multiplication <= mn =a, constant ; 


Fes die ys 


* 
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240. If x <y when 2 is constant, and x «2 when y is constant, 
then x x yz when both y and z are variable. 

(The meaning of this is most easily understood from an example. 
In a triangle the area « the base when the altitude is constant, 
and varies as the altitude when the base is constant. When both 
base and altitude are variable, the area « base x altitude. ] 


Proof. «ay when z is constant; 

", =my (where m is independent of 9). ............ (1) 
But 2 «z when y is constant; 

*, my «<z when y is constant; 

. Moz; 

*, m=nz (where n is independent of z). ............ (2) 
Also n, being a factor of m, is independent of y. 
From (2) substitute in (1). 

", x=nzy (where 7 is independent of y and 2). 

prea OG Ye 


Example 1. If x xy, and x=10 when y=3, find y when r=, 


ieratr—-sys ne being a CONstan bi Gan. Jcsce cee ceessstecsteecescdrebeestioesecnens (1) 
The statement, that s=10 when y=3, enables us to find m, 
For from (1), 10=mx3; «. m=42; 

*, the relation between x and y is x=1.2y; 


15 15 10y, 
. when c= Zz, we have ae te 


Example 2. If 6 horses can plough 173 acres in 4 days, how many acres 
will 54 horses plough in 24 days? 

Denoting the number of horses by H, of acres by A, and of days by D, 
we know that Ao H when D is given, and Ax D when H is given. 


.. Ac DH; 
-, A=mDH:- 
The statement is ‘‘6 horses plough 174 acres in 4 days. 
This gives us 32 =mx4x6; 


» 


Leen age 
aa Te 
- A=-35pDH. 
* A=73DH 3 
*. when D=? and H=54, 
_ the number of acres=3§ x 3 x 54=8838. 


B.BA, ry. 
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Example 3. The time of one swing of a simple pendulum « the square 
root of its length. If a pendulum of length 17°44 em. makes 105 beats in 
44 seconds, what is the length of a pendulum which beats exactly once in 
a second ? 


If ¢ be the time of a beat in seconds, / the length in em., 
we have t=kVJi. 
When 1=17°44, t=. 
SEE Ty ee STORE oe ee) 
R 5 | Ley ji ee t= 05/7 ad 
We require the value of / when ¢=I. 
: "amet 
‘Er 
. p_ 1 108 x 17-44 
pile al 44° 
_ 105 x 105 x 1:09 x 16_ 105 x 105 x 1:09 
ay 121 x 16 s 121 
_ 12017:25 


See Gee 
51 = 99°32 cm. 


241. Instances of Variation are of frequent occurrence in the 
subject of Physics. Some are quoted here: 


(a) The pressure of a given mass of gas is directly proportional 
to the temperature measured from -—273°C., and inversely pro- 


portional to the volume. E ad 7 | 


(b) The pressure at any pot of a heavy fluid is proportional 
to the depth of the point. [p « d, where d is the depth. ] 


(c) The tension of a stretched elastic string is proportional to 
the extension. 


If T be the tension, 7 the original length, 1’ the stretched 
length, then 1’ -/=the extension. 


To (-l)=k(? — J). 
Observe that the tension is proportional to the increase of length, 
not to the stretched length. . 


Example. A string 4 feet long is stretched to 5 feet by a weight of 
3 lbs. To what length will a weight of 54 lbs. stretch it? 


When the tension is 3, the extension=5-—4=1. 
But  T=kU -2). 

335 +4) 2h, 

sw F=3U=). 
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xy a sides ok lls ll 
When =6s, P-l=p=978=—5- 
z ha Lg 
Uab+ eit e=53 


“The stretched length is 5 ft. 10 inches. 


(¢@) Ohm’s Law.—The resistance of a wire of given material to 
the passage of an electric current is directly proportional to the 
dength of the wire, and inversely proportional to the area of its 
cross-section. 

Example. If the resistance of a copper wire 1 kilometre in length and 


1 sq. millimetre in section is 16-42 ohms, caleulate the resistance of a 
copper wire | sq. cm. in section, and 480 kilometres in length. 


R=the resistance =~," (where /=the length, A the area of the section 


of the wire). 
When /=1 kilometre, and A=1 sq. mm., R=16°42; 


: : = Io 42=k, 
In the 2nd case /=480 kilometres, and A=100 sq. mm. ; 


+. the resistance in the 2nd case = 18 19% 180 =1°642 x 48 


=78°8 ohms approx. 
(e) The intensity of illumination of a surface varies inversely 
as the square of the distance from the source. 


Examples. XXXVIII. c. 


1. Ifyasx, and y=5 when x=6, find the equation between x and y, 


and draw its graph. 
Find y when «=9, and find x when y=3'5. 
Obtain the results graphically and algebraically. 


Fe ty x i and y=3 when x=2, find x when y=21. 
x * 


3. lfya« i and y=5 when «=9, find y when x=2. 


. 4, If a«b directly and ¢ inversely, and a=8 when b=10 and c=15, 
find c when a=1 and 6=2. 


5. y consists of a constant term and a term which variesasa. y=9 
when v=0, and y=7 when z=1. Find the equation between x and y, and 
determine y graphically when x=3°5. : 


he . 
6. yxa, and xa 2 ; prove y*z=a constant. 
Zz 


7, a+l%« a2-b?; prove thata+b«a-bd. 
8. at+baa-—b; prove that a?+b? « ab. 
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9, The attraction of the earth on an external object varies inversely as 
the square of the distance of the object from the earth’s centre. Find the 
apparent weight of a body at a distance of 2000 miles from the earth’s 
surface, supposing it to weigh 1 lb. on the surface of the earth whose 
radius may be taken to be 4000 miles. 


10. If wy «x?+y%, and 3, 4 be contemporaneous values of x and y, 
express xy in terms of «+ y". 


11, If y=the sum of a constant term and a term varying as xy. and 
y= —2) when x=2, and «= ~2 when y=], express y in terms of x. 


i 
12. wo Os and 2 « © ; prove yxza-- 


13.5 LE ance ty and x=3 when y=1 and z=2, then xyz=2(y+2). 


YZ 


14, If varies inversely as 


, and is equal to 5 when y=7 and z=2, 
then xyz=14(y—-2z). 


15. The wages of 100 men for 6 months amount to £1080. How many 
men can be employed for 7 months for £453. 12s. ? 


16. With a capital of £450 a man gains £99 in‘11 months. What profit 
does he make in 10 months on a capital of £1000? 


17. A garrison of 1500 men has just provisions enough to allow 26 oz. 
of bread a day to each man for 33 days. The garrison is increased by 
400 men. How many ounces of bread must be assigned to each man te 
prolong the siege for 27 days longer ? 


18, A sum of money at simple interest amounts to £688 when the rate 
is 2} per cent. and the time 3 years. What would be the amount if the 
rate were 3} per cent. and the time 2} years? , 


19. The pressure of wind on a plane surface « the area of the surface 
and the square of the wind’s velocity. The pressure on a sq. foot is 1 lb. 
when the wind is moving 15 miles an hour. Find the velocity of the wind 
when the pressure on a sq. yard is 16 lb. 


20. If the wages of 15 boys for 4 weeks come to £30, how many boys 
will £17. 10s. hire for 5 weeks? 


21. A book which was 12 feet from a light is moved so as to be 8 feet 
from it. Compare the intensity of illumination with what it was. 


22, A surface is illuminated by a certain light at a distance of 2 feet. 
Where must it be placed to receive twice the intensity of illumination ? 


23. If 5 men can do a piece of work in.a certain time, how many men 
will perform another piece of work 7 times as great in one-fifth of the time? 


24, If it costs £6 to dig a pit 24 ft. deep and 28 sq. ft. in horizontal 


section, what is the depth of a pit of horizontal section 14 ft. by 9 ft. 
which costs £9 to dig out ? 


25, 50 men do a piece of work, working for 12 days at 7 hours a day: 


how many hours a day wust 15 men work in order to do the same amount 
in 35 days? 
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26. The expenses of an institution are partly constant and partly 
proportional to the number of inmates. When the number of inmates 
is 80, the expenses are £1700, for 90 inmates the expenses for the same 
length of time are £1850: what are the expenses for 95 inmates ? 


27, An elastic string whose unstretched length is 1 foot, is stretched to 
14 inches by a weight of 7 lb. What weight will stretch it to 15 inches? 


28. Ifa weight of 5 lb. will stretch an elastic string originally 3 inches 
long to twice its length, what will be its length when stretched by a 
weight of 4 lb. ? 


29, The pressure on a horizontal disc immersed in a liquid « the depth 
of the disc and the square of its radius. If the pressure is 600 1b. when 
the depth is 5 ft. and radius 3 ft., what is the pressure when the depth is 
12 ft. and radius 4+ ft. ? 


30. One surface is illuminated by a light of 8 candle-power at a distance 
of 10 ft.; another surface by a light of 25 candle-power at a distance of 
30 feet. Find the ratio of the intensity of illumination at the two surfaces. 


31, The annual expense of a household of 6 persons is £870. Find the 
expense of 11 persons, supposing £150 of the expense to be constant and 
the rest to vary as the number of persons. 


32. The area of a circle « the square of the radius, and the area is 3:14 
square metres when the radius is 1 metre. Find the area when the radius 
is 5 metres. What radius gives an area of 18°84 sq. metres? 


33. The distance fallen by a body from rest « the square of the time ol 
fall, and a body falls 64 feet in the first 2 secs. How far does it fall in tha 
next 3 secs, ? 

34, The value of a diamond « the square of its weight, and a diamond 
of 3 carats is worth £8 ; find the va]ue of one of the same quality weighing 
4 carats. 

35. y consists of a constant term and a term varying asa. When x=2, 
y=26, and when x=3, y=63. Find y when c=2'5: and find x when y=40. 


86. The distance of the horizon at sea « the square root of the height 
of the eye above sea-level. Find the distance when the eye is at a height 
of 6 feet, given that it is 9 miles when the height is 54 feet. Find the 
height of the eye when the distance is 4 miles, 


37. The time of vibration of a pendulum « the sq. rt. of its length. 
The length of one which beats seconds is approximately 39 inches. If it 
is lengthened by 6 inches, find the time of 1 beat. 

38. Weight above the earth’s surface varies inversely as the square of 
distance from the centre, below the surface it varies as the distance from 
the centre. The earth’s radius being reckoned 4000 miles, at what 
distance below the surface is the weight the same as at 100 miles above it ? 

89, If a mixture of gold and silver, in which 2 is gold, be worth £49, 
what will be the value of a mixture of equal weight in which } is gold, the 
value of gold being 16 times that of silver? 

40. If the carriages in a railway train be all of the same class and always 
just full; and if the expense of running a train be proportional to the 
square of the number of carriages ; and if a train of 36 carriages just pay 
the expense of working it; prove that it will be just as profitable to the 
railway company to run trains of 16 carriages as trains of 20 carriages. 
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4], The expenses of a household are partly constant and partly vary as 
the number of inmates. For 6, 8 and 14 persons the expenses are £16. 10s., 
£18, £22. 10s. Draw the graph, find the constant term, and the formula 
for the expense. 


42, The pressure of a quantity of gas in a cylinder with a sliding piston 
is 30 lb. per sq. in. when the piston is 2 feet from the bottom of the 
cylinder. If the gas is compressed (without changing its temperature) 
until the piston is 9 inches from the bottom of the cylinder, what pressure 
does it then exert? 


43, Compare the electrical resistances of two copper wires, their lengths 
being as 3:5, and the diameters of their cross-sections as 1 : 4, respectively. 


CHAPTER XXXIX. 
LOGARITHMS. 


242. Der. If one number be chosen as base, the logarithm of 
any number 7 to this base is the index of the power to which 
the base must be raised to be equal to n. 

The logarithm of n to the base a is written log,n. 

Thus if a? =n, p=log,n. 

Logarithms ¢alculated to the base 10 are called common 
logarithms. ' 
10=10! =... ~by definition log,,10=1, 


LOE SyIP . log, 100 = 2,° 
1000 = 108 *. » _ log,,1000 =3, 
001 4255 = 1078 logy, 001 = +8, 
125 =58 ¥ ” log, 125 = 3, 
te=2 4 ” logs (q's) = — 4 


243, a®=1; .. log,1=0, «.¢., whatever the base, the logarithm 
of 1 is zero. ’ 
244. To prove log,mn=log,m +log,n. 
Let log,m=a, and log,n=y. 
Then m=a*, n=a"; (by definition) 
; 5 Mmm=a".q’ =a‘? ; 
.. logzmn=a+y=log,m+log,n, 


i.¢. the logarithm of a product =the sum of the logarithms of its 
factors. ¢ 


t 
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Thus log 20=log 10 +log2=1+log2; 
log 500 = leg 100 + log 5 =2 + log 5. 
Here log 2 means log,,2, and-similarly for the others. 


m 
245. To prove log, — =log,m — log, n. 
Let log,m=z, logn=y. 
Then . m=", R= * 
a edad 
“mm a 2 


=p log, =z£-y=log,m —log,n, 
1.¢. the logarithm of a fraction = log numerator — log denominator, 
or the logarithm of a quotient = log dividend. — log divisor. 

Thus log ‘02 = log ;Z7=log 2 — log 100 =log 2 — 2. 

When common logarithms are used, the base is generally not 
written. 

Thus log 02 is understood to mean log,,°02. 


946. Lo prove log,n” =r log,n. 
Let log,n=a, then n=a"; 
.. Usa; 
.. log, n’ =rz=r log,n, 
i.e. the logarithm of any power of a number is the product of the 
‘logarithm of the number and the index of the power. 
Thus log 10000=4 log 10=4; log 16=log 24= 4 log 2, 


and log, 128 = log, 27 =7 log, 2 =7. 
_ log,n 
247. To prove that log,n Aiea’ 


Let n=a", so that log, n=2, 
Also, taking logarithms of both sides to the base d. 
log,n = log,a* =a log,a ; 


log, 
oe, 
log,a 
, log,n « 
ae. log a= Bol. QED. 
log,a 


Notice that we have changed the base. 
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If by a stretch of imagination we regard the 0’s in the above 
: 


formula as cancelling, as in the fraction a (though no such process 
goes on), it is easily iceraianberat 7 


b 


Beginners often make a mistake in saying that 
log,n 
log, a 
248. A ber case of the formula of Art. 247 is 


log. 


- =log,n — log, 


bole log, _ - 
*~ log,a log,a 
. log,d.log,a=1. 
Or we might prove it thus: 
Let log,b=2, so that a*=0. 
Taking logs to base b, xlog,a=log,)=1, 
i.e. log,b. log,a=1,. 

Example 1. Simplify log,a.log.b. logac. e 

logya . log.b=log.@ (by Art. 247, the b’s appearing to cancel), 


*. logea. logeb . logge =logea . logac = iogaa. 
Or thus, without assuming Article 247. 


Let loga=a.. .. a= 
Let log.b=¢.. ...b=—c?, 
Let Woge—=2. on C=O 


Required xyz. 
a=b*=(ef=c?=(d‘ =a". 
. logaa=xyz=log,a. logeb. logas. 
Example 2. Simplify log, 64 . log, 10 + log, 8. 


The expression =log,)64- Tag —loi64 log, 10 


=log,64=log,8?=2, 


Characteristic and Mantissa. 


249. Der. The integral part of a logarithm is called its 
characteristic, the decimal part its mantissa. 


Example. log 20=1°3010. 
“. the characteristic of log 20 is unity, 
and its mantissa is ‘3010. 
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If a number, n, lies between 10? and 10?+!, n= 10?+® decimal, 
*, its. common logarithm is p+a decimal. 
’, the characteristic of log,,n is p. 
Hence, to determine the characteristic of log,,n, we only have 


to find what two consecutive powers of 10 the number 1 lies 
between. 
Example. 125>10? and <103, 
*. log 125=2+a decimal. 
-. the characteristic of log 125 is 2. 


2354> 10% and <10+. 
.. the characteristic of log 2354 is 3. 
67°04>10! and <102. 
*, the characteristic of log 67-04 is unity. 
Hence we see that: 
The characteristic of logn, when n>1, is one less than the 
number of integral digits in the number n. 
Again, log,,1=0. .. the logarithm of a number less than 1 
is less than 0, 7.¢. it is negative. 
We will now show how to find the characteristic of logn when 


n<l. 
For convenience sake a negative mantissa is made positive by 


changing the characteristic. 
Thus log j= -05229= 140-4771, 
which we write thus 1:4771, the lar over the 1 indicating 
that the mantissa is positive, though the rest is negative. 
(2:4771 is read thus “2 bar decimal 4771.”) 
Example. log ‘025=log 7g = — log 4 —- log 10= ~ 1-6021 = —2+(1- ‘6021} 
= 23979. 
We will now examine several different cases. 
‘3=,%, which > 7 and <1, 
a.¢. it >107! and <10°; 
-. log:3= —1+<a decimal ; 
e. the characteristic of log ‘3 is —1. 
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035 > O01 and <°l, 
4.2 it > 107-2 and <107!; 
“. log 035 = —2+a decimal ; 
*, the characteristic of log 035 is — 2. 
00003781 >-00001 and <-0001, 

4.0, ab o> 10° aad 10; 
.. the characteristic of log 00003781 is ~—5 

These examples establish the following rule: 
If n is any decimal less than unity, the characteristic of logn 


is negative, and numerically one more than the number of zeros 
before the first significant figure. 


(Reminder. The significant figures of a number are those 
which remain when all zeros at the beginning and end have 
been removed. 


Example. The significant figures of °0032016, and of 32016000 are 
32016.] 


250. The mantissae of the logarithms of numbers are the 
same if the numbers have the same significant figures. 
This is the same as saying that the logarithms of numbers 
whose quotient is any power of 10 have the same mantissa. 
The following examples establish the truth of this statement : 
32016000 _ 10x 32016 _ sno, 
0032016 10-7x 32016 ** > 
”. log 32016000 — log 0032016 = 10, 
4. log 3016000 and log 0032016 have the same mantissa, 
10357 _ 1000 x -010357 _ | og. 
010357 010357 a 
.. log 10°357 — log ‘010357 = 3, 
ie. log 10°357 and log 010357 have the same mantissa. 
Example. ' log 624=2°7952 ; 
“. log 624000=5°7952,  — log ‘0624 =2-7952, 
log 6°24=-7952, and log -624=1°7952, 


/ 
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Examples. XXXIX. a. (Orai.) 
(The logarithms are to the base 10 unless otherwise indicated. ) 


Read off or write down the following logarithms to the base 10: 


1, log 1000. 2. log 100,000. 3. log 01. 4, log :0001. 
Read off or write down the following logarithms to thie base 2: 
5. log 64. 6. log256. 7, _ log]. 8. log#. 9. log ze 


Read off or write down : . 
10. log,81. 11, logg16. 12, log,;27. 18. log,125. 14, log,64. 


15. log,343. 16. log,32. 17. log,8. 18. log) 1 
- 19. log,81. 20. log, 3. PT, 10g, o 22. log,243. 
23. log,3125. 24, log,;5. 25. logio;5. 26. logs 16. 
97. log,32. 28. log,2. 29, log, 8. 30. log.) 10. 
Write down or read off other forms of : 
31. log abe. 32. log a®b¥c®. - 33. log a 
Write down or read off in terms of log 2 and log 3: 
34. log 4. 35. log 6. 36. logs. 87. log 15. 38. log 18. 
_ Simplify: slg 
B9. log2+log 5. 40. log 2+log3. 41. log 12-log3. 
42. log 12-2log2. 43. log 54-2log3. 44, log 3000. 
Solve orally the equations: 
45, 2*=64. 46, 2” x.37=216. 47, 5*=3125. 
48, 27=°5. 49, 27=°125. 

Write down or read off the characteristic of each of the following : 
50. log 317. 51. log 1234. 52. log 12°3. 53. log 623. 
54, log 048. 55. log 6043. 56. log 801. 57. log 0017, 
58. log °32. 59. log 3-241. 60, log :000926. 


61. Given a=10°.b, find loga~log 0. 
62. Given log,,5=2, find log,, ‘005. 
Simplify : 
63. log,8 + log, 2. 64, log,4 x log,3. 65. log,4 x log, 3. 
66. Explain why log 3251 and log 9999 have the same characteristic, 
67. Prove that log '723 and log 7:23 have the same mantissa. 
68. In what other form can log (a? -b?) be put? 
69. What are the significant figures in 203500? 
Loy age nOOc dE RSE BROCRRERS Cetoe oeea ec EERE 20°35 ? 
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73. Given log 2592=3°4136, write down log 2°592. 

y (: Saenerre Penrecheatte, oe Bec deoc ee. coacucec: log 259200. 

1), = chvettne cannes Risvns fusant cvenccmaebeneaaee log -002592. 

76. Express log 5*. 34.7? in terms of log 2, log 3, and log 7. 
77. Read off log 3762 - log 37°62 without tables. 


(S.mcsccsteee log 1384°5 —log 071845 ........... eee 

ich es arcecere log 7:8 lok 0°78 | WR Beiececcs.cs.00e 

BO Meercsce- log 548 —log ‘00543 ............00000 
Given that log 2= ‘3010, read off the value of 

81. log 20. 82. log 2000. 83. log ‘2. 

84, log 0002. 85, log 2x 10°. 86, log (a) 
Given that log 2364=3°3736, read off the value of 

87. log 2°364. 88, log 236°4. 89. log 236400. 

90. log ‘2364. 91. log :002364. 92, log (2°364 x 105). 


251. Care must be taken in dealing with numbers in the 
form 2-0345. 


Example 1. 4:4771x5=(-—4+ °4771) x 5= —2042°3855 
= 18-3855. 
Example 2. Divide 4:4771 by 5. 
The characteristic — 4 is not exactly divisible by 5. 
Therefore we make it so by writing 4-477] in the form —5+1°4771. 


44771 -521°4771 
a7 ae eee ose 


Hence —14 2954 =1-2054. 


Example 3. Add together 3-4771, 6°4812, 9-9023, 
34771 
64812 
9-9023 
5-8606 
To the left of the decimal point we have —12+6+1 (carried) = —5. 
Example 4. Subtract 4:6917 from ‘0312. 


0812 
46917 


3:3395 (Check by adding the 2nd and 3rd lines.) 
Or thus : 0312 - (4 6917) = 0312 + 4 — 6917 
=4-0312 - 6917 =3°3395. 


XXXIx.] LOGARITHMS 337 


16 9 
Example 5. Simplify 2log — ipt 3 log? + log — 30° 


2 
The expression =log (is : = . 0) , 


58 Es 
lg a BB oe 


_ Example 6. Given that log 5=-6990, find how many digits there are 
in 5°. log 5°=9 log 5=9 x 6990 =6-2910. 

The characteristic 6 tells us that there are 7 integral digits in 59; and 
. we know that it is entirely integral ; 
*, the number of digits is 7. 


Example 7. What power of 3 is nearest to 108? (log3=-4771.) 


Let 3 = 10%. 
Take logarithms of both sides. 
Then xlog3=8; 


*, «=8+log3=8+ -4771=16'8 nearly. 
This is nearer to 17 than to 16; 
*. the 17 is the nearest power. 


Examples. XXXIX. b. 


1, Add together 12864, 2°1572, 3-7632. 
2, Add together 5°6391, 1°5534, -7431. 
3, Subtract 1-2345 from 2°6387. 


4, Subtract 2:5461 from 1-0386. 5. Multiply 2-4771 by 5, 
6. Multiply 3-6990 by 2. 7. Divide 1:5423 by 3. 
8. Divide 23184 by 4. ~ 9, Divide 3-3075 by 5. 


10. How many zeros follow the decimal point in ‘27°? 

11. How many digits are there in 27°? 

(AOE oe 7 

13, Prove that log (9? — 3?) — (log 9? - log 3*) =log 8. 

14. Simplify log +3 +log $4 — log +. 

15. Simplify + log 196 +log 25 — 2 log 2 + log 3 — log 3°75. 

16. How many digits are there in 7°? 

17. Given log2=-3010, find what power of 2 is nearest to 104. 
10%, 
10°. 
20. Given that log,,7= '8451 and log,)4= "6021, find log,7 to 2 decimal 
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21, Find the value of log,a.log,b . logue. 

PoP Fee = Gntoacveer pac cane deco: logy)9. log,10+log,3. 

Solve to 2 decimal places : 

93, 6*=126, given log 6= ‘7782 and log 126=2°1004. 
24, 2*,3°*=144, given log2= 3010 and log 3= "4771. 
25, 3*+1=5-1, given log 3=°4771 and log 5= 6990. 


The Principle of Proportional Parts. 


252. For numbers differing by small quantities, i.e. by small fractions 
of themselves, the differences of the logarithms are approximately pro- 
portional to the differences of the numbers. 

This principle is most important in the construction, and to 
some extent in the use, of tables. 

If we know log 213 and leg 214, by this principle we can find 
log 213°7. log 213 = 2°3284 

and log 214=2°3304. 
Here the numbers differ by 1, and their logarithms differ by 
0020. 

If the numbers differed by + of 1, their logarithms would 
differ by } of ‘0020; and similarly for other cases. 

his we wish to obtain log (213 +2) from log'213, we may call 


2°3284+y, where we recognise that y is the same fraction of 
060 as x is of 1. 


Thus log 213-7 =log (213+ °7)=2°3284 +y, 
h ¥Y = aL! L. 5 =" 
where poy ey 0014. 
Hence log 213-7 = 2°3284 + 0014 =2°3298. 
258. MATHEMATICAL TABLES. 
Logarithms. 
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24 
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12 4 
24 


mannso-r 
page Speyer 
Sorenwhe- 


s 
8 
7 
7 
7 
6 
6 
6 


He 
s mr 


‘XXxIx.] LOGARITHMS 338 


The quotation given above from a table of 4-figure logarithms 
will show the method of reading the logarithm of any number. 
For instance suppose that log 1756 is required. Look along the 
line beginning 17 until you reach the figures below the 5 which 
occurs in the top line. The figures are 2430. For the final 6 
take the figures below 6 in the columns on the right of the page, 
viz. 15. The total result is 2445. The decimal point in the © 
logarithms is not printed, so that in reality the figures are -2430 
and ‘0015, giving a total of -2445 as the mantissa of the logarithm 
_ of a number whose significant figures are 1756. 

Add the proper characteristic, and the logarithm of 1756 is 
3°2445. 

Also log 17-56=1-2445 and log -01756=2-2445; 
for the logarithms of numbers have the same mantissa if the 
numbers themselves have the same significant digits. 

By the principle of proportional parts, if we required log 1756-7 
‘0017 

1” 


we should have to add 5 of the difference for 7; «<. 
ée. °0002. 
Thus log 1756-7 = 32447. 


Antilogarithms. 


254. Der. If « is the logarithm of x, then n is called the anti- 
logarithm of x. 

The reverse process, that of finding the antilogarithm of a set 
of figures (7c. the number whose logarithm is the given set of 
figures), can be accomplished by searching in the columns for the 
given set of figures or the set next less than these, and making, 
in the latter case, the proper allowance for the difference by 
means of the right-hand columns. Labour is saved, however, 
by using tables of antilogarithms, which are read in a similar 
manner to the tables of logarithms. 

It must be remembered that the mantissa only is given in the 
table and only the significant digits of the antilogarithm. The 
position of the decimal point in the antilogarithm must be deter- 
mined by the given characteristic. 


340 ELEMENTARY ALGEBRA [oHAP. » 


Antilogarithms. 


i 
%~ 
co 


a 
or 
fon) 
-I 
@ 
io} 


1782 | 1786 
1824 | 1828 
1866 | 1871 


19 || 1549 $1552 | 1556 Ook 1)4),2¢72\).37 8.5: 
90 || 1585 § 1589 | 1592 Or iy 2°23) 83 
“21 || 1622 | 1626 | 1629 0 .1,.1).2) 2 -2/3,3 3 
92, || 1660 | 1663 | 1667 Of 1/2 2) 2s" 33 
“23 || 1698 | 1702 | 1706 Oy, T hi 2n 2+ 313, Sas 
24 || 1738 | 1742 | 1746 QV 2°12 S20 2 ome ee 
O4ds W212 2B Bee 
Or 1|2 2. 213 8 4 
011j;2 2 3/3 3 4 


Find the antilogarithm of :2445 and of 3°2445. 

The significant digits are found by going along the line which 
begins with °24 until the column headed by 4 is reached, and 
adding to the 1754, thus obtained, the figure under 5 in the 
right-hand columns. 

Thus the antilogarithm of :2445 is 1-. 56, since the significant 
digits are 1756. and the characteristic 0 shows that there is one 
integral figure. 

So also 3:2445 is the logarithm of 1756. 


255. The tables of logarithms may be used in su¢h a manner 
as to obtain the proper characteristic without direct reference to 
the rules given for writing down the characteristic. The method 
itself explains how the characteristic occurs. Any logarithm as 
it appears in the tables, viz. with 0 for characteristic, is the 
logarithm of a number containing one integral digit. This may 
be regarded as the standard form; and all numbers, whose 
logarithms are required, may be expressed in terms of this 
standard form by multiplying or dividing by some power of 10. 

For instance log 7-253 =0°8605. 

log 7253 = log (7-253 x 108) = -8605 + 3 =3:8605. 
log (0007253 = log (7:253 x 10“) = -8605 — 4 = 4-8605. 

Before attempting examples involving logarithms, the student 
should have some oral practice in the use of legarithm and 
antilogarithm tables. 

E.g. Read off log 62°37, log 620°9, log 0271, and so on. 

Read off the numbers whose logarithms are 


3'235, 1:067, -0824, 1°6258, and so cn. 
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a mnple 1. A cube contains 3c. ft. 904. in. Find the length of its 
edge. 
3c. ft. 904 c. in. =6088 ec. in. 
D 7 5 
log 1/6088 =5 log 6088 = Sa 1-2615. 


Looking at the table of autilogarithms, we find that corresponding 
to “261 are the figures 1824, and from the columns on the right we see 
that for the final 5 we must add 2. 


. the significant figures required are 1826. 

The characteristic 1 (in 1:2612) shows that there are 2 integral figures ; 

*. antilog 1-2615=18-26. 

©. X/6088 = 18°26. 

*, the length of edge is 1 ft. 6-26 in. 
After a little practice it would only be necessary to write down 
log {/6088 = log 6088 = we 

Length of edge=18-26 in.=1 ft. 6-26 in. 


Example 2. Find by logarithms the product of 2°413 and ‘6052, 
‘The logarithm of the product =log 2°413 + log ‘6052 
3825 + 1°7819= —1+41:+1644 
= ‘1644. 
From the table of antilogarithms we find antilog :1644=1 460, 
*. the required product=1°460 to 3 decimal places. 


=1-2615=log 18-26. 


This might be worked concisely as follows : 
2-413 x 6052=antilog 3825 
&. 1-7819 
=antilog -1644=1°460. 


Example 3. Find the value of 2°644 + ‘2863. 
The logarithm of the quotient =log 2°644 — log 2863 
= *4223 — 1:4569 = 1-4225 - -4569 
= 9654 =log $:235. 
. the required quotient =9-235 (correct to 3 decimal places). 
Or, more shortly, 2°644 + 2863 =antilog 4225 
4 — 14569 
=antilog -9654=9-235. 
Example 4. Wind the value of (£1. 3s. 6d.) x “784. 
£1, 3s. 6d. =£1:175. 
log (1°175 x °784) =log 1175 + log “784 = 0701 + 18943 
=1-9644=log -9212. 
“. the required value=£‘9212=18s. 5d. 
B.B.A. zZ 
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Frample 5. Find the square root of 73. 

J/73 =antilog (log /73) =antilog (} log 73) 
=antilog (} x 1'8633) (from tables) 
=antilog (-93165) 
=8:544 (from tables). 


Example 6. Given log 2810=3'4487, and log 2820=3°4502, find log 28°16. 
We will first find log2816. Let log2816=log 2810+ 2=3°4487 + =. 
log 2820 — log 2810 = 34502 - 3°4487 = -0015 ; 
i.e. 0015 is the diff. between the logs when 10 is the diff. between the numbers, 
and = 


“. log 2816=3°4487 + -0009 = 34496. 
“. log 28°16=1-4496. ; 
Example:7. Given log 3450=3°5378, and log 3460=3°5391, find 
antilog 3°5388. 
The number required evidently lies between 3450 and 3460. 
Let it be 3450+. 
3°5391 — 3:5378 = 0013, 
35388 — 3°5378 = 0010. 
.. by the Principle of Proportional Parts, ei 
and x= =8 to the nearest integer. 


.. 3458 =antilog 3°5388. 


Examples. XXXIX. c. 


From tables write down 


1, log 26. 2. log 2600. 8. log 265. 4, log 2658. 

5. log 2°658. 6. log 2658. 7. log :002658. 

8, Given antilog °6153 =4°124, find antilog 2°6153. 

If antilogarithm tables are supplied, they may be used for Examples 


9-22. Otherwise, the method of Proportional Parts must be used. See 
Art. 252, and Example 6 above. 


Find the artilogarithms of the following : 

9, ‘3851. 10, 1°3851. 11, 2°3851. 12, 2°7861. 
14. 1:7621. 15, °7449. 16, 2°9022. 17. -9032. 
19. 1°8591. 20. 34623. 21, 55400. 22, 5-9228, 


13, 3°8423, 
18, 2-8021. 
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Reduce the following (23 to 34) to standard form, and find their 
logarithms. 


23. 36840. 24, 368-4. 25. 1567. 26. °01567. 

27. 428°6. 28. 4286000. 29, 2113-5. 30. °0021135. 
31, 3865. 32. 0°05713. 33. 7641000. 34. 0°7648. 

35, Find approximately by logarithms the product of 1-414 and 1:°732. 
OS ga peach Moll coedineal Met Rein tate Ni 

id Eee aS ee a oe N7 

38. Solve the equation 27=3. 39, Solve the equation 3*+4=405, 


40. Solve 37. 2¥=100, 27. 3¥=50. 


41, Plot the curve y=2* from x=0 to x=6, using 1 inch for the unit- 
of abscissae, one-tenth for ‘ait of ordinates. “Hines find 215, 284, 25, 


Find also log, 14 and log, 23. 

42, Simplify log 98? +log 245 - log 17°15. 

43, Simplify log 15+ log 105 — log 225. 

44, Find log 81 to the base 243. 

45. Prove log 20+7 log +3 +5 log $£+3 log §9=1. 


Find approximately the results of the following by four-figure 
logarithms : 


46, 2°3 x 1270. 47, ‘2413x6052. 48, 4:951 x 2836. 
49, -3463 x 3973. 50. °746 x -6235. 5B 

52. -407x40°3x 006. 53, °0438 x 937. 54, 48-25 +634°9. 
55. °07644-+ 147. 56. °8675] +24°3. 57. 830676 +3596. 


mh ye pe Ue a a w22t <oisat 
58, V18412. 59, (-9375 x o1s*)**. 60, 00526 x 196° 


61. ¥/10 correct to 3 places. 62. 3°8%. 63. ~/68921. 


1 1 -z— For-4 
—— 65. ===» 66. Solve 4x 2? =o . 
e 0714 N-0196 
67. Given r=3:142, find = 68. Solve 182% x 3=5. 


69, Solve (7)*= 0:0016. 
70, Calculate the value of 3°74/4m to 3 decimal places. 
71. Calculate the value of 30°26 x 18 x 8°5 + (13°6 x 22). 


Find a fourth proportional to 0°001233, 13°6 and 51, correvt to 
2 significant figures. 
73. The specific gravity of pure alcohol at a certain temperature ig 


49°3 , 57°09 k this out correct to 3 decimal places. 
stated to be =. 507? OL" Work this ou 
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74. In calculating the electric capacity of a certain wire, the following 
formula occurs: 4°2 x 6087 x 30°48 + {4°6052 x (28°8)? x 10%}. Work it out 
to/3 decimal places. 


75. By successively taking square roots it may be found that 
1 fe. | Gi 
10? =3-1623, 10 =1-778, 10°=1°334, 108° =1°155, 1087 =1-074. 
By multiplication obtain the values of 10? and 10°%, 


Plot the curve y=10", using 16 inches for the unit of x and 2 inches for 
that of y. From this read off log) 1°5 and log), 2. 


76, Find by logarithms £5°%°7 correct to 2 decimal places. 


77. Prove that 1og,(=) =logyx —z. 
78. If x=logya, what is the log of a” to the base b?? 
79, By the aid of tables, prove that approximately 
2007 + log, *2008=1. 
80, Compute by tables $74/34°3 + V 14-4. 
81. If log 03%=a, and log2=8, show that log 4100=a +128. 
82. Prove that log 1250 + log 343 — log 49 + log 25 + log 6°4=2 + log 14, 
83. Find x correct to 2 decimal places if 5%. 77=117+2, 
84. Simplify log ‘06 +log(*6)? - log 4 - log 54+ 4. 


85. If the logarithm of a given number to base 4 is ‘3518, what is its 
logarithm to the base 8? 
86, Given 5*+?=8-}, find x correct to 3 decimal places. 
87. Calculate the following ly logarithms, and show how you would 
roughly check your results : 
(i) pr", where p=93°75, r=1:08, n=4; 
(ii) $773, where r= 235, r=5'875. 
88. The weight in pounds of a foot of iron piping is given by the formula 


t ¢ eae 
rr +t), when the thickness is ¢ inches, the bore is b inches, and 7 =3"142, 


w being the weight of a cubic foot of the iron. With b=3, ¢=3, the 
weight of a foot is found to be 13°3 1b. ; find w. Hence calculate, to the 
nearest pound, the weight of a foot if b=23, t=}. 


89, The resistance to an express train on the level is given by the formula 
z : 
3 
Pesan: laslotbaogs 
29+ 55°85 0-0RTSL. 
where R=resistance in pounds per ton drawn; v=velocity of train in 
miles per hour ; L=length of train in feet. Ee 


aleulate R for a train 300 feet long when v is 60. 
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90. Make a list of the integral powers of 2 from index —2 to index +4. 
Use your values to draw a curve, the ordinates of which show the logarithms 
of numbers between 0-3 and 16-0 to base 2, using 1 cm. as unit for the 
numbers, and 5 cm. as unit for the logarithms. From your curve deter- 
mine as accurately as you can log, 1°7 and log, 5-4. 


From Tables of Logarithms, where logarithms of five-figure numbers 
are given to 7 places of decimals, we findrthat 


log 73603 =4°8668955, and log 73604 =4°8669014. 
91. Calculate log 736032 correct to 7 decimal places. 


Sl eee HOP LOGO opt aesecd orsccestesnrer ese 
1 8) eee eee lop USG036 Samet. sot Pee 
94, Find the number whose logarithm is 2°$668979. 
mcg ants net seca tab cacneieseseose 08669002. 


*CHAPTER XL. 
HARDER GRAPHICAL AND MISCELLANEOUS PROBLEMS. 


256. One tap will fill a cistern in 6 howrs ; a second will fill it in 
9 hours: how long will they take to fill the cistern, running together ? 


= 


Heo 
pean seesennareasessets 
1 2N 3 M4 5 6 7 8 QhoursX 


Measure time across the page along OX as shown in the 
diagram. (One-half in, (reduced) = 1 hour. ] 
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Let OA (1 in.) measured up the page along OY denote the 
capacity of the cistern. OC is the graph of the first tap. 

From D, the pt. where this meets the vertical 9 hour line, take 
DE =1 in. upwards. 

OE is the graph of the work done by the two taps. 

Thus PN ‘is the portion of the cistern filled by the two taps, 
running together, in time ON. 

BM=OA._ .”. OM is the reqd. time =3°6 hours. 


257. Multiply 3-7 by 2°3 by a graphical method. 


Draw two str. lines AC, AE. With a convenient unit, make 
AB=1, AC=3°7, AD=2°3. 


Join BD and draw CE || to BD. 


Then tka shee! i.e. AE x unity =AD x AC 


AD AB’ 
=2°3 x 3:7, 
.. the number of units of length in AE plead the product 
2°3 x 3:7. 
By measurement, AE = 8°51, the reqd. Peodint 


Squared paper might be used for the above, BAD being made a 
rt. angle. 


Division‘may be performed in a similar manner. 
258. 4 man walked from A to B at the rate of 4 miles an hour, 


without delay ran back at the rate of 6 miles an hour for half an hour, 
then waited for 39 minutes, and then completed the jowrney-home, by 
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walking ihe rest of the way, inan hour. How far is it from A to B, 
if the whole journey occupied 34 hours, and what distance did he walk 
_ ta the last part of the journey ? 


SES SSSR SSeS CESS eee eee SESS0 Sens seeee ees 
SER SERS SEES eee 
ro rotate acces BEERS BESES SESEE eee ee 


teases H 


EHH X 
Oo i 2 3 3% hours 


[In the printed diagram, which is reduced, the side of each 
small square denotes one-tenth of an inch. | 

Measure time along OX, taking 2 in. to denote an hour, and 
distance along OY, taking 1 in. to represent a mile. 

OCH is the graph of 4 m. an hour, DE is the graph of the 
distance he runs at 6 m. an hour, DF=39 minutes, the time he 


waits. 
FG=1 hour. Let the line through G parallel to OY meet OC 


at H. 
Then HF is the graph of his walk at the end of the journey. 
Thus we see that the distance of H from OX =the distance of 
Afrom B. .’. from the diagram, the dist. reqd. = 5-4 miles. 
Also GH=2°4 miles=the dist. he walked at the end of the 
journey. 
N.B.—The order in which the different parts of the journey 
and the waiting are taken is immaterial. 
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259. A-walks at the rate of 2 miles an hour, B at the rate of 3 miles 
an hour, round a circular track 1 mile long, starting at the same point, 
and at the same time in opposite directions. Find the times of thei 
first four meetings. 


at 

| 

Lil 

‘a 

| 

ag 

| 

a 

a 

| | 

a 

2 a 
Oo 20 30 40 50 60 

Minutes 


The point to observe is, that between each two meetings the 
men together walk one mile. 

Measure times along OX as shown in the diagram. 

Take OF along OY to denote one mile. 

OC is A’s graph for the first 30 minutes (1 mile). 

A is then at the starting point. .. we may take DE for his 
graph in the next 30 min. 

Taking F as B’s starting point, FG is s his graph for the first 20 
min., and as with A, HK his graph for the second 20 min. and 
LM his graph for the third 20 min. 

The points P, Q, R, S, where these meet, give us the times reqd., 
which are 12, 24, 36, 48 minutes from the start. 


260. .4 man receives 4 shillings for every day that he works, but is 
fined 1s. 6d. for every day he is. absent. After 25 days he receives 
£2. 16s. in wages. How many days was he absent ? 

Take OA to represent 25 days, OB to represent 100 shillings, 
so that OC is the graph of the money the man earns. 

Draw AD, the graph of his fines, from the point A, instead of 
from O. 

Examining any ordinate PQN, we sce that 

PN represents the money he earns in ON days, 
and QN® “Jets macnxcsehn amount of his fines in AN days; 
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-- PQ represents the money he actually receives. 
To solve this problem we have to draw PQ equal to 56 shillings. 
Take CE equal to 56 shillings, and draw EQ parallel to OC to 


meet AD at Q. Draw the ordinate PQN. - 


PQ=EC=56; 
100 B i 
80 
P = 
60 
o 
Dp 
= 
os E 
40 
BD 
20 
as 
ro 
O 5 10 1ST Ne 20nee2s 
Days 


ON represents the number of days he is at work, 
and AN the number of days he is absent. 
From the diagram we see that he is absent from work for 8 days. 


261. Find graphically (to the nearest minute) the times after 1 o'clock 
when the hands of a clock are (1) 5 minute divisions apart, (2) furst at 
right angles, (3) 25 minute divisions apart, (4) pointing im opposite 


directions, 
Measure the minute divisions across the page and minutes of 
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time up the page, as shown in the diagram. OA is the graph of 
the minute hand. 

‘Remembering that the hour hand starts at 1 o’clock, and turns 
through 5 minute divisions in an hour, BC is its graph. 

Drawing through the 10, 20, 30, and 35 minute division points 
straight lines reels! to BC, we obtain the points P,, Ps, Py, P;. 


O BS 10 15 20 25 30 35 40 45 50 55 60 xX 
Minute Divisions 


Through these points draw parallels to OX. 

P,n,=5 minute divisions, .. ON, gives the time when the 
hands are 5 minute divisions apart. 

Similarly 
ON, gives the time when the hand: are first at rt. angles, 
ON, os rohy ctathnti ns ssacn ea nan beneeewent ... 25 min. divisions apart, 


ON at Se ttoaste ies ensetitmecerncecnneemed pointing in opp. directions 
The times, to the nearest minute, are . 


(1) 11 min. past one. (2) 22 min. past one. 
(3) BS caeetavres ae (4) Sot hese 
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262. A tap, which would fill a cistern in 30 hours, is set running ; 
after 6 hours, an additional tap, which running alone would fill the 
cistern tn 10 hours, is opened. After another 3 hours, a valve is 
opened and with the two taps still open, the cistern is envptied in 3 hours 
more. How long would the valve take to empty the full cistern if the 
taps were shut ? 


mrmny: 
PEEP 
PEP 


O 2 4 6 8 10 Pi2 14 Hours 


Measure the hours across the nage as shown in the diagram, and 
let OP, drawn up the page, represent the capacity of the cistern. 

OA is the graph of the first tap. 

From A, where it cuts the 6 hour line, measure AM equal to 
10 hours, and draw the ordinate MVC meeting OA at V. 

Take VC equal to OP, the capacity of the cistern, and join AC. 
AC is the graph of the work done by the two taps running 
together. Take the point B on this graph, 3 hours from A. 

BD is the graph of the work done by the two taps and the valve. 

Examining any ordinate FGH between BC and BD, we see that 
GF=the part of the cistern filled by the taps in time BG, and 
therefore FH =the part of the cistern emptied by the valve in the 
same time. _ 

Hence to find the time taken by the valve alone to empty the full 
cistern, we have to find the points where the distance paratlel to 
OP betweeri-BC and BD is s egual to OP the capacity of the cistern. 
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KD is this line. Therefore BN denotes the time taken by the 
valve alone to empty the full cistern. 

From the figure BN=83 hours. 

This should be verified by the algebraic method. 

263. A man mixes wine at 30s. a dozen with wine at 80s. a dozen. 
How many dozen of each kind must he take in order that a mixture of 
60 dozen may be worth 50s. a dozen ? 


SSalilings 


Ms am am 
O 10 20 30 WN 40 50 60 Dozen 


In the diagram, OA is the graph of the 30s. wine, OB of the 
80s. wine, OC of the mixture. 

From C, the pt. (60; 50), draw CE parallel to OB to sama OA at E. 

Draw the ordinate FGEN as shown. 

ON(=386) gives the no. of dozen of the cheaper kind. 

NIC (3 94) cocks one) deylaqpure. erenioie ail 40 dearer kind. 

Proof. The gain on ON dozen of the cheaper is CAx ON, 1.6. 
GE x 60. 

.. if he sold ON dozen of the cheaper wine at 50s., GE x 60 
would represent his gain. 
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If he sold ON dozen of the dearer wine at 50s. FG x 60 would 
represent his loss. 


Now Ree (similar As ONG, OKC) 
FG", 
Se ee eS OF ; 
GE ( G, CGE) ; 
NK 
ae — FG ON ; 


i.e. his gain on ON dozen of the cheaper = his loss on NK dozen of 
the dearer wine, when he sells the mixture at 50s. 
.. he sells 36 dozen of the cheaper with 24 dozen of the dearer. 


Examples. XL. a. 


The following problems should be solved by graphical methods. They 
may be verified algebraically. 

1. One tap will fill a cistern in 6 hours, and a second will fill it in 
4hours. How long will they take to fill the cistern running together? 

2, A tap would fill a cistern in 10 hours. When the cistern is: half 
full a second tap is turned on and the cistern is full in oné hour more. 
How long would the second tap, running alone, take to fill the cistern ? 

8. A man can dig over a garden in 5 days, and a boy in 10 days. 
What fraction of the garden do they dig over working together for 2 days! 

4, A man starts digging a garden at a rate which would complete the 
work in 10 days. After working for 4 days, he takes 2 days’ rest, and after 
that, working at a faster rate still does the work in the 10 days. Find 
approximately how long he would take to do all the garden working at the 
faster rate. 

5, A does in 5 days a piece of work which B does in7 days. For how 
many complete days must they be engaged to do the work when they work 
together ? 

6.. A cistern has 3 pipes A, B, C; A and B can fill it in 4 and 5 hours 
respectively, and C can empty it in 2 hours. If these pipes are opened in 
order at noon, 1 o’clock, and 2 o’clock, find when the cistern will be empty. 

7, Awalks round a circular track one mile long in 20 minutes, and B 
motors round it in 5 minutes in the opposite direction, but starting from 
the same point. Draw graphs to shew when and where they meet, 
distances to be measured in A’s direction. 

8. A travels at the rate of 7 miles an hour, and B at 2 miles an hour 
round a circular track one mile long, starting at the same time from the 
same point in the same direction. Find the first three times when A 
passes B. Also write down the distances from the start,measured in 
the direction of the travellers, at which the passing points lie. 

9, 1000 German marks are equal to £49. Find graphically the value 
of 550 marks in pounds, and £65 in marks, to the nearest pound, and 10 


marks respectively. 
10. Find the square root of 2°3 x 3°5. 
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li, Ina hundred yards race, A beats B by 11 yards, and C by 19 yards. 
¥ind to the nearest yard how much B beats C by in 100 yards. (Use 
millimetre paper.) 

12. A walks at the rate of 4 miles an hour, resting for half an hour at 
the end of each hour. B, starting 3 hours later, and travelling uniformly 
without resting, catches him up 14 miles from home. Draw their graphs, 
and determine B’s pace. : 


13, If I buy oranges at the rate of 5 for 3d., how much, to the nearest 
penny, shali I give for 57? 

14, Two trains start at the same time, one from Liverpool to Manchester, 
and the other from Manchester to Liverpool, and running steadily complete 


the journey in 42 minutes and 56 minutes respectively. How long is it 
from the moment of starting before they meet ? 


15. A and B run over a course, B having 50 yards start. A runs 4 
yards while B runs 3 yards, and arrives at the end of the course 150 yards 
ahead of B. Find the length of the course. : 


16. Two men run at uniform rates over a course of 4000 yards. One 


starts 24 seconds after the other and arrives 16 seconds before him. Where 
does he pass him? 


17. Suppose that it takes a train just 6 days to run the whole length of 
the road, and that one train leaves each end of the road each morning. 
How many trains will a person meet going the length of the road, not 


counting the train which arrives just as he starts, nor the train which 
starts just as he arrives ? 


/ 


18, A man receives 3s. 6d. for every day that he works, but is fined ls. 
for every day he is absent. After 20 days he receives the same wages that 
he would have earned by working steadily for 11 days. How many.days 
was he absent from work ? , 


19. A, walking from P to Q at the rate of 4 miles an hour, starts one 
hour before a coach travelling at the rate of 12 miles an hour, and is picked 
up by the coach. On arriving at Q he finds that his coach journey has 
lasted 2 hours. Find the distance from P to Q. 


20. A, B and C travel from the same place at the rates of 4, 5 and 6 
miles an hour respectively, and B starts 2 hours after A. How long after 
B must C start in order that they may overtake A at the same instant ? 


21, A man walked from A to B at the rate of 3 miles an hour, bicycled 
back without delay for 2 miles at the rate of 8 miles an hour, and walked 
the remaining distance home at the rate ot 2 miles an hour, taking 4 hours 
over the journey. How far is it from A to B? 


22. A man walks from A to B at the rate of 4 miles an hour, waits half 
an hour at B, and then returns at the rate of 3 miles an hour. He took 
34 hours over the journey. Find the distance from A to B. 


23. A man did a journey of 11 miles in the following manner. He 
walked part of the way, then bicycled at the rate of 11 miles an hour, and 
finally completed the journey by walking’ for 15 minutes. If his walking 


was at the rate of 3 miles an hour, and he took 3 hours over the journey, 
find how far he bicycled. 


24, A man walked a certain distance at the rate of 4 miles an hoale and 
then ran part of the way back at the rate of 6 miles an hour, walking the 
temaining distance home in 15 minutes. The whole journey took him 
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1 hour and 20 minutes. How far did he run, and what is the distance? 
If a second man does the reverse double journey uniformly, starting at the 
same time, and occupying the same time, when and where will they meet? 


25. Two towns are 50 miles apart: A is to leave one of these towns at 
6 o’clock and to arrive at the other at noon, making four stops of half an 
. hour each at 10, 20, 30 and 40 miles from the starting point. B leaves the 
other end of the road at 7 o’clock, travels 20 miles an hour for an hour, 
then turns back and retraces his course for an hour at the rate of 10 miles 
an hour, then turns round and advances again at such a rate as to meet A 
as he is starting from his third halt: continuing at the same rate B meets 
at 10.30 a third man C, who left the first end of the route 2 hours later 
than A, and has been going at a uniform rate. At what rate has C been 
travelling, and where did B meet him? 


26. A travels 6 miles in the first hour, 5 in the second, 4 in the third, 
and soon. B starting 14 miles behind him travels at the uniform rate of 
7 miles an hour. When and where does he catch B up? 


27. A tap which would fill a cistern in 3 hours, and a plug which would 
empty it in 7 hours, are both opened at the same instant, when the cistern | 
is empty. How long will they take to fill the cistern ? 


28. A tap and a plug when both open fill an empty cistern in 120 
minutes, whilst the tap alone would fill it in 40 minutes. How long would 
it take the plug to empty the full cistern? 


29. Find graphically (to the nearest minute) the times when the hands 
wf a clock are (1) coincident in direction, (2) at right angles, (3) 20 minute 
divisions apart between the times given below: 

(i) 2 o’clock and 3 o’clock. (ii) 6 o’clock and 7 o’clock. 
(iii) 9 o’clock and 10 o’clock. (iv) 11 o’clock and 12 o’clock. 


30. If 4 men, or 5 women, or 6 boys can do the same amount of work in 
the same time, how long will one man, one woman, and one boy take to do 
a piece of work which 4 men do in 24 days? 

31. A, B, and C together do one-quarter of a piece of work in one day, 
B and C do one-half in 4 days, C completes it in 6 days more. How long 
would A and B take to do it, working alone? 


32. Two plugs are opened in a cistern containing 192 gallons of water : 
after 3 hours one of the plugs becomes stopped, and the cistern is emptied 
by the other in 11 more hours. Had 6 hours elapsed before the stoppage, 
it would have required only 6 hours more to have emptied the cistern. 
How many gallons will each hole discharge in an hour, supposing the 
discharge uniform ? 

33. Two workmen of unequal efficiency can make a drain in 60 days. 
After working for 20 days, A falls ill, and his place is taken by C, whose 
efficiency is the same as that of B, and they get the drain finished in 
80 days. In how many days could A or B alone have made the drain? 

34, A man mixes tea at Is. 1d. per lb. with tea at 1s. 11d. per lb., and 
sells the mixture, without gain or loss, at ls. 4d. per lb.: find the per- 
centages of the two kinds in the mixture. 

35, A man mixes tea at 1s. per Ib. with some at 2s, 3d. per Jb., and sells 
the mixture at 1s. 4d. per Ib., without gain or loss. How many lbs. of each 
kind did he sell? 
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36, Two taps running together would fill a cistern in 15 hours. After 
running together for 6 hours, one is turned off, and the other fills the 
cistern in 30 hours more. In what time could each fill the cistern, running 
separately ? 


37, A tap which would fill a cistern in 4 hours is opened. After it has 
been running an hour, a second tap is opened which would, running alone, 
fill the cistern in 8 hours. At the end of a second hour, a plug is opened, 
and the cistern which was empty at the start, is empty again in 7 hours 
from the start. How long would the plug, running alone, take to empty 
the full cistern? 


. 88. A cyclist rides 3 miles an hour faster downhill than uphill, and 
takes the same time to ride 22 miles downhill and 48 uphill that he takes 
to ride 50 miles downhill and 27 miles uphill. What are his speeds uphill 
and downhill ? 


39. The population of a town increases uniformly, and in each period 
of 3 years the increase is 20 per cent. of the population at the beginning of 
that period. If the population was 90,000 in Janyary 1903, what will it 
be in January 1906, and 1912, and what was it in January 1897? 


By drawing a graph, find the population approximately in January of 
each year from 1900 to 1905. 


40, Aand B are points 20 miles apart. At noon one man starts from A 
to walk to B at the rate of 4 miles an hour, and at 2 p.m. another man 
starts after him on a bicycle at 10 miles an hour. Draw a diagram on ruled 
paper to show how far they are apart at any given time, and at what times 
they pass any given point between A and B. 

[Scale to be 5 miles=1 inch, and 1 hour=1 inch. ] 


Also find from the diagram when and where the cyclist overtakes the 
man walking. 


41, Aand B are at two places P and Q 30 miles apart. They start at 
the same instant to travel from P to Q and Q to P respectively and meet 
at R, 12 miles from P. If A arrives at Q 24 hours after B arrives at P, 
find graphically their rates of travelling. 

42. A tap A fills one-half of a cistern in the same time that a tap B fills 
three-quarters of an equal cistern. Starting at the same time B fills the 


one cistern 2 hours sooner than A fills the other. Find how long each tap 
takes to fill its cisterm. 


43. Two men, starting at the same time from two places A and B, 
travel from A to B and B to A respectively at uniform rates. They are 
30 miles apart in 3 hours and meet in 9 hours at a point 30 miles from A. 
How far is it from A to B, and what are their rates of travelling ? 


44, Two men, walking from A to B and B to A respectively, and 
starting at the same time, meet in 7 hours at a point 264 miles from A, 


and are 15 miles apart in 4 hours. How far is it from A to B,-and what 
are their rates of travelling ? 


45. A man, who can row 2 miles against a stream in the same time’as 
3 miles with it, rows 15 miles and back in 6} hours, Find his times of 
rowing up and down. 

46. Two pipes together fill a cistern in 2% hours. Running singly, 
one takes 6 hours longer than the other to fill it. How long does each 
tap vake to fill it? 

47, A and B start together from the foot of a mountain to go to the 
sumuiut, ft would reach the summit half-an-hour before 6 but missing 
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his way, goes a mile and back needlessly, during which he walks at twice 
his former pace. He does the rest of the walk at his original pace, and 
reaches the summit 6 minutes before B. C starting 20 minutes after 
A and B, and walking at the rate of 2+ miles per hour, reaches the summit 
10 minutes after B. Find the rates of walking of A and B, and the 
distance from the foot to the summit of the mountain. 


Draw the graphs of : 
48. xy=0. 49, w+y 


Bi. (x-5)P + (y—6)?=0. 52. y= 


to 


=0. 50. («-5)(y-6)=0. 
53. y=(x-1)(x-2). 


|~ 


«w-l 


Examples. XI. b. 
MISCELLANEOUS PROBLEMS. 


1, Aand Brun arace; B has 50 yards start, but A runs 20 yards while 
B runs 19; what must be the length of the course, that A may come ina 
yard ahead of B? 

2, A man buys a certain quantity of apples to divide among his five 
children in succession. To the eldest he gives half the whole, all but 8 
apples ; to the second he gives half the remainder, all but 8 apples ; to the 
third half the second remainder, all but 8 apples; to the fourth half the 
third remainder all but 8 apples. ‘To the fifth he gives the 20 apples which 
remain, Find how many he bought. 

3. One army contains 3 men for every 2 in another army. In a battle 
the first army loses 1600 men and the second 600 men. After this there 
are only 4 men in the first army for every 3 in the other. How many men 
were there in each army at first ? 

4, A trader begins business with a certain capital. The first year he 
spends £100 on himself, and at the end of the year finds that the rest of 
his capital has increased by one-third. At the end of the second year, 
after again spending £100 on himself, he finds that the capital with which 
_ he began the second year has (in a similar manner) increased by one-third, 

and that he now has £1466. 13s. 4d. How much had he to begin with? 

5, Find two integers whose sum shall be 21, and which shall be such 
that the sum of the digits of one of the integers shall be double the other 
integer. 

6. Find what quantity of tea at 2s. per lb. must he mixed with 30 lb. 
of tea au 3s. per lb. in order that 2s. may be gained by selling 10 lbs. of 
the mixture at 2s. 6d. per lb. 

7, A man sets out to walk from A to B, a distance of 16 miles, at the 
rate of 34 miles an hour. Three-quarters of an hour after, a man sets out 
from B to meet him, at the rate of 4 miles an hour. When and where will 
they meet? 

8. Aand B possess together £22. After A has given to B one-fourth 
of his money, then one-third of what remained to him, and then £4 more, 
he has left only one-tenth of what B now has. How much money had each 
originally ? is 

9, Ina bicycle race A goes x feet per second and B goes a miles per 
hour. After 3 minutes A is 88 yards ahead of B: find 2. ; 

10. There is a number from which two other numbers are formed, one 
by adding 4 to it and the other by subtracting 4 from it; and the difference 
of the squares of these numbers is i What is the number? 

Bobs fa 
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11, A dealer buys 2a +6 sheep at ¢ shillings each, and sells a+b of them 
at a profit of d shillings each, disposing of the remainder at a loss of 
d shillings each: find his gain by the whole transaction. 


12. Of a swarm of bees clustered on a tree, the square root of half their 
number flew away. Eight-ninths of the original number then departed, 
leaving but two behind. How many were there at first ? 


13, A town is supplied with water from e@ reservoir into which the 
water has first to be pumped. The pumps if worked constantly could, in 
the case of no leakage or consumption of water, fill the reservoir in x days. 
They, however, work only on week-days, and for only 12 hours a day. 
Also the town consumes a reservoir-full in 3x days, using it night and day, 
and all days, and by leakage a reservoir-full is lost in 39% days. On 
Monday morning when the pumping begins the reservoir is empty. Find 
x, that on the next Saturday evening but two, when the pumping leaves 
off, the reservoir may be for the first time full. 


14, A clock is set going at 12 o’clock, but loses four minutes an hour; 
at what true time between 2 and 3 o'clock will its hands point in opposite 
directions ? 

15. A grocer buys a number of eggs at 6s. 6d. per hundred. He sells 
all but 69 of them at the rate of 11 for a shilling, and finds that he has 


received 30s. more than he gave for the whole number. How many eggs 
did he buy ? 


16. There are two mixtures of wine and water. one contains twice as 
much water as wine, and the other three times as much wine as water. 
{ow much must be taken from each mixture to fill a pint vessel in which 
the wine and water are equally mixed? 


17. A started six minutes before B and walked nine times round a 
circular path, finishing just as B completed his seventh round. A now 
rested for five minutes, while B went on with speed increased to half as 
much again as before, and just as he completed his twelfth round A, whe 
had resumed his walk with double speed, finished his sixteenth round. 
How long do A and B require at first to walk round a path? 


18. A litre of water weighs a kilogram, and a litre of another liquid 
weighs 1°34 kilograms. A mixture of the two weighs 1:27 kilograms per 
litre. Determine the volume of each in a litre of the mixture. 


19, Potatoes are sold so as to gain 25 per cent. at 6 lbs. for 5d.: find 
the gain per cent. when they are sold at 5 lbs. for 6d. 


20. A grocer gains 20 per cent. by selling at 2s. a lb. a mixture formed 
by mixing with 7 lbs, of a common tea 2 Ibs. of a better kind. But if he 
had mixed 7 Ibs. of the latter with 2 lbs. of the former kind, he would have 


lost 20 per cent. by selling the mixture at that price. What did each 
kind of tea cost him per lb. ? 


21, A man has three sons, born at equal intervals of time, whose united 
ages are at present equal to his own age. Show that when the age of the 
middle one is double of what it is now he will be-exactly half his father’s 
age. 

22. A cricketer had a certain number of innings during the season ; he 
finds that if he had not played the last, when he only made 5 runs, or if he 
had played an extra innings and made 31 runs, he would in either case 


have increased his average by 1. How many innings did he have, and 
what was his average? 
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23. Two purses contain money in such proportion that for every £1 
there is in one of them there is 15s. 6d. in the other; and if £1 be taken out 
of the latter and put into the former, the difference of the contents will 
then be £3. 2s. 6d. ; how much money is there in each purse? 

24, I take a party by rail. Three times the number of those in my party 
who require whole tickets is equal to twice the number of those who require 
half-tickets. Find the number in my party, if 14 tickets suffice for all. 

25. In a division in parliament, the Government had a majority of 18, 
and it was found that 53 per cent. of the whole number had voted for the 
Government. Find how many voted on each side. 

26. The age of a father is twice the sum of the ages of his two sons, the 
elder of whom is twice as old as the younger. Nine years hence the father 
will be three times as old as his younger son. Find their ages. 


27. I spend half of a certain sum of money in buying wheat at 28s. a 
quarter, and the other half in buying barley at 24s. a quarter. If the 
wheat had cost 32s. 3d., and the barley 26s. 8d. a quarter, I should have 
altogether spent £13. 5s. more. -How many quarters of each did I buy? 


28. On a certain journey I walked at 34 miles an hour, until the 
number of miles left to be walked was three less than the number of hours 
I had been walking. Then I walked the rest of the way at 4 miles an 
hour. If the whole journey occupied 10 hours 55 minutes, how many miles 
long was it? 


CHAPTER XLII. 
PAPERS FOR REVISION. 
XLI. a. 


1 1 
1, Write down the square of z+27!-1, and the cube of a*+5*. 
15+ 10 , 30-10 
15-N10 15+/10 


g, Find the value to 2 decimal places of 


Tart ge a 
8. If.a:b=c:d, then ats $ bto=eta : d+ 
. 3 
4, If AX BC, and B? AC, prove that A x B? © C’, 
5. A can run round a circular path 5 times while B can run round 
another 6 times. If their rates are as 9 to 7, compare the lengths of the 


paths and determine how much per cent. A must increase his speed to run 
round his path 6 times while B with unaltered speed runs round his 


5 times. 
6, Find by logarithms the cube root of 4913. 
7. Solve 22-3 2a?-2-2=x(1-~«). 


XLI. b. 


a? 2a+c 2a~e 
1, Ifa:b=c:d, prove Bad Moa 


2, Find the cube root of 3 to 3 decimal places. 


\ 
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3, The distance fallen by a body varies as the square of the time 
occupied, and it falls 16 feet in the Ist second. Find how far it falls in 
6 seconds, and how far in the 6th second. 


4, Prove that axi+be2+ca+d is divisible by w-1 if a+b+c+d=0. 


5, Simplify 2V72+7NV8 -/98 + = 


6. If M=PR*, find the nearest integral value of x, when M=2P 
and R=1°05. : 


7, How much are eggs a score when a rise of 20 per cent. in the price 
would make a difference of 80 in the number for a sovereign ? 


XLI. c. 

N1+@4+N1-%_ 3 
Ni¢a-Nl-x 

2, Find the sides of a right-angled A whose area is 30 sq. in. and 
hypotenuse 13 in. 

3, Divide 35 by 2V6- V3. 

4, Draw the graph of y=2*-4a, and hence solve the equation 
x? -—4e=3. 

5. Ifa:b=c:d, then 


1, Solve 


an +O cde 
abode 
6. In which is the greater waste, in cutting a square out of a circle ora 


circle out of a square? Find the ratio of the waste to the original area in 
each case. 


=(abcd)". 


7. Given that the area of a circle varies as the square of the radius, 
prove that the area of a circle of radius 13 inches=the sum of the areas of 
two circles of radius 5 and 12 inches. 


XLI. d. 
1, Express (a? +?) (c?+d?) as the sum of two squares. 
2. Solve 2?-6x+16=4NV 27-624 12. 


3. Draw the graph of y=10* from x= —1 to x=1°5, and find from it 
the common logarithms of 1:25, 23, and 6:3. 


4, There are two vessels A and B each containing a mixture of water 
and wine, A in the ratio of 2 to 3, B in the ratio of 3 to 7. What 
quantities must be taken from them to form a third mixture which shall 
contain 5 gallons of water and 11 of wine? 


5, Show graphically that the ratio a:b lies in value between the ratio 
n&:nb+p and the ratio na; nb—p. 


6. Simplify 2-1, 37. 624973. 12 a5 4073, 


7. The volume of a cube is 17°5 cubic feet; find by logarithms the 
length of its edge. > : 
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dom [22+6N5 ; 
1, Simplify are and find its value to 3 decimal places. 


2. A boy runs a mile race in 6} minutes; he does the last lap, one- 
quarter of a mile, at 3 miles per hour faster than he does the first three 
,laps. Find his pace for the last lap. 


3. Solve V2x+8-2Vx+5+2=0. 
4, If a:b=c:d, show by similar triangles that pie = 
¢ 


5. The area of a right-angled A is 84 sq. in., and its perimeter 56 in, 
Find the sides. 


6. The volume of a sphere varies as the cube of its radius. Prove thas 
three spheres of radii 3, 4, 5 are together equal in volume to one of radius 6. 


1 
7. If 3*=9x 3, find x to 2 decimal places. 


XLI. f. 


1, The third proportional to two numbers is 162, and the mean pro- 
portional 6. Find the numbers. 


2. A man receives a fixed allowance of £75 a year, but increases his 
expenditure by 25 per cent. every year. At the end of 4 years he is £69 
in debt. How much did he save the first year? Represent this graphically. 


8. Which is the greater, 3:4 or 32?+6x+1: 4z?+8x+1? 
4, If $=, a:d=(a+b)(a-c): (6-d)(c+d). 


5. Prove logs N=logab. log,N ; and find log V5 to the base ‘008. 


6. Three diamond rings weigh 141, 116, 79 grains, and it is known that 
the weights of the gems are 3, 2, 1 carats. The Ist ring is worth £82, the 
Qnd £36. 16s. What is the value of the 38rd? [1 carat=4 grains, and the 
value of a diamond varies as the square of the weight. ] 


7, Find the value of 1:5 +2 graphically and algebraically. 


XLI. g. 


1, Find a number which added to each of the numbers 6, 8, 10, 13 will 
make them proportionals. 


NI+2+N1-2 
Vl+x-N1-x 
3, Find the number whose logarithm is % of 2°8471. 


when x= 


d 2a 
9. Find the value of ae 


2 
4, Ifa, b, c are in continued proportion, a+%+e=O*9) , and 


1 1. 1 @+3+e 
. a 


5, Given that wax+y and y« 2’, and when z=2, w=26, x=1, y=12; 
express w in terms of x and z. 
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6. Solve (i) w+Naty=12-y 
et+y=41 ? 


(ii) 32 2x 3*+1=567. 


7, A walks from Cheltenham to Gloucester at 4 miles an hour: B starts 
at the same time from Gloucester and bicycles to Cheltenham and back at 
10 miles an hour. Find graphically where B passes A, the distance 
between the two places being § miles. 


XLI. h. 
1, Express (a?+6?)(c? +d?) (e?+/?) as the sum of two squares. 


2. The height of a spiral staircase is 40 feet and the internal diameter 
3°183 feet. The inner hand-rail makes 3 complete revolutions: find its 
length. 


3. Solve 203+ 72?+7a+2=0. 

4, Prove from the definition that logy = logy —1-logyz. 

5, If a, b, c, d are in continued proportion (6+c)(b+d)=(a+c)(¢ +d), 
and (a?+6? +c?) (b?+c?+d?)=(ab+be+cd)”. 

6, Find geometrically the value of JI4N6. 

7. Find log (2V7+3V11 i. 


XLI. i. 


- 
80\"7 9 — (324 “25 
1, Add together /20, 3/125, (9) 0 hes 5 and ~ 
2. Regarding as a known quantity, solve the following quadratic 
equation for y: — Qe? + y+ ey + lle -2Qy-15=0. 
Hence factorise the expression. 


3. Find, by logarithms, the square root of 3-015 correct to 3 significant 
figures. : 


4, If yor and x=2 when y=2 draw the graph of the resulting 


equation, and thus find the value of y when x=3'14. 

5. Two cisterns connected by a pipe contain 25 and 244 gallons of 
water. How much must flow from the first into the other that their con- 
tents may be in the ratio of 5 to 62 

6. Ifa, 6, c, d are proportional, 


(a—B)(c-d)=4(e-ap=4(a-yr 


7. Solve (i) 2?4+2QN224 2243 = 12-2, 
nS 1 1 eo 
Gi —S———_ +-W ———_ = = 
one 2 g-NQ-2? 2 


XLi.] PAPERS FOR REVISION 363 


XLI. EK. 


1, With the same axes trace the graphs of y=2 - and y=2%, 


Note from your graphs for what value of x the value of 2+ is the 
same as the value of x. % 


2. Solve Vz+Na+z= 


atx 


3. A and B start to run a race to a certain post and back again. 
A returning meets B at 80 yards from the post and arrives at the starting 
point 1 minute before him. If he had then returned immediately to meet 


B, he would have met him when B had still to run 3th of the distance 
between the post and the starting-place. Find the length of the course 
and the duration of the race. 


4, a, 8 are the roots of 22+ px+q=0. Find aB—+a-. 
5, Extract the square root of 16 +/252. 


6, Find the product of a’, a4, Ja, at, v a’ and (a-4)s . 


7, If x men do as much work as y women, and p women as much as g 
boys, what should be the ratio of a man’s wages to a boy’s ? 


XLI 1. 


1. A man loses + of his money; then wins £10; loses 4 of what he 
then has, and wins £20, and finds that he has exactly what he had at 
starting. What had he? 


243 2-3 
* . — + —_____——.. 
ca Oy a ay 34/2403 N2-J/2-N3 
1 


Spb woe and 22« %, prove that x a ne 


4, To doa piece of work A takes m times as long as B and C together, 
B n times as long as C and A together, C p times as long as A and B 
1 


1 
Pa 5 ge a een © 
mil n+l pti 
5. From the equations 2?+y?=25, ry=12 find the ratio x: y. 


together. Prove 


6. Verify this by drawing the graphs of the two equaticns and finding 
the equations of the lines joining the origin to their intersections. 


7, Find by logarithms the 4 root of = and verify by extracting the 


square root of the square root. 
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XLI. m. 
1. He 5=5=%, then Vab+Ned+Nef=N(arerey(o+d+/). 
N5+1 , N5-1 _ 2 (V5 -N/2) 
V5-N2° J54+N2 ./g9—28,/10 


3, There are two vessels, one containing 7 gallons of water and 3 of 
spirit, the other 4 gallons of water and 6 of spirit. How much must be 
taken from each to fill a 10 gallon vessel with equal parts of water and 
spirit ? 


2. Simplify 


4, Find the mean proportional between 4°6 and 10°5. 
5, If (h-a)(1—a)=(h-b)(i-})=%, find & in terms of a and 6 only. 
§, In the equation az*+bx+c=0, 2b°=9ac, find the ratio of the roots. 


7. The value of a silver coin varies as the product of the thickness and 
the square of the diameter. Two silver coins have their diameters: in 
the ratio 5:4. Find the ratio of their thicknesses if the value of the Ist is 
twice that of the 2nd. 


XLI. n. 


1, By dividing a line in extreme and mean ratio, find by measurement 
the value of $(V5-1). 


2. If axb and ¢ jointly, and b « d2, and c « the reciprocal of a, prove 
that acd. 


3. If log 75 lie between 2 and 3, what integer is the base? 
4, How many figures are there in 5™, given log2= 30103? 
5. Solve V3a—5+2Nx2-2= 5x41. 


6, A father gave his son a certain sum of money, telling him that at the 
end of every year he would give him as much as he then had left. The son 
spent £100 a year, and at the end of 4 years had nothing left. How much 
did he receive at first? 


7. Aand B start toruna race. When A has runc yards, B is d yards 
behind. B then increases his pace in the ratio m:n. The race lasts ¢ 
minutes longer and results in a dead heat. Find the distance and the 
rates of running. 


XLI. p. 


1. Solve the equation V7a=\/3a+12+NV3—a. 


_2, The perimeter of a right-angled triangle is 6 times the least side, 
Find the ratio of the sides containing the right angle. 


8. Find log os : 


(ed 54 SEE TOBY _ Ee » prove that xy¥z*=1, 


= 
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5. The square of the time during which a body will slide down a smooth 
incline varies as the square of the length and inversely as the height. If 
the time is 1 second when the height is 4 feet and length 8 feet, what must 
be the height of a plane 3 feet long that a body may slide down in half a 
second ? 


6. In a walking race A gives B a start of two-thirds of a mile. After A 
has walked for 36 minutes he overtakes B, but 18 minutes later he meets 
with an accident which detains him 27 minutes. On resuming the race, A 
walks for an hour and a half and again overtakes B two-thirds of a mile 
from the winning post. Find the length of the course. 


7. If a(by+cez-ax)=b(cz+ax—-by)=c(ax+by—cz), then 
. Pads Pitta 
b+e cta atb 


XLI. q. 


1, Find a quadratic function of x which shall have the values 1, 14, 2 a 
when x=1, 3, and —2 respectively. 
2. Express as a proportion the statement 
{a+b+ec+d)(a—b-—c+d)=(a-—b+c-d)(a+b-c-d), 
and prove that a: b=c:d. 
8.. Two travellers start towards each other from two places, one walking 
a mile an hour faster than the other. They meet a mile from the middle of 


the distance, and find that the time of the faster over the whole distance 
would be 34 hours. Find the distance. 


4, The weight of a spherical shell is { of what it would be if it were 
solid. Compare the inner and outer radii, given that the volume varies as 
the cube of the radius. 


5. In a proportion the sum of the means=8, sum of extremes=16, the 
sum of squares of all the terms=260. Find the proportion. 


6. Express in decimals 10-1, 10-*, 10-%, 10%, 10%, 107%. Draw the 
graph of y= 107 on a large scale for values of « between ~l andl. 

Find from the graph the values of 10%, 10%, 10-7°, : 

Check the results by means of a table of logarithms. 


7, Find 3t by extracting square roots, and state to how many places 
your result is correct. 
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CHAPTER XLII. 
ARITHMETICAL PROGRESSION. 


264. A series of quantities is said to be in Arithmetical 
Progression when each term is formed by adding a constant 
quantity, positive or negative, to the preceding term. 

This constant quantity is called the common difference. 

The common difference =the 2nd term —the Ist term 

=the 3rd term — the 2nd term 
= the 4th term — the 3rd term, and so on. 


3, 5, 7, 9,.... form an A.P. whose common difference is 2. 
20, 17:24, Li week os.ss. .. deenest ade. cht cen E.S A ee - 3. 
9, a, IEP Laas SF OR 2 ARTE ER Ree Re, 4a, 


265. To find the nih term of an A.P. 
Let a=the lst term, d@=the common difference. 

The 2nd term=a+d. 

The 3rd term =a + 2d, ete. 

.. the nth term=a+(n-1)d. 
266. To find the sum of n terms of an A.P. 
Let asthe Ist term, d=the common difference, J=the last 
term, s=the sum of » terms. 
s=a+(at+d)+(a+2d)+...41. 
Also s=the sum of the same terms in reverse order 
=1+(l-d)+(l-2d)+...4a. 


By addition 
2s=(at])+(a+l)+ (atl) +...=n(atl). 
; n 
5 8=5 (a+). REGUS OAC NOOO SSO GUO 2 (1) 
But be 04 (too 1) don eo etoeemeeaties rc (2) 


is s=5{a+a+(n-1)d} 


= 7 (2a+(n-1)d}. bckossasdeqtteelo) 
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267. If we insert between two quantities 2 and y a series of 
quantities which, including z and y, form an arithmetical pro- 
gression, these quantities are called Arithmetic Means. 

Example. 4, 6, 8, 10 are 4 arithmetic means between 2 and 12; for 
2, 4, 6, 8, 10, 12 are in a.P. 

268. To insert n Arithmetic Means between x and y, i.e. to form an 
A.P. of n+ 2 terms beginning with « and ending with y. 


y =the (n+2)th terrm=a+(n+1)d. 


gl mae 
ne 1 
= 2(y—: oa 
*, the means are z+ y 4 by 2lsant) ¢2Wn®) etc. 
n+1 nu+1 n+1 


269. To find the Arithmetic Mean between « and y, i.e. & msert 
one mean between = and y. 
Let A be the required mean. 


\ -- A-2=y-A. 


Example 1. The 5th term of an a.p. is —5, and the 11th term — 23: find 
the 30th term and the sum of 30 terms. 


Let the Ist term be a, the common difference d. 
a+4d=the 5th term= —5, 
a+10d=the 11th term= — 23; 
d= 19 ed ——o, a7 $ 
.. the 30th term =7 — 29 x 3=7 - 87= - 80. 


30 


The sum=5{a+/}="5{7 - 80} = ~ 15x 73= - 1095. 


We might find the sum of 30 terms without finding the 30th term. 
30 a 
For s=5{2a+ (n-1)d} = {14-87} = - 1095. 


Example 2. Insert 5 arithmetic means between 11 and 37. 
Here 11 and 37 with the intermediate terms form an A.P. of 7 terms. 
The first term is 11, the 7th is 37. 
$22.08 11+6d=the 7th term=37 ; 
Ad = 5 aid sti 
:. the required means are 153, 193, 24, 28%, 322. 
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Example 3. How many terms of the series 15+13+i1... make 55? 


. Here s=55, a=15, d=2nd-1st=-2; n is required. 
Now s=5{2a+(n-1)d}; 


“. 55=5{30 ~2(n-1)} =F {32 - 2n} =16n — n®. 
n? —-16n+55=0; 
\e = OLY. 
It will be found on trial that the sum of 11 terms=the sum of 5 terms =55, 


Example 4. The sum of 5 terms in A.P. is 35: find the middle term. 


To express 5 terms in A.P.. so that their sum shall be as simple as possible. 
we may write them down as a— 2d, a-—d, a, a+d, a+2d. 


In this case 5a=the sum=35 3 
*. the middle term a=". 


Examples. XLII. 
1. Write down the 5th term of the series whose nth term is n+2, 


Be atcaae cane nene cere LSthe sciuddene suet ft cree eee een eae 38n+1. 
SNP pre ater AP sete eee eR A ys eee ee hn tent 2n—-1. 
By Reeth ccotr ante BSt: (Fs lacweesadersnee ston cancer teed icc oscxe 3n—5 
RE Peer ac eee EET PROS. tonsd nics eceheasgccde Ses eecetntee Tn —4, 
Gibhesccoteetesessanes TSG. Poot bodueneuns ans nnn Seat sn eeeeterecelen erate 9n-5 
7: 08 cc. tant bile Phan Anelad vechnstn Sec ttt AEE. c_E ana 
4 
ia Wee TEC ae heer 11d Ree a een ne re ee (n+1)th.... n+2 
Oi seaicachataacieitaseats LQG cic natibar acct tee te aac avieancac seer rene 3n-1 
1 (i Ree eae er oars: DATED sisson acupiace wacetratenene enn ee enone 4n-~-7 
1 gee Se Beer = TAA RRA RRR BAe ee pre aed (n+2)th.... n+3 
1D, See tieernecsioseteeas Oth bac rcstaneenaatd sace cee casa ont eeueeetae tae on—1 
iS Beier aise retrse TS, “Troratlecaccvsck ens cqcenteecscnce some ree Reet 4n-3 


14, Find the 12th term of 3+7+11+ete. 
15. fi 2ist term of 6+4+2+ etc. 

16. 5, 13th term of }+3+1+ete. 
17. as 101st term of 20+23 +26 + ete. 
18. * 17th term of 100+ 91 + 82+ etc. 
19. of nth term of 14+3+5+ete. 


Find the last.term and the sum of the following series : 


20. 1+244+3}+etc., tol2terms. QI, 1+ 13+21+ete., to 12 terms, 
22, 32+29+26+etc., to 50 terms. 93, 5+°75+1+4+ etc., to 20 terms. 
94, ‘7+ '6+°5+etc., to 31 terms. 
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Sum the series 

, 13+122 x+y +ete., to 40 terms. 

17+4°+4$ +ete., to 51 terms. 
—7-53-4}-etc., to 2] terms. 
1:°2+2°4+3-6+etc., to 16 terms. 

(3a — 2b) + (4a — 5b) + (5a — 8b) + ete., to 2n terms. 
(x+1)+(x+3)+(x+5)+ete., to 15 terms. 

Find the last term and the sum of 


SESS R 


31. 34+9+15+... to 13 terms. $2. 2+74+12+... to 11 terms. 
33, 214+18+15+... to 17 terms. 34, 2-5-12-... to 12 terms. 
Find the sum of 

35. 14+8+415+... to 40 terms. 36, $+4+ G+... to 9 terms. 
37. $+q5 t+ Pot... toWterms. 38, 14+34+5+... to 80 terms. 
39. $34+2+23+... to 14 terms. 40, $-$-4,-... to 18 terms. 
41, The 7th term of an a.Pp. is 20, and the 13th is 38; find the series. 
BD ate et F GHR 5 9 teens dos Stas Aces 5: Oe pees 925 Peseta cna recess Ps 
43. PGGH: 38.0 evess ences eee eee Di Ditreen Os tren trec eres tose 4 
44, eG HWwieie eee. tie. ces sees LO eset oe 20th Sie Oe Sa cosncteaears 2 
45. Sum to zn terms the series whose 2th term is 4+ 5n, 

Ce Oe eC ee eT ee Cee ee ee ee 34+7n. 


47. The 5th term of an A.P. is 18, and the 9th is 25. What is the 7th 
term? 

48, The lst term of an A.P. is 3 and the 20th is 1386. Find the common 
difference and the sum of the first 20 terms. 


49, Insert 6 arithmetic means between 11 and 53. 


1s eet 6 i etcetera eee ie 5 and 11. 

lee. vasacs Ap iret star at tntieee ne cuerce se agi 35 and —28. 
ZS scene Da tree dations cr verse ds tee vase x+y and x-y. 
58. Find the arithmetic mean between and 33. 

Dem LOSS e be, SL ern emer nee Jd te Zand }. 


55. Find the sum of 30 consecutive odd ci ro of which the last is 
127. 

56. The 7th term of an 4.P. is 30 and the 13th is 42. Find the Ist 
term and the sum of 12 terms, 

57. Find the sum of all the even numbers from 2 to 38 inclusive. 

58. The sum of the 8th and 4th terms of an 4.P. is 24, and the sum of 
the 15th and 19th is 68. What is the series? 

59, The sum of the first seven terms of an A.P. is 140, and the product 
of the Ist and 7th is 256. Find the terms. 

60. A workman is to be paid 1s. for his Ist day’s work, is. ld. for the 
Qnd day, ls. 2d. for the 3rd, and so on. Find how much more he earna 
in the 2nd week than in the ‘Ist, if he works 6 days in the week. 
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61. A and B go round the world, of which the circuit is 25668 miles. A 
goes east 1 mile the lst day, 2 the 2nd, 3 the 3rd and so on. B -goes 
west uniformly at 20 miles a day. When and where do they meet? 


62. There are 40 stones in a row, 1 yard apart. How far does a boy 
travel in bringing them together one by one at the Ist stone (1) if he begins 
at the first, (2) if he begins at the last? 


63. A travels 2 miles the lst hour, Qt the 2nd, 2s the 3rd, and so on. 
B travels 4 miles an hour. When and where does A overtake B if they 
start together ? 


§4. How many strokes does a clock make in 12 hours, if it strikes 1 for 
the half hours? 


65. Sum to 10 terms the series whose mth term is 31+4. 


66, A man receives 5 shillings the Ist week and 3d. more each week 
than the preceding. What does he get in 20 weeks? 


67. How may 5 numbers in A.p. be expressed so as to make their sum 
as simple as possible? How may 4 numbers in A.p. be expressed ? 


68. Insert 5 arithmetic means between a— 2b and 3a+b. 


69. The last term of an a.p. is 10 times the Ist, and the last but one 
=the sum of the 4th and 5th. Find the number of terms and shew that 
‘the common difference=Ist term. 


70. The sum of 5 terms of an A.P. is 10, the sum of 17 terms is —173 
find the series. 


71. Find the a.p. in which the first 10 terms together=100 and tha 
next 10 terms=300. 


72. The Ist and last of 2n+1 terms of an A.P. are @ and ec. Write 
down the sum and the middle term of the series. 


73. The mth and xth terms of an a.P. are p, g. Find the Ist term and 
common difference. . 


? 74, The natural numbers 1, 2, 3, ... x? are arranged as a magic square, 
i.e. they are so placed in the compartments of a square that all the vertical 
columns, the horizontal rows and the diagonals have the same sum. 


Prove that this sum. is $n(n?+1). Show that the first 16 numbers can be 
80 arranged with each diagonal in a.P. 


.CHAPTER XLII. 
GEOMETRICAL PROGRESSION. 


270. A series of quantities is said to be in Geometricai 
Progression when each term is equal to the product of the 
preceding term, and a constant factor. 

This constant factor is called the common ratio. 

Thus 3, 12, 48, 192, ... forma G.P.in which the common ratio is 4, 

| Bees te aps : wig: 


eee ee ee ee rs 


20s:1000k2-B.ch Bele ‘dha. sali ety, Be, tae 
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271. To find the nth term of a GP. 
Let a be the Ist term, 7 the common ratio, 
The 2nd term is ar, 


40h ose. av, and so on. 
Thus the nth term is ar”~?. 


272. Tc find the sum of n terms of a G.P. whose first term is a and 
common ratio r. 
Let s be the sum. 
s=at+art+art+...4+a7"7}, 
sr= ar +ar?+...tar"-+ar"; 
. by subtraction s(1 —r)=a(1 -71") ; 


_a(l=r)_ a(r”— 1) a where / is the nth term. 


Ws l-r r-1l 


273. The meaning of 
The sum of an infinite number of terms of a G.P.° 

If the common ratio, 7, is not numerically less than unity, the 
terms do not decrease as we proceed with the series. 

.., In this case, the sum of an infinite number of terms is 
infinitely great. 

But if r is a proper fraction, the terms decrease as we proceed, 
and it is possible to find a limit which their sum cannot exceed 
however many terms we take, and to which it becomes indefinitely 
near if we take a sufficiently large number of terms. 

This lumit is called the sum to infinity. 

274. To find the sum of am infinite number of terms of a G.P. 
whose common ratio is less than unity. 

[Infinity is represented by «.] 
If S, denote the sum of terms of tho series a, ar, ar?..., 


a(1—7") a a" 


a a aes Ee ee 


S 


; 4 ar 4 5 
Since 7 18 a proper fraction, <a continually decreases as n 
increases. 
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Hence, the more terms we take, the more nearly does their 


sum approximate to i e 


is called the sum of this series fo infinity, or as it is 


written, S, = 


l-7 
We might express this thus: 
The sum of n terms of the series a, ar, ar’... (r being 


numerically less than unity) never exceeds = a mS. continually 


approaches and becomes indefinitely near to ye as nis ‘ndefinitely 
increased. 
Example 1. 0°7=0°777... to infinity 


Lk is Baa: 
=i0° Io? 108 7 \ 


(Here a=4'5 and r=y.} 
10 
Example 2. 0°623 =0-62323... to infinity 
6) 23 23 
=jo* 10 * 10° * 
a 
8. (0 (Here a= and r=ap) 
107 
6. 123) S617 
=10 "990 990" 


275. To insert n geometric means between a and 6. 


The 1st term is a, the last is 6, and there are altogether 
“4-2 terms 5 be art. 


. . ‘ 
Irom this we obtain the value of 7; and the required means 
are ar, ar, ar®... ar™. 


276. To find a single geometric mean between a and b. 
Denote it by G. 


Then a, G, 6 are in G.P. 


vy Bh é boat GOs tb et. 
Ee qa the common ratio= - 3 .. Gab: 
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. G=,/ab. This is called the Geometric Mean between 
aand 6. It is obviously the same as the mean proportional, just 
as terms in G.P. are also in continued proportion. 

Example 1. Sum the series 33 —2i+ 1Z- ... to 7 terms. 

It should be noticed that (—1)7=-1. = 
27 -22 2 


Here a=—, r=— Fa -< 
8 33 


3 
awl=r")_27 — 2 i-(-s) 


1-7) 8) 


or 
ay 1t3 _27 3 3t4ar 


Example 2. Sum the same series to 6 terms. 


Example 3. Insert four geometric means between 32.and 1, 
Here there are 6 terms, .. a=32, and ar°=1. 
= $2=1, rP=-s5, 
and r=%. 


.. the required means are 16, 8, 4, and 2. 


Examples. XLITI. 


Write down, or read off, (1) the common ratio, 
(2) the 6th term, 
(3) the nth term, 
in each of the following series: 


1. 3+94+27+.... 2, 14+3+9+.... 

eS: Bad tic 4 3- a Bt ee 
ie 1 

5. ltgigt- 6, Lag tga 


BB Ae 23 
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7, 94341+4+.... 8. 8+44+2+.... 
9, x 1pan24-a-3 4... 10,, a8+antt+artt+ ol. 
ory wey ye eee «* 
i a a ee at ee 
13. Sum the series 1+2+27+... to 10 terms. 
eeck 
VARs aiere i ceszaeecs l+5tpt-. TOSS eencecess 
16S. chee 34+34+f+-.. tg ane 
Dips J ] 
Gi ececscate heces tee 1 atm gst GO OF isccne 
gly re iat en Soke Se Se Sc ay to US Skewes 
V8. ° of Aseccbecensemede a—ax+az2— tGy ete eee cc 
NO rear teste he eeesece erly gn—2 4 gN-3 tO 1 crceceees 
Daerah conan caseaetts aot — onl gn 2_ tO. Ri... deans 
91. The Ist term of a a.p. is 3 and the common ratio 2, find the 5th term. 
DD ime mL Sb Pee Monessen Ce ae eee eee. oa ee 6 aoe 6th an. - 
OFS Berra ONO cageecceeke casees Is Fis. .ovscssapuengs cemeteetts By teases Sth. s7.c 
DA Sie OED. Race cnettes tates) RAPD AN Geene sare siaeaes eater BS, sata. teaches Ist vanes 
95, Sum the series }+43+1+4+2+... to 18 terms. 
De BERR ticc -actoce atab®+abi+... tO 2 ....cc0 
OF eens ©: eens P84 e8=.5. todo wnd 
1] 
devevnceceeeucquene as —=~-] J/2- to 10 Ree eae 
28. eo 
Sum to infinity the following geometric series : 
99. t+atyet... 9-6-5. 
' BL 443444... $2. 16+2+3+.... 


[a + yt ot : : s 
83. (§) - (2) +(5) —..., b being numerically less than a. 


84, Sum the series et 14+/3+... to 8 terms. 


= 


3 
DOr cattocee 5+3+14+... to 6 terms. 
SG Rie. Strat se ceccue —3-6-12-... to 9 terms. 


37. In any G.p. the product of 1st and last term=the product of the 
2nd and last but one. 


38. Sum the series 9-6+4-... to 7 terms. 
39, Sum the same series to 6 terms. 


AO, Sum the series N38 -NB4—, —... to 10 terms. 


41, Sum n terms of the series whose rth term is (-a)". 
42. The 2nd term is 6 and the 5th is 48 ; find the sum of 6 terms. 
43, The 3rd term is 8 and the 6th is -1 ; find the sum.of 7 terms. 
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44, Insert 3 geometric means between 5 and 80. 


5 27 
BD! =: Sees Lig SRA oe oS: ane See ae 54 and oy 

: 448 
BG Nee sce a a ee GE Co rere ree 21 and a 
Yh ee ie eee eet « Me OR 96 and 1536. 
48, Find the geometric mean between 3 and 147. 
CE” epee Relea nee tbe Sete par ie a ath and a—-b 

-b a+b 

peeks eke sivas Sie: eee! —2 and — 1458, 


51. Sum the series 1-1+1~-1+... to ~ terms. 
52. Write Gown the 5th term of the series whose nth term is 2”. 


Peis. Bee asec lve Fey Abeer aie ea, eae eee BSE gt Qr-], 
pn ee eee, Bape pee BSE pose te eA ws val see ES, oo feces ded 3" -Z, 
Toh ae Rh pit ae LAT aps ae nate belie Mi scale allt Mea 2+(-3)" 
RMSE Cone a coetete drainer EGU ceteeessivecsancienrentec One ite sf rs Since asevciers H 
SV.) REE cet ee SoC octane ee aa Soe eee nee es Se cance neces ct : 
Lis Beaten Fog Salt er eccotesbaceh entre ath ete serene 3"-1 

CG. = eer ee EST TS eer ee aoe qn 

[ei ae ee oe ee LE hs So Sak ge 2 Baebes oa a a ae a Qn-3 
(ih: See eS Wee os Ihe anes A I eh n+1|th term is 2”. 
C2 oe Ee ag Soy ates AE SN Re 08-0 Vee OM 
Che eee eee 4 Ol As Ade, APR te PAVIA Rs csdscinuesae a” —b. 


64. Taking the number of the term fer abscissa and the term for 
ordinate, plot the successive terms of 8, 6, 4, ... and of 8, 4, 2,.... 


State what happens with regard to the magnitude of the nth term in 
these series when 7 is made infinitely great. 
65. Sum to x terms 1+3+7+15+...+(2"-1)+.... 
Find the value in vulgar fractions of 
66. “8. 67. °612. 68, °123. 69. “2413. 
70. If P be the product of m terms in G.p., 8 their sum, s the sum of 


2 $ 8 
their reciprocals, P?=( > 
8 4 


_ 71, Prove that the insertion of geometric means between two numbers 
can be performed by inserting arithmetic means between their logarithms. 


72. Insert 3 geometric means between 7 and 112. 
13. - pelpiesescaeree reteset 2and —44, 


74, Sum the series *14+ -0028+ :000056+... by writing down 8 or 9 
terms and adding up. Sum it also as an infinite G.p. Compare results. 


‘75, From 3 numbers in c.p. 3 others in .G:p, are subtracted, If the 
remainders be in G.P., prove that all three series have the same common 


ratio. 
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76. The sum of the first two terms of a G.P. is 12, and of the first 
three terms 39; find the series, and determine if the conditions are 
satisfied by more than one series. - 


77. Which term of the series 5+5/2+10+... is the same as the 
200th term of 442434 ek; 

78, Prove that the first 50 terms of 17+163+163+... are together 
equal to the infinite series 200+ 120+72+.... 


79, In the series 2+4+8+16+... determine the number of digits in the 
250th term by using logarithms. 


80. If a, b, c be in G.P. and x, y be the arithmetic means between a, b 
and between )b, c respectively, prove that tyne 

81. Sum the series 2°-* +> ¢+a°+... to n terms. 

82. Give the nth term of the series 1+5+138+29+.... 


83. Find the sum of all the products formed by taking any two terms 
of an infinite G.p., and show that if this sum be } the sum of the squares 
of the terms their common ratio is $- 


84. If 1$ and 1 are the Ist and 3rd terms of a G.P., find the sum te 
infinity. 


CHAPTER XLIV. 
HARMONICAL PROGRESSION. 


277. Der. If = the quantities a, b, ¢ are said to be im 


Harmonical Progression ; and a series is said to be a Harmonical 
Progression when the above relation is satisfied by every three successive 
terms of it. 

Or, three quantities are in H.P. when the first is to the third as the 
first minus the second is to the second minus the third. 

278, If terms are in U.P. their reciprocals are in A.P. 

Let a, b, c be in H.P. 


Then it Gee} 
¢ 


-. ab—ca=ca—be; 
. ab-—ca ca—be, 


abe abe ” 
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2.6. 


279. From the property proved in the last article we can 
write down any term of an H.P. whose first three terms are given, 
by inverting the terms, applying the methods of A.p., and 
inverting the results. 

The insertion of means can be performed in this way. 

It must be carefully observed that this method does not give 
us any formula for summing a series in H.P. Summation may 
be performed, if necessary, by writing down the terms as above 
and adding them up. 


280. To find the Harmonie Mean between 2 and Y. 
Denote it by H. 
Then «, H, y are in H.P. ; 


“seh ras definition) ; 


Vie 
*, GH -2y=2y- heer : 

_ 2ay 

ape yo 
A, the Arithmetic Mean, has been found to be “3. 
G, the Geometric ....... 2 Be ee, SR aed Jay. 

; ° 2a 

H, the Harmonic ....... Bere er eee are 


A is familiarly known as the average of z and y. G, H might 
be called the Geometric and Harmonic average. 


= —- = = 2+ : 
AH= 2 ety Ly = G* ; \ 
SH 
ph GQ? 


i.e. A, G, H form a G.P. or continued proportion. 


Also A-G Sete Ne 2s ye =a positive quantity. 


.. A, G, H form a descending series. 
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281. To represent A, G, H graphically. 


R 


(e) Pp. Ss c “Q ’ 

In a str. line OPQ mark off OP, OQ to represent the quantities 
whose mean is required. Bisect PQ at C. On PQ describe a 
semicircle PRQ. Draw OR a tangent, and RS perp. to PQ. 


OP + OQ =(0C - CP) +(0C +CQ) =2. 0€. 

.. OC is the arithmetic mean between OP and OQ. 
OP. OQ=OR”. 

ce. OR is the geometric mean between OP and OQ. 


20P.0Q_20R?_OS.0C_4. 
OP+0Q  20C .06.4 a: 6: 


<. OS is the harmonic mean between OP and OQ. 


Examples. XLIV. 


Continue to 6 terms the series 


L 4+44+2+.... Styrtgte.. 38 1434+ 3,4... 
Find the 12th term of 

4 3/422, 6 a1, cae tee 

7. Insert 4 harmonic means between | and 6. 

S ceacts nasa velkicc ach ancan’c au baaeneee aie 1 and 20. 

et eee Bo er ae Re Lh EL 2 and 12 

qOt 4.24 SY..LK.A. A BR 9 and 44. 


11. Find the harmonic mean between 2 and $. 


12. Ifa—b, a-c, a-d are in H.P., prove that the following three series 
of quantities are equally so: 
(i) b-c, b-d, b-a. 
(ii) c-d, c—a, c-b. 
(iii) d-a, d-b, d-e. 


13, To each of three consecutive terms in G.P. the middle one is added. 
Prove that the three results are in H.P. 


me ) 
14, Ifa, b, c are in u.P., then el ye pete ee 
a-b b-c c-a@ c a 


| 15, Ifb+c,c+a, a+b are in H.P., prove that a, b2, c? are in A.P. 
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16. Show that the a.m., G.m., and i M., between 2 and y are in G.P. 
If the common ratio of this G.p. be 2 +, find the ratio of x to y. 
17. If 6 is half the sane mean between a and c, prove that 
—b3+¢3 + 3abe=(a —b +c)’. 
18. If the ccniatte mean between two numbers =], their harmonic 
mean is the square of their geometric mean. 


19. If between two given numbers there be inserted two arithmetic 
means A,, A,, two geometric means G,, G,, and two harmonic means 


H,, H., prove that GG, Ath 
H a7 ea i+H, 
20. If a, b, care in H.P., then Pie — — arein A.P. Frove this 
a 


and the converse. 
21. Prove that be—ad is positive, zero, or negative according as 
a, b, c, d are in A.P., G.P., or H.P. 


- 


CHAPTER XLY. 


MISCELLANEOUS SERIES, PILES OF SHOT, AND MATHE- 
MATICAL INDUCTION. 


282. To find the sum (S,) of the first n natural numbers. 
These form an A.P. 


§,=14+24+5+...4n=5(n+1) [s=5(e+) | 


283. To find the swum (S,) of the squares of the first n natural 


number's. 
—(n—1)?=3n?-3n+1, 


(n-1)8 —(n—2)3=3(n-1)?-3(n—-1) +], 
(n — 2)3 — (n— 3)8=3(n - 2)? - 3(n-2) +1 
98 18=3,22-3.2+1, 

13-93 =3.12-3.14+1; 

", by addition n?= 38, — 38, +7; 

3n(n +1 
F 38, =n? —n +38, =n(n?~1) + 249) 


ne es Ya jaye Nort), 


F _n(n+1)(2n+1) 
oe aa? OMe 
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284. To find the sum (Ss) of the cubes of the first n natural 


numbers. 
n* —(n—1)*= 4n3 — 6n? + 4n—1, 


(n= 1)*= (n—2)*=4(n—-1)8 - 6(n-1)?+4(n-1)-1 


244+14=4.28-6.27+4.2-], 
14-04=4.18~6.1244.1-1; 
.. by addition n= 4S, — 68, + 48, — 25 
-. 48,=nt+n+ 68, — 48, 
=n(n3 +1) +n(n+1)(2n+1) —2Qn(n+1) 
=n(n+1){n?-n+1+2n+1-2} 
=n?(n+1)?; 


ae keraaal 


285. To find the sum of the series 
a+(a+b)x+ (a+ 2b)a? + (a+ 3b)25 +... to n terms. 
Let S denote the sum. 
S=a+(at+b)x+ (a+ 2b)a? + (a+ 3b) +...+(at+n—1.b)x%1s 
'. St= azt+(at+ b)a®+ (a+ 2d)ai+...4(~+n—2.b)2™2 
+(a+n—1.8)2% 


.. by subtraction 


S(1—2) =a + br + ba? + ba +... +02" -(a+n—-1.6)2" 


= eahes ) = get = (nw 1) ba" 
n n ba(1 —a"" 

=a(1 —2") —(n—1)ba pete ee 

~ @  a(1—2")—(n— 1)d2" ba (1 — 2") 

ane Lae, pag oh Looe 
If a is a proper fraction the sum to infinity is 

onan ba 
l-a@' (1-2)? 


for 2” diminishes continually as n increases. 
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Example 1. Find > (3r24.5r), 
r=1 
#€. sum to m terms the series whose rth term is 37°+5r. 
The Ist term=3.1°+5.1, 
.. 2nd term=3.2?+5.2, 
ELGG. css'5 
“. the sum =3(1?+2?+3?+ ...+n?)+5(14+24+3+...+n) 
2 
ee) anes 


2 


Example 2. Sum ton terms 1.4.5+2.5.64+3.6.7+.... 
The xth term=n(n+3)(n+4)=n3 + 7n?4+ 12n. 
= the sum . 
= 19427433 +... 4+3+7(1?+ 274+ 32+... +n?) +12(14+24+3+4...+2} 
n?(n+1)? Tn(n+1)(2Qv+1)  12n(n+1) 
pecire © G ae 


3 
_—n(n+1) 8n?+3n+4+28n+144+72 
eR sg 6 
_n(n+1)(3n?+31n+ 86) 
Ope 


2 
Aes pe +12} 


PILES OF SHOT. 


286. To find the number of shot in a Arranieee pyramidal pile of 
— n layers on a triangular base. 


The top layer consists of 1 ball, 
ope 1 8 ee inane eae 1+ 2 balls, 


TRG AEN i aides ween ys cone 1+2+3.... 
The rth layer from the top consists of 1+2+3+...7, a. 
*, we have to find >{4(r?+7)} from r=1 to r=n. 
This expression =4$(12+ 22+ 3?+...+0?)+3(1+24+3+...42) 
1 n.nt1.2n+1 1 n.n4+1 


r(r-+1) 
Saar be 


m.n+1.n+2 


at tT ont 143} 
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Example.. An incomplete triangular pile has 12 shot in a side of the 
base, and 5 in a side of the top. Find the number of shot. a 
The number is the difference between the complete pile and the missing 
upper part, the missing part being a complete triangular pile with 4 shot 
in a side of its base. 
12.13.14 4.5.6 


6 6 
= 364 — 20 =344. 


.. the reqd. number = 


287. To find the number of shot in a complete pyramidal pile 
n layers of shot on a square base. 


The top layer consists of 1, 


Lhe Did, sasectecaceaeaaadsn 2, 
the-Grd ig comstseaons ae arene 3°, 
the shh. setae vaccacueeneat 7, 


, the total number = 12+ 2?+43?+...+n? 


wont). 2n+1 
ay aes Pe 


288. To find the number of shot in a completed pile arranged on a 
rectangular base. ; 


Let the number of shot in the base be m along the length 
and n along the breadth. 

The number in the base is min. 

‘The number in the layer next above is (m—1)(n—1), 
and at the top the pile finishes with a row of m—n+1 shot. 

The number of layers is n. 


The total number 
=1(m—n+1)+2(m—n+2)+3(m—n+8)+... to n terms 
=(m—n)(14+24+3+...+n)+124+224324+...4 72 

n(n+1) n(n+1)(2n4+1) 

+ PK 4 
2 6 
=F (n+ 1){3m—3n+2n41} =2(n-41)(3m—n-4]). 


=(m—n) 


289. The following should be studied with care. Such re- 
arrangements enable us to sum many series whose terms are 
fractions of which the denominators follow certain laws. 
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fen eoenystea 
nm.nt+l ” nt+l1l° 2(r+a) a\z sa) 


1 1 7. 
Paice es etn a) Ts | 


seed ara ari 


1 
z(a+3a)(e+5a)(a+7a) (c+ Ie +5a)| x(a+ aol 


- 1 E 1 ie 
Ta(x+3a)(e+5a)|c2 x2+7a 


In each case one term is expressed as the difference of two 
expressions. 
1 


Example. Sum the series atm 5.7 +771 .. to n terms and to infinity. 
The first term=3(1-7), 
bees HOCONGM, 3.20. =3(4-7)> 
wand third vee =3(4-79)* 
eee nth sees =3( 325 ee e 
*, by addition, the sum of nterms=3( 1-3 i) 


Also, as n continually increases, ao continually diminishes, and 
ultimately may be taken as zero. 
1 


*, the sum to infinity =5 . 


Examples. XLV. a. 


1. Sum to » terms the series whose nth term is n? -1. 

2. Sum the series 1 + 2x +32?+42° ...to n terms. Test the result. 

3. Which term of the series 7, 11, 15, ... is 107 ? 

4, Sum the squares of the odd terms of the series 
at+ar+ar?+...+arn-1, 

Sum to 7 terms the series whose nth term is n?—n. 


ARO as 58 OSES ONE DOO OO 1 ER AOI COI INE +72 +3n +2, 
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8. Sum to n terms the series whose nth term is an? + bn. 
9 5 od 


10. Find the series whose sum to n terms is an. 
11, Write down the nth terms of the following series : 
124+2?43?+.... 
1 1] 1 
1.2.3'9.3.4'3.4.5° 


and shew that they form neither arithmetic nor geometric progressions. 
12. Sum §+3+39+... to n terms and to infinity. 


a. Cite. 6-5+25-... to 2n terms and to infinity. 

14 Bares 1-34+5-7+... to 2n terms. 

lie. Pacers 2+ (a+1)?+(x+2)?+... ton terms. - 
LG soeeces 122+ 132+ 142+... to 10 terms. 


17. If S, is the sum of n terms of a+d, a+2d, ..., find the value of 
Snta-2Sn¢st 


18, The sum of the squares of the first n odd integers = 5(2n —1)(2n+1). 


19. Sum to n terms the series whose nth term is 2?" — 

Write down, or read off the nth term of each of the following series : 

90. 1.24+2.343.4+4.... 91, 1.3843.5+5.7+4..:.. 

92. 1.2.842.3.44+3.4.5+.... 23. a+(a4+2)e4+(a+4)a?+ 

94, 1.8.54+3.5.7+5.7.9+.... 95, 2454104174264... 

26, 1.2-2.34+3.4-4.5+4+.... 27, .5.7+7.94+9.11+4.... 

98, Find the nth term and the sum of 2 terms of the series 
14+34+64+10+154+21+.... 

(Notice that the 2nd term is 1+2, 3rd term 1+2+3, and so on.} 

Sum to n terms the series . ; 


99, 1.242.38+3.4+.... 80. 1.34+3.545.7+.... 
81, 1.2.34+2.3.44+3.4.54+.... 32. at+(a+1)x+(a4+2)a2+.... 
$3. 142 a+ a+ at be $4, 1.3.843.5.745.7.94.... 


1 
35, Sum = he == +e- = +... to infinity. 


Write down the mth term of the following series and so sum them te 
h terms : 


36, 12.34+2?.54+387.7+.. 87, 1.44+4.7+7.10+.... 
38, Sum the series 1+ e+ Bat + Tad +, 

(a) ton terms, (6) to infinity, x niet less “— unity. 
39, Find the sum of x terms of the series ° 
Ota 


14345454... 
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Sum the following series to infinity : 
4-110 aoe tal 
40. ligtmtgit-.- 4i, l-5t pe gete- 
42, Prove paens the sum of n terms of the series 1424 = + at we: 8 
always less than 3g however great n may be. 


Sum the following series : 


43 1 + 1 el I 2 , 
- Tata3gtgzaqt- (a) to x terms, (6) to infinity. 
1 1 1 
44, L3'3.5'5.7* We seaeueabes eae caimaienc’ Soainweptay ae 
1 1 1 
45, 1.2.3'3.3.4'°3.4.5° Remtpnecvis ta watOaeesdecnienes ss ee sc 
1 1 1 
46. 1.3'2.4'3.5°° Senivteenes Ken wien aicRinitis slowisteloes ceiecv te cis 
hig BRS pc secon promi ate terms 
* alata)’ (w+a)(x+2a) (x+2a)(e@43a)'° °™ Sta 


48, 1.2?+2.374+3.4244.5?+... ton terms. 


4 5 6 7 
49. Dogtaga teas Tee ts tom terms. 
(Write down the nth term and show that it =- Leas seat —| 
‘ nm.nt+l n.n+1.n+2 


PILES OF SHOT. 


50, Find the number of shot in a completed triangular pile of 8 courses 


DDS feats os cis ot ona soo ASAD: Rape ty Sedans aaueerattt nae Seee das somettd lds adits: LOK tandiss : 
Ep See otc Salles ar civnsduicrocen se do8P went Mrgpeseecaiierssic racer orn V5 eaacueces , 
58, Find the number of shot in a completed square pile of 9 courses. 
PIMC score irae ode o edad casa sia Mele pasemere Masi cat wade contd adviaps LaPeer 5 


55. If the base is a rectangle of length 10 and breadth 7 shot, what is 
the number of shot in the top row if the pile is complete? 

56. What is the number in the pile ? 

57. If a triangular pile has 6 courses, the base having 9 shot in a side, 
what is the number in the incomplete pile? 

58. If there are 64 shot in the base of a square pile, what is the uumber 
in the 4 lowest courses ? 

59. in a triangular pile how many shot are there in the 7th layer ~ 
counting trom the top? How many shot are there above this layer? 

60. The top of a rectangular pile is a line of 6 shot, and the bottom 
layer contains 66; how many layers are there; and how many shot in all? 

61. The lowest course of a square pile contains 49 shot, and there are 
3 layers ; how many shot are required to complete it? 

62. Find the number in an incomplete square pile, the top layer 
containing 529, and the bottom 5184. 
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MATHEMATICAL INDUCTION. 


290. The following examples will explain the method known 
by this name. 


Example 1. To prove that the sum of the first x natural numbers 
_n(n+1) 
= 


Let S,, denote the sum of m terms, and assume that 
S, _n(a+ 1) 


Mr D ent1a(ne (5 +1) 


_(n+1)(n+2), 
=; 


~ 


Then S,,47=S,+n+1= 


*. if the formula holds for n terms, it also holds for n+1 terms, 


But $,=1+2="53; 
*. the formula is true for 2 terms ; 
.. it is also true for 3 terms ; 
so) is iapakig nan emeeceee Ne 4 ........, and so on$ 
os LtZ+3+... $e 
Example 2. To prove that 

Regt AA to n terms = = 

LES SS SeTN ~ Qn4+V 
Let S,, denote the sum of x terms, and assume that 

rae 
mn 2n4+1° 


The nth term = @n-1)@a+l)’ 


1 
(n+1)Qn+3)° 
tS wank l _ 2n?+3n+1 
2n+1° (2n+1)(2n+3) (2Qa+1)(2n+3) 
— (2n+1)(n+1)_ n+l, 
~ (2n+1)(2n+38) 2n4+3’ 
.. if the formula is true for x terms, it is also true for n+1 terns, 


*. the n+1th term= 


n+1 = 


1 1 5+ ; _2 2 
But Sea 5= . 
is S.=[73tg.8°3.5 572.241 
te. the formula is true for 2 terms; | 
ERAT Tico three ce BS has 
Sac Redewe ureter SERED sry Avie and so‘on 3 
ogi n 


Qn+t 


4 


XLV.) 


MATHEMATICAL INDUCTION 


Examples. XLV. b. 


Prove the following by Mathematical Induction : 


L 


The sum of terms of an A.P. =5 (2a +(n- I)d}. 


. 1+345+...to n terms=n2 


2 
6 S23 
4, 


9. 


11. 


— 6” is divisible by a—b. 
1 1 1 
1.2°2.3+3.aT- .ton terms=1~——\- 
6 ° 


n?(n+1)? 


174274 32+... ton terms= 
15+2°+ 33+... ton terms= 


1.24+2.343.4+... tomterms="@7 149), 


a(1-7”) 
l-r - 
If n be even, n?+2n is divisible by 8. 


‘Tne sum of n terms of a G.P. = 


387 


10. TE ¢(n)=n3+20n, find ¢(n+2)—4(n), and hence prove that n*+20n 
is divisible by 48 if m be even. 


Prove that 1.3+2.4+3.5+... ton terms=jn(n+1)(2n+7). 


12. The amount of £P at coupepaa interest in n years at x per cent: 


per annum=PR”, where R=1+—— 


13. 


106° 


The difference between any integer and its cube is 4 multiple of 6. 
14, 3*”~1 is divisible by 86. 
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CHAPTER XLVL 
REVISION PAPERS. 


XLVI. a. 
42 - 2/3 
N18 - N27 
2. Solve Nz+a+N2—-a=N2a. 


3, The sum of three numbers in A.P. is 33 and their product 792. Find 
them. ; 


4, In a a.p. the sum of the first 3 terms: the sum to infinity=7:3 
Find the common ratio. 


4 % y <3, z 
G.vie a+2b+c 2a+b-e 4a—4b+c 
a b c 


1. Simplify 


, then 


6. Find the sum of n terms of a series whose 7*® term is ar +0. 
7. If the arithmetic mean between 2 and y=twice their geometric 
> 2 ° : 
nean, then zaatt or the reciprocal of this. 
¥ 


XLVI. b. 


1, Find (\/3 +2V2)™ to 4 places of decimals. 
2. Solve /a?— 6x2 +17 + 2a2=12%-13. 

3 a+b o+¢ c+a 

4, 


= - each oe tp ee ifa+6+cis not zero 
ax+by be+cy cx+ay’ xw+y’ : 


The sum of 3 numbers in H.P. is 11, and the sum of their squares is 
49. Find the numbers. 


5, In an a.p. the Ist term is 7, the common difference 2, and the sum 
of m terms 247; find n. 


6, Find the product a. a?. a3... a”. 


7, Find by logarithms the value of 498, and simplify 
log 06 + log (“6)? — log 4 — log 54. 


XLVI. c. 


1, Ifzis a mean proportional between w any y, 
: eC w+ozt+e 
y Pryete 
2. If the illumination from a light varies inversely as the square of the 


distance from the light, show that for all points in a straight line between 
2 equal lights the total illumination is least midway between them. 
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x Ws 

" bte-a c+a—b a 
(pape £(elayy4 twa 

. 4, Find a series in which the sum of n terms shall be 3x? for all values 

of 7. 
5, Find the product atata’ ... to infinity. 

6. Sum to z terms the series whose rt is 27-1. 

7. How many digits are there in the 10]st term of 1+54+254125+..,? 


- 3; prove that 


XLVI. d. 


1, Find 4 numbers in 4.p. such that the product of the extremes shalt 
be 45, and the product of the means 77. 

2. Find the difference of the; roots of the equation 

—2bx+c'=0. 
Write down an equation ages roots are each equal to the sum of the 
reciprocals of the roots of this equation. 

8. A cask was filled with wine and water mixed in the ratio 5:3. 
When 8 gallons had been drawn off and the cask filled up with water the 
ratio was 3:5. How many gallons did the cask hold ? 

4, The first and last of 46 terms in A.P. are —5 and +25: find the two 
middle terms and the sum of all the terms. 

5. Find by logarithms the smailest number of terms of the @.P. 4, 6, 9.. 
which have a sum exceeding 8000. 

6. If an elastic ball, let fall on a table, always rebownds to a height 
which is the height from which it falls multiplied by e? (e being less than 1), 
find the total space described by the ball if it is let fall originally from a 
height / and left to itself. : 

7. If a, 6, c are in H.e., a(b—c)z?+b(c-—a)xy+c(a—b)y? is a perfect 
square. 


XLVI. e. 


1, Ifa+f8=-—p, and «8=q find in terms of p and q the equation whose 
roots are a+26 and 6+2a. 

2. At present B’s age: A’s age=5:2, but in 30 years the ratio will 
be 35:23. Find their ages. 

8. Solve to 2 places of decimals 

5, 72-1 ]]*+2, 

4, Sum to 7 terms 2?+ 47+ 6?+ 

5, Find an infinite G.p. in which each term is 3 times the sum of all 
that follow it. 

6. Three regular polygons of p, qg, 7 sides respectively fit round a point 
exactly ; prove that 


Seah Sop ¢ 
Teed =9 


© a+2c 
(7. Prove that iL Od 


Illustrate this also by a figure. 
BeBe 20 


o-ea's O é a qf 86 
is intermediate in value between 5 and | 
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XLVI. f. 


Teo 


abe 
1. Nine numbers d ¢ f are arranged in a square so that each horizontal 
ghk 


line, each vertical line, and each diagonal line has asum equal tox. Prove 


4 
that e=% and atc+ktg=-. 

2, On a cylinder, whose length is 6 inches and circumference 3 inches, 
is a screw whose thread makes 4 turns in the length; on another cylinder 
exactly equal a thread makes 3 turns. Find the ratio of the lengths of the 
threads. 


3, Sum to n terms 1.34+3.5+5.7+.... 

4, Test which is the greater N17 or 2N/18. 

5, Find by logarithms the value of (66901 x 337 +7824). 
6, Prove that log 20+7 log 13 +5 log $443 log §¢=1. 


7. The circumference of a circle varies as the diameter, and when the 
diameter is 4 foot the circumference is 1:5708 feet. Find to 3 places the 
length of an are subtending 3° at the centre of a circle of 50 feet diameter. 


XLVI. g. 


1, The sum of all the products in a multiplication table extending as 
n.n+1\? 
2 ) ‘ 
2. The angles of a triangle arein a.p. What is the middle one? 
dice Ss weer avis cease POCA GON TS asst ieee p Gees ~ebienbiow aia en sieiturevs Sfoisel ta ieate 
3. The natural numbers are grouped thus; 1; 2, 3; 4, 5, 6; ete..... 


2 
Prove that the sum of the nt» group anise. 


o 


‘ar as nxn=( 


4, Find by logarithms an approximate value for the irrational root of 
the equation 3-5 x 3*+6=0. 


Ce En 
5, If x is real 2 cannot have a real value between 8 and 12. 


6. Three spheres, of radii 3, 4, 5 cm., are melted and formed into a 
sphere. What is its radius, if the volume of a sphere « the cube of 
the radius ? 


7. Draw the graph of zy=4, and find from the figure where it is 
met by the line «+y=4. How are these lines related ? 
XLVI. h. 
1, Between what powers of 10 do the following lie: 372, 373, 375, 
3778, 9770, 


2, Arrange in order of magnitude 5, 6t, 7 ; and find their product to 
2 places of decimals, 


3. Find the least positive value of 4n +2. 
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4. The sum of 5 terms of an 4.P. is 10, and the sum of 17 terms is —17; 

find the series. i 
_5, The plan of an estate is drawn to a scale of 10 inches to a mile. 

Find the area of the part which represents 2U acres. 

6. How many integers between 200 and 300 are divisible by 7? Find 
their sum. 

7. If the time of travelling any distance « distance, and the time for 
144 feet be 3 seconds, find the time for 400 feet. 


XLVI. i. 


1. Find from the tables the logarithms of 400, 401, 402, 403, 404, 405, 
406. Find the excess of each over log 400. On squared paper represent 
the increments of the logarithms corresponding to the addition of 1, 2, 3, 
4, 5, 6 to the number 400. Show how to find, with the help of your 
diagram, log 403°2, log 403°5, log 403°3. 

2. Sum to n terms and to infinity the serics eke tant ae 

3. Two companies appeared in the field in strength as9 toll. At the 
end of the day the relative strength was 5 to 8. Of the men in the 
companies 35 per cent. were missing, and 30 men of these belonged to 
the 2nd company. Find the number in each company at first. 

4, Insert 5 arithmetic means between a—-2b and 3a+b. 

5. The sum of 7 terms of an A.P. is 147, and the product of the Ist and 
last is 297. Find the common difference. 

6. The geometric mean of two numbers is }, and the harmonic mean 2, 
Find the numbers. 

c 


en .=— then 


a2-b2?+c?-d? _(a+c)?-(b+d)? 
(a—bP?+(c-d)? (a—-b+e-d)- 


XLVI. k. 


1. What number must be subtracted from each of the numbers 8, 10, 
13, 17, that the remainders may be in proportion ? 

2. Find the number of digits in the product of 2'° by 3”, and find the 
first 2 figures of the product. 
_ 8. Ina series of right-angled triangles, one side has, in succession, the 
lengths 1x4 in., 2x6 in., 3x8 in., 4x10 in., etc., and the hypotenuse 
differs in length from this side by 1 inch: show that the lengths of the 
other side form an A.P. 

4, Find the square root of 3a—1+2 2a? +x — 6. 

5. If the m** term of a harmonic series be n, and the n** term m, prove 


th i : 
that the (m+n) term 1s 77 


6. Show that the arithmetic means between a and b, between a/ ; and 
1 ‘i 
NE and between 1 and > are in GP. 
a a b 


: 


Simplify the n term, and find the sum of n terms of the series 
1/1 41/11 +2) 41/1 4+243)+...- 
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XLVI. 1. 


}, The sides of a right-angled triangle are in a.P. Show that they are 
proportional to 3, 4, 5. 
2. Iixany+z, and yanz+, thenaay. 
3. Solve 15™. 5*- 7, 1127=7*—*, 
4, If nis odd, the sum of 1+27+3+4°+5+67+... to n terms 
= qs(n+ 1) (Qn? +n +3). 
5, If P, Q, R are the p*, gts, r*2 terms of an A.P., prove that 
. P(q-r)+ Q(r-p)+R(p-q)=0. 


6. How many balls are there in an incomplete triangular pile of 
6 courses, the top course containing 210 balls. 


7, The area of a A is Vs(s—a)(s—b6)(s—c) where s=semiperimeter, 
Find by logarithms the area of a A whose sides are 606, 121, 725 yards. 


XLVI. m. 
1. The incomes of A and B are as 5 to 3, and their expenditares as 7 
to4, Each saves £300 a year. Find their incomes. 


2. Which term of the series 1, 3, 5, 7... is a mean proportional between 
the 23rd and 63rd terms? 


How many terms of the same series have their sum equal to one fourth 
of the sum of the first 20 terms? 


3. The perimeter of a right-angled A is 15 feet, and the hypotenuse 
exceeds one of the sides by 24 feet. Find the 3 sides. 


4, Find the sum of 9 terms of the series 
Qa tanB+a+—st op 
What value must a have so that the sum ad inf. may be 8? 


5, Prove logabxlog,a=1. Find log, 1000 from log,, 2. 


6. 105 halfpenny pieces lying on a flat surface with their edges in 
contact are just contained by a frame in the form of an equilateral A. 
The diameter of a halfpenny being 1 inch, show that the side of the A is 
(13 +/3) inches. : 


7. A man starts on a journey of 9 miles at 3 miles an hour, and increases 


os pace by 4 mile an hour each quarter of an hour. How long does he 
take ? 


CHAPTER XLVII. 
SCALES OF NOTATION. 


291, In the ordinary notation of Arithmetic the value of a 


digit depends on its position with regard to the other digits of 
the same number. 
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Thus in the number 5837 there are 7 units, 3 tens, 8 hundreds 
and 5 thousands. In the number -614 there are 6 tenths, 
1 hundredth and 4 thousandths. 

The number 5837-614 might be written in the form 

a ras a 1 4 
5x 10°+8 x 10?+3x10+7 +79 + 708+ Tor 

This is the common scale of notation, the decimal or denary 
scale, and 10 is called the radix of the scale. Any other number 
might be employed instead of 10 for the radix of a scale. 

If the scale of notation were 7, then 5837-614 would mean 


573 +8724 3r+ 7404 ys 
ae eee! 
_In the scale of 10 the number °614 is called a decimal fraction. 

In any other scale it must be called a radix fraction. 

In any scale the largest digit which may occur is less by 1 
than the radix of the scale. In the scale of 12, known as the 
duodenary scale, ten and eleven may occur as well as the ordinary 
digits; and it is necessary to denote them by single symbols. 
Thus ¢ denotes 10, ¢e 11. 

If 263 denotes a number in the scale of 8, the number is 
equivalent to 2 x 8?+6 x 8+3, 1.¢. 179 in the denary scale. 


292. To convert a number into the scale of r. 

Let N be the number. 

Let ¢, d, c, b, a be the digits, in the order in which they occur 
from left to right, in the new scale. 

Then N =er* + dr? +.cr? + br +a. 

Divide through by r. 

Let N, be the integral quotient when N is divided by r. 

Then N, =er? + dr? + cr +b, remainder a, 

Let N, be the integra! quotient when N, is divided by 7, and 


sO on, ; 
N, = er? + dr +c, remainder b. 


N,=er +d, remainder c. 
N,=¢, remainder d. 
Thus the rule is found: Divide the given number repeatedly 
by the radix of the scale into which it is to be converted, and 
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take the successive remainders in order for the digits, the 1st 
remainder being the digit in the units place. 

The number as originally expressed may be in any scale. It 
is only necessary to perform the division with due regard to the 
scale in which it is. An example will make this clear. 

(1) Convert 5647 from the scale of 10 to the scale of 8. 

(2) Convert 5647 from the scale of 9 to the scale of & 

The working is as follows: 


(1) 8 [5647 (2) 8 | 5647 
8|705...7 8 | 638...6 
8| 88...1 8| 72...1 
8|11...0 8|8...1 
a3 TAG 
Result 13017. Result 10116. 


In (2) the division is performed thus : 

56 in scale 9=5x9+6=51 in the common a scale. 

8 into 51 goes 6 times and 3 over. 

4 in scale 9=3 x 9+4=31 in the common scale. 

8 into 31 goes 3 times and 7 over. 

77 in scale 9=7x94+7=70. 

8 into 70 goes 8 times and 6 over. 

Thus we obtain 638...6. 

Each division is worked in the same way. 

We may test each of these results by converting the numbers 
back into their original scales. 


(1) 10|13017 (2) 9] 10116 
10 | 1064...7 9|717...7 
10 | 70...4 9|63...4 


ep 5...6 
5647. 5647, 
Example. Multiply 365] by 523 in the scale of 7 (septenary scale). 

3651 

523 

25545 
10632 
14613 


3012033 
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It will be sufficient to explain the Ist line of the multiplication. 


3651 x 5. 

1x 5=5 which is put down. 
5x5=25=3x7+4. Put down 4 and carry 3. 
6x5+3=33=4x7+5. Put down 5 and carry 4. 
3x5+4=19=2x7+5,. Put down 25. 


In the 3rd column of the addition 6+3+5=14=2x7+0, 
In the 4th column 2 (carried) +4+6+4=16=2x7+2. 

In the 5th column 2 (carried) +1+0+5=8=1x7+1. 

In the 6th column 1 (carried) +1+5=7=1x7+0. 

In the 7th column 1 (carried) +2=3. 


293. To convert a decimal into a radiz fraction. 
Let D represent the decimal, and abcd the radix fraction which 
is in the scale of r. 


By multiplying by r we get a+ e + 5 + * i.e. 0+D,. 
The integral part a gives us the first required digit. 
bivtonid ca 
Dir= C+ 54S)rab4i+5. 


The integral part b gives us the second required digit, and se 
on until the operation either comes to an end or we get as many 


digits as are required. 


Example. Convert ‘7234 from scale 10 into scale 6. 
°7234 


Q 


- 
he 
or 


~ 
ze 
N 


il. 


Result °4201... 


E 
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Example. How may a mass of 236 lbs. be weighed with no weights 
except 1 lb., 2 Ibs., 2? lbs., 2° Ibs., etc., only one of each sort being used. 
This question can be solved by converting 236 into the scale of 2. ‘ 
236 | 
2159. 
2/29. 
2/14.. 


2 
2 


mt O wt tO Oo 


kage 


ese 


From this it is clear that 236=1 x 27+1 x 2°41 x 2°41 x 23+1 x 2% 
‘. the weights used are 2’, 28, 2°, 28, 27. 


294. If a number N in the scale of r be divided by r—1 the 
remainder is the same as that which arises from dividing the sum of 
the digits of N by r—-1. 

Let the digits of N be @,, @,_1, .-.@,, @ being the units digit. 

N=4,9" + Gy? +... +g? + Ayr + Ay 
= Oy (1 — 1) + ya (2"7* — 1) +... +a, (7? - 1) +4, (7 - 1) 
+ Uy + Un Foes +My +, + My. 

But 7*- 1, r*-?-1, etc., are divisible by r—1; 

; the sum of the digits 


. =an integer + 
vv S ~—] 


ens 

.. the only remainder is that which arises from dividing the 
sum of the digits by r-1. : 

An important use is made of this in testing the results of 
multiplication in the common scale. 

The remainder when a number is divided by 9 is at once got 
by adding up the digits of the number and seeing what re- 
mainder is found after division by 9. 

Thus it is easy to express multiplier and multiplicand in the 
form 9m +a and 9n +8. 

The product is 8lmn+9(an + bm) +ab. 

.. the product when divided by 9 gives the same remainder 
as ab divided by 9. 

This testing is called casting out the nines. 


xXLvIt.] 


Example, 
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437... the ‘nine-over’ is 5 
618. 


2622 


427 
3496 


269966 the ‘nine-over’ should be 3. 


Suppose it is required to test the correctness of this multiplication. 

In the multiplicand the remainder after dividing by nine, or the 
‘mine-over,” is 5; in the multiplier it is 6; therefore in the product it 
cught vo be 30, or rather 3 (since 30+9 gives remainder 3). It is seen to 
be 2 on examination of the product; therefore. the result is wrong. The 
error will be found in the 2nd line of multiplication. 


Examples, 


Convert the following : 


32. 


432 from scale 10 to scale 7. 
BUDO cue ems acae Nea oneee ae 
1743 {eee 5S Oe eG 


100e from scale 12 to scale 10. 
647 . Biceeen rae 6. 
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2. 678 from scale 10 to scale 6, 
ts 205 ee eee Sree eee at 


Gia OG8 ica nate Asadchadeens.* 5. 
SPO Me aot cciwancse Siamese 6. 
10. 3050 from scale 6 to scale 10, 
VRS GRy? Ne eee T cin gtere S, 


14, Multiply 2¢1 by 38 in scale 11, 
11 to scale 10, multiply the results 


together and convert to scale 11. 
Express the sum of series 2+5x7+6x7?+3 x7 as a number in the 
scale of 7, and hence find its value in the ordinary scale. 


The number 11111 is in the scale of 5. Express it in full as a series 


and find its sum (1) as a GP., 


of 10. 
Express 2157 in seale 8. 
471664 in scale 12. 


ee ee eens 
een enenee 


eee eeneee 


Be eesenes. 193 °2 GR. 4.. 
Sacer B63 eee 0c 12%. 
Boab sewuics GI94 gacdassiteg al vk 
Reon wana ELEG CO asvosiney des 12: 


(2) by converting 11111 into the scale 


19. Express 16935 in scale 7. 


62°48 im scale 5, and 16°935 in scale 7. 
*5 in scale 7, and prove the result by summing a G.P. 


. Transform 101211 from scale 9 to scale 7. 


Multiply 26°3 by 16°7 in scale 12. 

Divide 252710 by 249 in scale 12. Test the result by reducing 
dividend, divisor and quotient to scale 10. 

Find the sq. rt. of 223551 in scale 8 ; prove by multiplication. 

Find the sq. rt. of 365°738 in scale 9 to 3 places. 

In what scale is 4072 expressed by 30504? 


. 
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. In what scale is 564 expressed by 686? 


33 
34, Prove that in any scale 10404 is a square. If the square root be 51 in 
scale 10, what is the scale in which 10404 is expressed ? 


35. What number of 2 digits is expressed by the same digits in the scales 
of 5and 7? 


36. Show how to weigh 85 lbs. using only weights 1, 2, 27, 2°, ... Ibs. 


37, Weigh 95 lbs. with weights 1, 3, 3?,... lbs. Weigh it also using not 
more than one of each sort of weight, but in either scale. 


38. Weigh 304 Ibs. using the weights 1, 3, 3%, ... lbs., not more than one of 
each, but in either scale. 


39. Test the correctness of the following by ‘‘ casting out the nines”: 
674 x 504 = 339596. 743 x 2957 =2197051. 
333?= 110789. 37246 x 117=3972782. 
3142=98576. 
What errors will this method not detect ? 


40. In a scale of radix r the difference between any number and another 
containing the same digits is divisible by 7-1. 


CHAPTER XLVIII. 
PERMUTATIONS AND COMBINATIONS. 


295. If there are a number of objects which we can select and 


arrange in different orders, the various orders of them are called 
Permutations. 


Thus 4 letters, a, 0, c, d could be placed as follows: 
abed, abde, achd, .acdb, adbe, adcb, 
bacd, bade, bead, deda, bdac, bdea, 
cabd, cadb, chad, cbda, cdab, cdba, 
dabe, dacb, dbea, dbac, dcab, deba. 


Thus there are 24 different permutations in each of which all 
the 4 letters appear. 


If we took only 3 letters, say a, 0, c, there would be 
6 permutations, namely, 


abe, ach, bac, bea, cab, cba. 
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On the other hand, if we were to form groups of letters (or 
other objects), without paying any attention to the order in 
those groups, we should be forming Combinations. 

For instance, if from 4 letters, a, b, c, d, we were to select 
different groups of 3 letters, we suould only get 4 groups, 
namely, abe, acd, abd, bed. 

This is expressed by saying that the number of Combinations 
of 4 things taken 3 at a time is 4. 

The number of Combinations of n things taken r at a time is 
denoted by ”C,. 

The number of Permutations of n things taken 7 at a time is 
denoted by "P,. 

*, the above results may be summed up as follows: 

4P,=24, 8P,=6, 40,=4. 

It may be observed *C,=1; for out of 4 letters we can only. 
make one group of 4. 

The Combinations of 4 letters taken 3 at a time are 4 in 
number and are given above, viz.: 

abe, acd, abd, bed. 

We have noticed also that one of these groups, abc, can be 
arranged in 6 different orders. 

So also can acd; and so also can abd and bed. 

These different Bere: are Permutations. 

Thus the number of Permutations of 4 objects 3 ata time is 
6 times the number of Combinations, 

ie. *P,=6 .4C, = 24. 

Der. The different groups of 7 things chosen out of n things 
without reference to order are called the Combinations of » things 
r at a time. 

Each group can be called an r-Combination of n things. 

Der. The different ways in which 7 things can be selected 
from n things, regard being paid to the order of selection or 
arrangement, are called the Permutations of n things 7 at a time. 

‘Thus ad and ba are not different Combinations, but they are 
different Permutations. ; 
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296. Important. If there are 2 ways of performing one 
operation and 3 ways of performing another, the number of 
ways of performing the two operations in connection with each 
other is 2x 3, ie. 6; for each of the 2 ways can be taken with 
each of the 3 ways. 

In more general terms, if there are x ways of performing’ one 
operation, and y ways of performing another, there are zy ways 
of performing the two operations combined. 

For instance, if there are a ways of selecting an orange and 
y ways of selecting an apple, the number of ways of selecting 
both an orange and an apple is zy. 


297. Without actually writing down all the different permuta- 
tions of a group of 3 letters a, b, c, we might find out as follows 
how many there could be. 

Imagine that they have to be put into certain empty spaces, 
3 in number. 

The 1st space ean be filled in 3 different ways, viz. with 
a, 6, or ¢. 

When the Ist space has been filled there remain 2 letters for 
filling the 2nd space. For if a were chosen for the Ist. space, 
there would be 0 and c left; if b were chosen for the Ist space, 
there would be a and ¢ left. 

Consequently there are 2 ways of filling the 2nd space. 

.. ‘the number of ways of filling the first two spaces is 3 x 2, 

There is only one way of filling the last space, for there is 
only one letter for it. 

Thus the’ number of ways of filling all 3 spaces is 3x 2x1, 
ae, 6. 

. the number of arrangements of a group of 3 things (or, in 
other words, the number of PeLsnigeanaae of 3 things taken all 
together) i is3x2x1. 

[This is the number that we found by writing them all down.] 

Similarly, if there were 4 things to be arranged in order, we 
could fill the 1st place in 4 ways. 

There would then be left a choice of 3 things. 

’. we could fill the 2nd place in 3 ways, 
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". the first 2 places could be filled in 4x 3 ways. 
There would be 2 ways of filling the 3rd place. 
*. the number of ways of filling the first 3 places-is 4 x 3 x 2. 
There would be only one way of filling the last place. 
. the number of ways of filling all the places is 4x3x2x 1, 
te. 24. 


298. To find the value of ®P,. 
Imagine that we have two empty spaces to fill. 
The 1st place can be filled with any of the 5 things. 
. there are 5 ways of doing this. 
For the 2nd place we have 4 remaining for selection. 
*, the 2nd place can be filled in 4 ways. 
*, the number of ways in which the 2 places car be filled is 
5x 4, 2.¢. 20. 
This sort of question differs from the previous one ; for here 
we are taking the 5 things not all together, but 2 at a time. 


299. To find the number of permutations of n things taken r together. 

Denote the n things by n letters a, 5, ¢, ete. 

Consider that there are.r places to be filled, each with one 
letter. 

Any one of the n letters can be chosen to fill the first place. 

.. there are n ways of filling the first place. 

Whichever letter is chosen, it may be followed by any one of 
the remaining 7 — 1 letters. 

.. there are n-—1 ways of filling the second place. 

. the number of ways in which the first two places can be 

filled is n(n — 1), i.e. "P, =n(n—1). (Art, 296.) 

There are n—2 ways of filling the third place. 

.. the number of ways of filling the first three places is 

n(n —1)(n— 2), 
i.e. "Pz =n(n —1)(n— 2), 

Continuing this process we see that "P, contains 7 factors, ani 

thus "P,=n(n—1)(n— 2)... continued to 7 factors 


=n(n —1)(n-2) ...(m—7r +1). 
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CoroLLARY. If we continue this process as far as n factors, 
the last factor is 1. 

Thus ; "P, =n(n=1)(n—2) ....1 

This product (of all integers from 1 to n) is denoted by | 
or 7!, and is called factorial n. 

Example. How many numbers lying between 3000 and 4000 and 


divisible by 5 can be made with the digits 3, 4, 5, 6, 7, 8? 


This is evidently a case of permutations, not combinations; for the 
order is important. 

As the number is between 3000 and 4000, it must begin with 3, and it 
must contain 4 digits. Also, since it is divisible by 5, it must end with 5 
(since there is no 0). 

Thus the number has its first and last digits given, and it only remains 
to fill up the 2 middle places out of the digits 4, 6, 7, 8 

The number of ways of doing this is 4#P,, ze. 


300. To sik the number of r-combinations of n things, i.e. the 
number of combinations of n things taken r together. 

As we have seen, each combination containing 7 things can be 
arranged in |7 different ways; ("P,=|7), 7.e. each combination 
produces | 7 permutations. 


ee Ete 


“Po ®. Ro 1a te Bee el 
ina [r : 

[7 factors above and below.] 
This may be put entirely in terms of factorials by multiplying 


numerator and derominator by the product of all ae consecutive 
integers below n—r+1, te. by (n-1r)(n-r-1).. 


C= 


Thus °C, = Ais fees Wc ceric be 


|r.m r.n—-r—1l...l 


TE on 
oe 


301. The number of combinations of n things taken n—1 at a time 
= the number when taken r at a time, 


XLVIrI.] PERMUTATIONS AND COMBINATIONS 403 


By substituting n—r for 1, 3 get 


is 
C= puter ca r) ~[n=r[r rir 
This fact is also avidiont ake ae meirieerccion that every 
choice of r things leaves behind n—r things. 
Thus the number of ways of forming a group of r things is 
the number of ways of forming another group (a complementary 
group) of n—r things, 


224 eG 
302. It should be noticed that, if it is desired to find the 
number ot r-combinations in each of which a specified object 
occurs, it is simply necessary to put aside the specified object in 
order to join it to each of the combinations, r—1 together, that 
can be formed out of the other n—1 objects. 
.. the required number is ”~'C,_,. 


w= F> 


Example 1. A picket of 6 has to be formed out of 10 men. How 
fnany different selections can be made? 
The number="C,="C,,_ .="C,= es 
6 10-6 Q Le 5 BEY ah 4 
In how many of these selections will one specified man he included ? 
Put him on one side ; form pickets of 5 from the remaining 9 men, and 
then add him to each picket. 
The number of pickets thus formed =®C;=*®C, 
9877.8 
RR =126; 
How many selections can be made so as not to contain one specified man ? 
Leave him out, and form pickets of 6 from the remaining 9. 


The number of pickets=°C,=°C;= e ae - = 84, 


=210. 


Example 2. Out of a town council of 16 members, of whom 9 are 
Conservatives and 7 Liberals, in how many ways can a committee of 11 
be chosen so as to contain 6 Conservatives and 5 Liberals? 


The number of different groups of 6 Conservatives which can be selected 


out of the 9=C,= 0, = 9-8-7 84. 


The number of Liberal groups of 5=7’C;=7C,: <8 Ss ale 


Each of the 21 groups can be combined with eas of the 84 groups ta 


form a committee. : 
.. the number of different committees ° 


=84 x 21=1764. 
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Examples. XLVIII. a. 
1. Put down all the groups of 2 letters which can be formed out ofthe 
4 letters a, b, c,d. How many are there? 


9. Put down all the arrangements of 4 of the 5 letters a, b, c, d, e 
which can be made with a standing first ineach. How many are there? 


3. Put down all the arrangements of the 5 letters a, b, c, d, e such 
that each begins with a and ends with e, or vice versa. How many are — 
there ? 


4, How many factors are there in n.n—1.n—2...n—62 
Bc bea sratclaenchs sak Mae E eee n.n—1.n—2...72 
6. In n.n—-1.n-2.n—3... to r factors, what is the last one? 
7, Simplify “P,+”—!P,. 
8, In ™P,;+|15 how many factors are alike in numerator and de 
nominator? Give the result of cancelling them. 
9, Find the numerical value of 7P,. 
UN eons sedsaduacussauns steeuee beteeee 2Pr 
MY, dvs sia csacescedoagiu-s<nceeen meena AP. 
12. How many changes can be rung on 7 bells, using ail? 
T3168 “Pa: sP.— 1. 7, find x, 
14, “P,;=20n; find ». 
15, If "P,=12"P,, find a 
16, Prove that 7+1P,="P,+7."P.~.. 
17. If *P,=840, find n. (Let n?-3n=2.) 
18, Hind the numerical value of *C, and of °C,. 


19. 2 el at Sind a ete ee 80. 


21. Three travellers arrive at an inn and find that there are 7 vacant 
bedrooms. In how many ways can they be assigned rooms, one to each? 


22, Two men enter a railway carriage in which there are 8 vacant seats. 
In how many weys can they be seated ? 


23. How many different groups of 3 cards can be chosen out of 13? 


24, A subscriber to a library is allowed to take out 2 books. In how 
many ways can he select 2 out of 50? 


95. The number of periutations of a certain number of things 3 at a 
time is 20 times the number of permutations of half the namber of things 
taken 2 at atime. How many things are there? 


26. In how many ways can 5 people each choose one room out of 
8 rooms ? 


27. LE "P,=6."P,, find m 
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28. Four men are chosen by lot out cf 10. In how many cases is one 
particular man chosen ? 


29, If =P,=120"C,, find +. . 
BU. <tEAC, = Ca tind a 


31. Find !C, and #C,. Add the results and prove that "C, is obtained. 
State and prove the general theorem of which this is a par ticular instance. 


32. Out of the 7 common silver cvins, from the crown to the three 
piece, how many different selections of 5 coins are possible ? 


33. Out of 7 men, how many crews can be chosen to row in a four-oared 
boat? How many, if one of the 7 has been already selected for stroke ? 


34, Out of 8 men and 6 women, how many different committees can be 
formed composed of 5 men and 4 women? 


35, There are » points in a plane, no three of which are in a straight 
line. Find how many straight lines can be formed by joining them. 


36. How many numbers can be formed with three digits out of the 
digits 1, 2, 3, 4, 5? 
In how many of these will the digit 1 stand first ? 


ve How many numbers can be formed each containing all the digits 
D, 1, 2, 3, 4? 


38, How many numbers of three digits can be formed from the digits 
0, 1, 2, 3, 4, 5? 


303. To find the number of r-combinations of n things without 
assuming the number of permutations. 

Denote the things by a, 4, «, ete. 

The number of combinations in which a occurs is found by 
combining the remaining n-1 letters r—1 together, and is 
therefore ""C,_,. (Art. 302.) “ 

Similarly for each of the n letters. 

.. the total number of 7-combinations thus obtained 
=) Pesan ee 

But in these we shall find each combination occurring 7 times. 
e.g. abcd... (consisting of r letters) will be found amongst those 
containing a, amongst those containing 3), c, and so on. 

.. the total number of 7-combinations thus obtained 
=e 
BR Aico cneeraniinkgs omaicanl LD 


=n. 
nr 
Aa Ceres heel ORE cones oerece cis cruit seceneed 


B.B.A. : . 2p 
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Similarly, —1C j=—— 


1 
Te Dy ct at phorstasnear nals Pes) 
: oe 
and adit 4k — - La 9 S itis © SLA 
and so on. 
- n-1 A el eek es 
eo C, C,.1 = r r ae = 7r—2 


seeeee 


Multiply by eet Sas pes is . 
Lghrae Eni ees 

304. To prove "C,+"C,_,="*C,. 

"C,_, is the number of combinations of n+1 things r together 
which contain a specified thing. (See Art. 302.) 

"Cc, is the number of combinations of n+1 things r together 
which do not contain that specified thing. (See Art. 302, Ex. 1.) 

The sum of these two must be the total number of combina- 
tions of +1 things r together ; 

AG Pagosa 
As an exercise prove this from the value of "C,. (Art. 316.) 


305. To find for what value of r "C, is greatest, supposing n given. 
" _n(n-1)...(n-—74+1)(n-7) , 
ck: lic es ae as] Y #2) a? SEI oa ae 


1.2...7. (r+) 
Aes _n(n-1)...(n-r+]), 
aie ae Le 
Ree 
ae ape 
» nT, 
Same Be 
: n=? : n+1— i! se 
Now sri which = natant 1 diminishes as r 


increases, but is at first > 1. 
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‘a M N—? 
ey ty = G, as long as 5 > 1; 


-. “C, has its greatest value when = or is first < 1, 


ae. When n-—r=r+l1 ......... <r+l, 
COTES Ae n—1=2r Meter eens 
abe Sa sal 
xe octets 7 
(i) If n is odd, 
be FTG § edt i) 
the greatest value of ”C, is Ca Cnta = SarEsh 
2 2 


(ii) If n is even, 


the greatest value of "C,is ”C, Ess nicol 
 [n]n 
BE 


Example. A man has 10 friends whom he wishes to invite to dinner 
so that there may not be the same guests at any two dinners, the sama 
number being invited each time. If he wishes to have as many dinner 
parties as possible, how many must he invite each time? 

The number of parties he can form is !C,, where r is the number invited 
each time. 

.. the question is: ‘For what value of r is "C, greatest?’ 

00 _10.9.8...(11—7r)(10-7) 
oo 1.2... (r+1) ‘ 
100 _10.9.8... (11-7) 
i 1, 2 4597 
80,4, 10-7 
* 0G. — r+l1 
Now 10 = diminishes as r increases, but is at first >1. 
r 


“ C,4,>C, as long as oy> 1. 


10- : 
“. ®C, has its greatest value when an (=! or is first <1, 
2.e when 10-r=741 .......... <r+i, 
sea he DB Ie iters eT 


#.e. when 7 is first >43; 
ie. when r=5; 
%e. the number of guests each time should be 5, 
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306. To find the number of permutations taken all together of n 
things which are not all different. 

Suppose them to be n letters, of which p letters are a, q letters 
are b, r letters are c, and the rest are all different. 

Let P be the required number of permutations. 

If the p letters a were changed into p fresh letters, different 
from one another and from the rest, the number of permutations 
would be thereby multiplied by |p, since the group of p fresh 
letters would admit of [p arrangements. 

Similarly in the case of the qg letters ) and the r letters c. 

. the total number of permutations would then be 


, But there would then be n letters all different, and conse- 
quently the number of permutations of them taken all together 


would be |n. 
BA Ube 
|n 


"Pee 


Example. Find the number of permutations of the letters of mammal 
taken all together. 


There are 6 letters, of which 3 are bd 2 are a’s, 


6.5.4.3.2 


oS 
=60. 


The number of permutations = 


Permutations in a Ring. 


397. If abcdef and fabede represent objects arranged (in each 
case) in a straight line, no one will hesitate to pronounce these 
two to be different arrangements. 

If they are placed on the circumference of a circle, they can 
hardly be pronounced to be difterent. The circular order is the 
same tor both, as is obvious from a figure. 

Suppose that the objects are persons seated at a round table. 
From abcdef to fabede the change is only apparent. There has 
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been no change in the order, only a movement of the whole one 
place round the table. 


b 5 


To prevent this movement, which gives no fresh order, we 
must suppose one person to be fixed, and find the number of 
permutations of the rest. 

For example, if there are 6 persons to be seated at a round 
table, let one person take his seat. Ths remaining 5 can ke 
arranged in |5 different ways. 


308. Beads in a necklace. 

If n different beads were to be arranged to form a necklace, 
the number of different orders in which they could be put would 
be 3/”—-1. 

For consider what happens when a necklace of 6 beads, 
arranged in the order abcdef, is turned over. The arrangement, 
read the same way round as before, becomes fedcba. 

Thus what were two different arrangements in the case of 
persons in a ring become identical in a necklace. 

.. the number of arrangements of n beads in a necklace = half 
the number of arrangements of persons at a round table 


=4\/n-1. 


Example. How many arrangements of 4 men and 4 women at a round 
table can be made, if the men and women are to be alternate ? 


Place the 4 men round the table with alternate places left vacant. The 
number of ways of doing it is | 3. 
The 4 vacant places can be filled by the women in | 4 different ways. 
«. the total number of arrangements 
=|3x|4=6 x 24=144, 
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XLVIII. b. 
1, Find the number of arrangements of the letters of Division. 
Oe Ber anasdenegicenusonkce nas: CeegMe cacaleceeneses «Sates ailiacwea! Sirocco. 
D3 Bh acco saeoinnocnoeniuae sudo oekcr acest Jac8 isthe “auasatSncnadcs Mammalia 


4, In how many ways can 7 persons be arranged in a ring? 

5, Find the number of arrangements of the letters of Onoto. 

UB -PoscaNpeaburmanchec cborbr Cpu. Ry seeeetaseteeates segue tae cs vee. Assassin. 
7. In how many ways.can 5 persons be arranged in a ring? 


8. In how many ways can 7 different beads be arranged on a string 
form a necklace ? 


9, In how many ways can 6 persons be arranged at a round table? 


10. In how many ways can a committee of » persons be seated round a 
table, if the chairman must always be opposite to the fireplace ? 


11. Five gentlemen and five ladies are to be seated, ladies and 
gentlemen alternately, at a round table. In how many ways can it be 
done? 


12. There are 7 letters, of which some are a’s, and the rest different. 
The number of different words that can be made with them, taking them 
all together, is 210. How many are a’s? 


13. Find the greatest value of °C,. 


14. A man makes different selections of r things out of 14 things. If 


the number of selections is to be the greatest possible, what must be the 
value of 7? : ’ 


15. How many triangles can be formed with 9 straight lines, of which 
no two are parallel, and no three are concurrent ? 


16, From 8 men and 9 women a committee is to be formed, comprising 
5 of each sex. In how many ways can it be done? 4 


17. How many different sets for lawn-tennis can be formed from 
10 ladies and 6 gentlemen, each set containing 2 ladies and 2 gentlemen, 
the ladies not playing on the same side? 

309. Questions sometimes occur in which it is required to find — 
the number of ways of dividing up n things into parcels. 

The method of solution follows at once from the formula 
foti"G,. 

Suppose that it is required to divide n things into two parcels, 
one containing r things, the other containing the rest. 

The number of ways of choosing r things for the first parcel 
is "C,, and the remaining things form the second parcel. 

Thus the number of ways of forming the two parcels is the 


same as the number of ways of choosing the contents which 
make wp the first parcel. 
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*, the number of ways ="C,=—_——.. 
eat 
If m+n things have to be divided into two parcels of m things 
and n things respectively, the number of ways of doing this 


m+n 
savy 2 tm SOP e meee mene eer eenseeeee (1) 
mi 
If m+n+p things have to be divided into three parcels of 
m things, n things, and p things respectively, we first consider 
them divided into two parcels containing m things and n+p 
things respectively. 
From (1) we see that the number of ways in which this cam 
[mio +p 
| m |n+p f 
Similarly the number of ways of dividing n + p things into two 
parcels containing 7 and p things respectively is a ‘ 
Ware 
“. the number of ways of dividing m+n+p things into three 
parcels of m, n, and p things respectively ; 


be done is 


and so on for a larger number of parcels. 
The case where m=n (in the distribution of m+n things into 


two parcels) has to be considered. 


Here the formula a will not give the correct answer. 
eae 
For consider the simple case of 4 things a, d, ¢, d distributed 
into parcels of two and two things. 


We have cb and cd, 
QO ates bd, 

1 le me be, 

= BG gies ad, 

be visatts ae, 
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As the formula tells us, we have —_ i.e. 6 ways of doing it: 
but each way occurs twice. zd 

.. tne- number of different ways of doing it is only half the 
above. 

Similarly, when 2m things are to be divided into 2 parcels — 
each containing m things, the number of ways of doing it is 


[2m 
3m [in 


If these parcels were to be given to 2 persons, the number of 


f doi it would be iain x2. te 2a. ; for after 
ways of doing i Bm [ma 2; 4.2. (im 


making up the 2m things into any two parcels, you could give 
these two parcels in two ways to the persons. 
|m+n+p 
ach 
be no distinction between the order of the parcels, the |3 different 
ways of arranging the parcels of m, n, and p things would become 
identical. 

. the number of ways of dividing 3m things into 3 parcels 
each of m things ° 


Similarly, in the formula 


» if m=n=p, and. if there 


im 
[8 (im) 
If they had to be given to 3 persons, the number of ways 
would be |3 times this; for when the parcels have been formed, 
the assigning of them to the 3 persons can be done in |3 ways. 


‘, the number of ways of providing 3 persons with m things 
each is 13m 


(my 


Example 1. In how manys ways can 10 letters be made up into 2 parcels 
of 6 and 4 respectively ? 
10 


US 
iS is 
a now many ways can 10 letters be left at 2 houses, 6 at one, 4 at the 
other ? ; 


The number of ways is » te, 210. 
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The 6 letters can be left at the first house, the 4 at the other, or 
vice versa. 


*. the number of heb is a te, 420, 


[ole 


Example 2. In how many ways can 15 letters be divided into Lobia 
parcels, each containing 5? 


see 


In how many ways can 15 letters be left at 3 houses, 5 at each? 


The number of mee i 


The number of ways=|3 times the number of ways of making up the 
Fe = 

parcels of 5= = a 

310. Interesting applications of the theory of Combinations 

cecur in geometry ; e.g. the enumeration of the diagonals of a 


given polygon. The following are instances of such questions. 


Example 1. Find the number of diagonals of an octagon. 
The 8 vertices are to be taken two together, and connected by straight 
fines. 
8.7 


The number of connecting lines=*C,= 1.27 28. 


But this includes the 8 sides of the octagon. ° 
.. the number of diagonals is 20. 


Example 2. Find the number of regions into which a plane is divided 
by nm straight lines, of which no two are parallel and no three meet in 


@ point. 
When there is no straight line, the plane forms one region. The 


introduction of a straight line divides it into 2 regions. 
The addition of a second line makes 4 regions in all, 
i.e. the 2nd line adds on 2 regions, making 1+1+2 regions, 
the 8rd line sdds on 3 regions, making 1+1+2+3 regions, 
and so on. 
- Thus the total number of regions, when there are n lines, 
=1414+243+...47 
n(n+ tye 1 


=1]+ 5} 


5(n? +n +2), 


311. To find the number of combinations of n things taken any 


number at a time. 
There are 2 ways of dealing with each of the » things; we 


may take it or leave it. 
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As each can‘ be dealt with in 2 ways, the number of ways of 
treating the n things is 2.2.2..., 26 2”. 
But this would include the case in which all are rejected. 
", the ‘total number of combinations of n things taken any 
number at a time = 2”- 1. 


XLVIII. c. 

1. Prove that "P,=" P,+7r. 7 IP,_y. 

2, In the combinations of 9 things, 3 at a time, prove that any par- 
ticular thing occurs in one-third of the whole number of combinations. 

3, Tf m:"Ps=1 : 72, find n. 

4, Prove that ®C, + °C, +®C, + ®C,+ °C; + ®C,=28 - 1. 

ee ea the number of ways of choosing one or more (up to 7) things 
out of 7. : 


6, How many different sums can be paid by a man who has in his 
pocket the following coins: a farthing, a penny, a sixpence, a shilling, 
a half-crown, a crown, a half-sovereign, and a sovereign ? 


7. A person who chooses 3 cards out of a heap of cards has 425 times 
as many possible selections as one who only chooses a single card. How 
many cards are there in the heap? 


8. If *P,:"C,=1 : 5, find n, 
9, How many numbers can be formed with the digits 3, 4, 5, each digit 
occurring once in each number? What is the sum of all such numbers ? 


10. How many ways are there of making up an eleven out of 15 boys, 
if there are to be just 4 bowlers in it, and only 5 of the 15 are bowlers? 


11. From 13 members, of whom only 4 can bowl, how many different 
elevens can be made so as to include 2 bowlers at least ? 


12. A person has 8 friends, among whom he wishes to make up as many 
dinner parties as possible, inviting the same number each time. How 
many times is one particular person invited ? 


13. In how many ways can a party of 5 men be chosen from 10 men? 


In how many ways if (1) one man is always to be included, (2) if one man 
is always to be excluded? 


14. A committee of 7 is to be formed from 10 Conservatives and 
8 Liberals, so that there may be 4 Conservatives and 3 Liberals on it. 
How many different committees can be formed ? 


15, Out of 17 consonants and 5 vowels how many words can be formed 
containing 2 consonants and 1 vowel ? 


16. How many words of 11 letters may be formed of the letters in 
ab5c7d ? 


17. How many words may be formed of all the letters of accommodation? 


18, How many straight lines can be made by joining 4 points, no 3 of 
which are collinear ? 
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_ 19. If y=*C,, plot the positions of the point (x, y) as x takes successive 
integral values. Find what value of x gives a maximum value to y- 


(Take the unit for y much greater than that for 2.) 


20. In how many ways can a crew of 8 men be arranged in a boat? If 
only 3 are fit to row stroke, in how many ways can they then be arranged ? 


21, How many numbers can be formed of the digits 1, 2, 3, 4, each 
digit occurring once in a number? Find the sum of all such numbers. 
_ 22, A party is chosen from 18 men. The number of ways of choosing 
it is greater than it would be for a party of a different size. Of how many 
does it consist? How many of these selections contain 3 given men? 

23. In how many ways can I choose one or more out of 8 books? 

24, Out of 9 objects, in how many ways can I choose at least 2? 


25. Find the number of permutations of 10 things 7 at a time, in which 
3 particular things occur. 


26, Tf **+1C,,,=—9x*C,,,=90x"—C,, find n and r. 


27, How many different numbers may be composed with the digits of 

111223, each consisting of 6 digits? 

28. In how many ways can 7 sovereigns and 5 shillings be given te 
12 men, one coin to each? ; 

29, Out of 6 letters, of which some are a’s and the others all different, 
120 different-words can be formed. How many a’s are there? 

30. Twenty-six people are to travel by an omnibus which can carry 
12 inside and 14 outside. If 8 of them will not ride outside and 6 will not 
go inside, in how many different ways can the party travel, without 
regard to the order of seating ? 

31. Of 15 men 10 can row and cannot steer, and 5 can steer and cannot 
row ; find how many crews of 8 rowers and a coxswain can be formed out 
of the 15 men? 

82. Find the number of diagonals of a decagon. 

Bibel. SEES «Ris csidaaeiaa. wate opehee adhd ant ovine dodecagon. 


34, A committee of 7 has.to be chosen out of 13 persons, of whom 6 are 
Liberals and 7 Conservatives. In how many ways can it be done so as to 
give a Liberal majority on the committee? 

35. How many different permutations can be made of the letters of the 
word essences, using all the letters; and how many of these will begin 
with n and end with s? 


Harder Examples. XLVIII. d. 


1. Eight men have to be arranged to row in an eight-oared boat, 3 of 
the eight cannot row on the bow side, and 2 others cannot row on the 
stroke side. How many arrangements can be made? 


g, You have 7 envelopes addressed to 7 people, to 4 of whom you 
iutend to send copies of a circular, the other 3 envelopes to be used for a 
different purpose. In how many correct ways can you put the 4 circulars 
into 4 of the 7 envelopes? 


’ 
e 


416 ELEMENTARY ALGEBRA [cHaP. 


3. My cousin belongs to a club of 30 members. In how many ways 
can I meet at most 5 of the members, of whom my cousin may or may noé 
be one; and in how many ways can I meet 5 members including my 
cousin ? 

4, Out of a dozen persons how many parties can be made, each consist- 
ing of not more than 8? 


5, Find the number of words of 2 consonants and 2 vowels formed from 
‘‘education.”. In how many of these will the two sorts occur alternately ? 


6. How many triangles can be formed having their vertices at those of 
a given pentagon ? 

7, Find the number of ways in which 10 boys and 8 girls can stand in 
a line so that no two girls are together. 


8. Fourteen different coins are contained in 2 bags, 7 in each. How 
many different combinations of 8 coins can be formed by taking 4 from 
each bag? : 

9. How many different numbers of 3 digits can be formed, it being 
allowed to use the digits 2, 3, 4, 5 once and 6 twice? 


10. In how many different ways can 52 cards be dealt into 4 groups of 
13 each? In how many different ways can they be dealt to 4 players, 13 
to each ? 

11, The number of combinations of n letters, taken 5 together, in which 


a, b, c occur is 21. Find the number of combinations of them, taken 6 
together, in which a, b, c, d oceur. : 


12. I wish to divide 15 different postage-stamps into parcels containing 
5 each. How many sets of parcels can I make? 

13, There are two sets of concurrent straight lines, n in one set, p in the 
other ; how many intersections are there if there are no parallels? 


14, The number of ways in which n books can be arranged on a shelf so 
that 2 particular books are not together is (n-2)|n—1. 


15. How many As are formed by 2 sets of 3 str. lines, each set passing 
through a point,.and no two lines being parallel ? 

16, Find the number of arrangements that can be made of the letters 
of the word infinite (1) when they are taken all together, (2) when they are 
taken 4 together, so that each arrangement has 2 different vowels and 2 
different consonants. 


17. A bag contains m sovereigns and n shillings. Prove that the number 

of ways in which they can be drawn out in succession, one at a time, is 
1.3.5. (2n=1) on 
is 

18, In how many ways can n men be placed in a row, if two of them are 
forbidden to be at either end ? 

19, Out of x objects, how many ways are there of choosing 3 or more? 

20, Kind the number of diagonals of a polygon of n sides. 


21, Find the number of ways of giving mn different things to n persons, 
so that each may have m things. 


22. The number of permutations of n things r together in which 2 


particular things occur is *-*P,_,.”P,. 
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_ 23. In how many ways can m letters a and 7 letters } be arranged so 
that none of the b’s shall be together, m being greater than n? 


24, The number of ways of seating 2n persons at two round tables, n at 
each, is |2n/n*. 

25, Given n points, of which only m are in one straight line, how many 
straight lines can be formed by joining them? 


26. If m points in one straight line are joined to » points in another 
straight line, how many intersections are there besides the original m and 
nm points ? 


27, A rectangle has p lines ruled across it parallel to one pair of sides, 
and p lines parallel to the other sides. Prove that the number of rectangles 


formed is }(p+1)?(p+2)%. 


CHAPTER XLIX. 
BINOMIAL THEOREM. 


312. By means of the binomial theorem, any power of a 
binomial expression can be expressed as the sum of a number 
of terms. 

The theorem states that 


n n n— nin —1) n— 
(a+x)"=a"+na Xt 38 x 
n(n—1)(n—2) _,_ 
tang -gug  * ge 
The series on the right-hand side is called the expansion of 


(a+2)”. Rbk 
The truth of the theorem may easily be tested in simple 


Eases. 


Beek 2 
Thus (a+2)? =a? + 2at +750 =a" + 2am + 2%, 
2 2. , 
(a-+2)8=a'-+3a%e+ 9-5 aa? 4 5 8 = a8 4 3a°a + 3ax* + a3, 
4.3 4.3.2 4.3.2.1 
ee gig eel, 9,0. 40- 


=a't+ 4a3z + 6a’a? + 4a03 +24. ~ 
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Note carefully that, in each of the above, 

1. The index of the highest power of a or & is n, and its 
coefficient is unity. 

2. The number of terms is n+1; e.g. there are 5 terms in the 
expansion of (a+2)*. 

3. The indices of a decrease by unity, and those of x increase © 
by unity in each successive term. 

4, The coefficients of terms equidistant from the beginning and 
the end of the series are equal. 

5. Counting unity as a factor, the number of factors: in the 
numerator of any coefficient is equal to the number of factors in 
its denominator. 

6. The sum of the indices of a and x is n in every term. In 
other words, the expansion is homogeneous and of the n™ degree. 

We shall see as we proceed that these rules hold for all values 
of n. 

- Writing - 2 instead of 2, we have 


{a-—x)"=a"+na""?(-x) coe a"-°(— xP 
n(n—1)(n- 2) 
Vike ae 


hy ah bap ant 
ii ebook 
_n(a—1)(n—-2) 

Lees 


+ "8(—x)+... 


=a"—na"?x+ 


ea kate ae 


313. The following is a rapid method of obtaining an expansion 
in simple cases. 
Take (a +2). 
The first term=a®; the second term = 9a8z ; 
the third term = ote ax? = 36aTx?. 
The coefficient of the third term is cbtained from that of the 
second by multiplying the index of a by the coefficient in the 


second term, and dividing their product by the number (2) of 
the term. 
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Thus the fourth term= = a®a3 = 84.673, 


The fifth term = os = a xt = 126a5e4, 


7 5.126 
The sixth term = ag ae ata? = 126a4e5, 
126 


The seventh term = eb 7 a°a° = 84a°28, and so on. 


Thus (4+ 2)° = a? + 9a'x + 36a%x? + 84a%x? + 126a5z4 
- + 126a47> + 840325 + 360227 + 9az8 + 29. 


314. The student who has omitted the Chapter on Permutations 
and Combinations should study the following. 


n(n—1)(n— 2)... 1, ae. the product of all integers from 1 to n, 
is denoted by | or n!, and is called factorial n. 

The expression ee See eee 
n(n —1)(n— 2) " _n(n- 1) (m - 2)(n —3)(n-- 4) 
ahhh Abt abel dies, Chel acm 


n, = 
C, =n. 


is denoted by "C,. 


Thus “C,= 


With this notation the binomial theorem may be written thus: 
(a+z)"=a"+"C,a" 44+ "Ca" x? + "Ca" Fa? +... 
The (n+1)™ term = Ser guano PE BR 2) 1 Ot _ ee eee ara" 
=x", 
In the (n+ 2)™ term the last factor in the numerator of the 
toefficient would be 1 — 1, «.e. zero. 
“. the (n+ 2)™ term and the following terms vanisk. 
Thus there are n+ 1 terms in the expansion of (a+2)”. 
The following is useful. 
wn n(n 1)(n=2)(n~ 8)(n— 4) 
a. [5 | | 
_n(n—1)(n—2)(n— 3)(n— 4) |w-5 in 
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And generally, 
n(n—1)(n—2)...(m—7r+1) 
[Me 
n(n—1)(n—2)...(n—r+1)|n—-7 ee ws 
if [r [mer oly [seth ott 
Writing n—r for 7, we have 7 
[2 act 
yer teed Gs n+r 


315. To find the general term in the expansion of (a +2)”. 
We take the general term to be the (r+1)", as that con 
tains 2’. 


We see that the third term ="C,a"~2z?. 
The fourth ...... =a te. 
*, the (r+ 1)™ term ="C,a"~a” 
_n(n—1)(n— 2)... (n—7+1) 
ke 
If we had to write down the general term of (a—-2)*, we 
should have to write —~2 for 2; 


"C= 


| 
v 


(Am fe 


.. the general term of (a—2)" 


nent... eb 


= Sale een a"-"(-2) 


Bae yy ee! hoes 
Ka 

sing T, to denote the 7 term in a binomial expansion we 
notice that T,,, in the expansion of (a +2)" contains 2”. 

Also the expansion is homogeneous with respect to a and 2, 
i.e. the sum of their indices is the same in all terms and is equal 
to n. 

Thus the term containing 2” must contain a”~’. 

.. in the expansion of (a+2)", 


Con a. 


T= "C0" & m.n-l.i.n—r+l1 fe 
r+. lie a ha ar, 


[r Oa, eevee. omen (L) | 


\ 
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n.n—1...n—7r+2 
Te n-1l...m—rt+ 
r—l 
i es 2 ha aa 


. Le eer ee 


eva : 


re 


We can thus derive any term from the preceding term. 
This is a general statement of the method employed in Art. 313, 


: n 
T,,; may be put in the form meee by multiplying 


numerator and denominator of the coefficient in (1) by |n—7. 


Examples. XLIX. a. (Chiefly oral.) 


In the expansion of (a+<)": 

How many terms are there? 

Which term contains 2°? 

What power of a accompanies 2°? 

What is the coefficient of the 3 term? 

BO he cWearinck se ce chiens Seu sanivoeugs oe 5% term ? 

Why is the (7 +1) term chosen for the general term? 

What is the denominator of the coefficient of this term? 

When you have expanded (a +x)", how can you alter it into (4-2)? 
If there are 17 terms, which is the middle term? 

Name in order the coefficients in the expansion of (1 + 2)4. 

Menger Cocos xiatae | Sitcicc aCeR ECE cEnCeR cat oe CBE ciety PEP BSCEr OM Uler eo ae 

snabin eIcSARPNabort Ee eae, ceceectnear Eee ae eae eee (1+2)8 

. What multiplier will give the (r+1)™ term from the r™ in (1+)? 
What multiplier in the case of (a+2x)”? ty 
Which is the term independent of x in the expansion of («+3) ? 
What is its value? 

17. Find the sum of the coefficients of (1+)§ by putting x=1. 

18. (a+2)"=a"+(terms containing a factor n)+2". If in this we put 
n=0 and deduce that (a+xz)°=a9+0+2"°, ie. 1=1+1, where is our 
mistake ? 

19, In the expansion of (V3 +N2)6 which terms are rational ? 

20. In (a+) which term has the same coefficient as the 5%? 

STAI cae he ees Hee ents sa Pease Maud nape agit. aan tana + ou . 10% 


92, In (a+x)" one term contains a°x’. What is n? 
B.B.A. 2€ 


Por © Pe 


= 


el ee 
PAP DPE S w oo 
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How many factors are there in the product 
93, n(n—1)(n-2)...(n-9)? 24, n(n—1)(n—2)...(%-p)? 
25, n(n—1)(n-2)...(n-r+1)? 26, n(n—-1)(n-2)...(n-7r+2)? 
27, n(n-1)(n-2)...(n-—7r-1)? 
28, In the expansion of (2+<)", what number from the beginning is: 
(i) the third term from the end? (ii) the fifth term from the endf 
(finyethe 1 dataseincccceceeeteak t-~ “Giv) the 41 | cxccceticrcctasamen ? 


99, In the expansion of (a+2)"-1, what number from the beginning is: 
(i) the fourth term from the end ? 


(ai). therseventh~.... 00. 9.seesses corer ? 
(iii) thety ee ieee ees at ea waenes ? 
(ivpithe (75+ Tyla. 2.. Sk et ? 


30. (i) Which is the middle term in the expansion of (7+a)*"? 
(ii) Write down its value. 
(iii) Write down the term immediately preceding the middle term, 
(19) cotcsrdiousnaticadascetncseactacnteee ete eee following”. JR7RE IER Ri cnates : 


31. Write down the last four terms in the expansion of (a+2)" in 
ascending powers of wx. 


32. (i) Write down the r term in the expansion of (a +2z)*. 


ii) hak aan ae art ee eee 
A1LE) ens. edo eee aa eak ae Le RR eee ne te RAR ce See F 
(AN) cat cvemen dee evoparenc a> term from he end <pvusssacacyesaeseuse 


. 816, Zo prove the Binomial Theorem for a positive integral index: 
(Proof by induction.) 
Assume it true when the index is n, 
he. = (@+a)"=a"+"C, 2a") +"C7a"? + + "C 270" $0 
2 Oe Conor eat 
r 
Multiply both sides by a+2; 
oe (+2) =a" 4-"C. za" + "C22" 1 +... + "Cra +, 
+20" +"C,27a" + ...4+°C, wa" "t+... 
=a"*t 4 ("C, + 1)xza"+ rc, +"C,)a*a" +... 
+ (°C, +°C,_,)a%at7H + oe. 
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But "C,.+"C,_, 
Halil Sed se St at A Se NM —7+2 


[F [= 


m.n—-1...n—-7T+2 (n—r+l1 
oo ica peaelel 


r—-—1l r 


m.n—1...N—-7T4+2 n+I1 


= ws @3 
Ps 


Similarly "C,+1="*C,, "C,+"C,=""'C,, ete; 

aa (a +a)"*1 =q"* +*+1¢ za" eh Rl hot AS sk AO Sar era 
Thus, if the theorem hold for index n, it holds for n +1. 
But it does hold for index 2; for 


2e1 
(a+2)? =a? + 2at +750? =a" + 2ax + x. 


.: the theorem is also true for the index 3 ; 
PRUNE Sst es Stl ok 02083 angrrarnsast wont head 4, and so on, 


4.e. the theorem is true for all positive integral values of the index, 


317. To prove the Binomial Theorem for a positive integral index, 

(2°* method, involving a knowledge of Combinations.) 
(a+2)*=(a+2)(a+2)(a+2)... to n factors. 

The product of these is a homogeneous expression of the n™ 
degree. 

The term containing 2” contains also a”~’, and we have to 
determine its coefficient. 

This term is found from the above product by selecting 2 
from r of the n factors, and a from each of the n—7 remaining 
factors. 

The zx can be selected in "C, ways, where "C, denotes the 
number of combinations of n things taken 7 at a time. 

*. the term 2’a"~” appears multiplied by "C,. Similarly for 
the other terms. 

o. (@+2)"=a" +"Ca e+ "Cy" a +... +0” 


=a"+na" e+ n= 1) n-22 4 wee FO 
[2 


. 
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318. Zo find the greatest term in the expansion of (1+2)", n being 
a positive integer. 


io T.=(*** - 1)2.T,3 
PF fe Pcie or lan to the greatest term, 
when ot. 1)z is dirst.< or=1, 


CCE Cec ce ee Eo seacucnaeene OnE z+1, 
r 
Kokaueuesans (n+1)a Sere Mee CL ES 
é tees (n+1)a 
Hatteras. 4 fi dghguayl¥etg: ae eT 


(1) Let oe * be an integer, say p. 

Then T,,, is greater than T, as long as r<p; (for instance 
when r=p-—1 or p-2 or any number below p) ; 

i.e. T, > any term before it. 
When r=p the multiplier becomes 1 ; 
x hin = Pee 

Thus the terms increase till we get to the p*, the next term is 

equal to this, and after that they decrease ; 


". Ths Tp41 are the greatest terms. 
(2) Let sd be a fraction. Let its integral part be g. 


Here the multiplier > 1 as long as r <q +a fraction, 
i.e. the terms increase. 
For values of 7 from ¢+1 onwards the terms decrease. 
Thus T,41 > any term before, 
and T.41 > T, (for the multiplier > 1); 
. Ty4: 18 the greatest term. 
The Bde term of (a+2)" may be found by Hor: it in 


the form a” @ + 5) . For in this case we have only to find which 
‘ , ay" Tan ; 
is the greatest term in ¢ +7) ; and this is done by using < 


instead of z in this article. 
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319. To find the greatest coefficient in the expansion of (a+2)". 


This is the same as finding for what value of r "C, is greatest. 
See Art. 305. 


Example 1. To find the coefficient of 2!” in the expansion of (22-2z)}2, 
(x? — 2x)? = x2 (a — 2)12, 
*. we have to find the coefft. of 2° in the expansion of (a — 2). 
The term involving z° in this expansion="C,25(-2)7. (Art. 315.) 
-. the required coefft. =!C, x ( — 2)? 
="C, x (-2)7 
_12.11.10.9.8 


14 
Example 2. In the expansion of (=-2) , to find the term which ig 
independent of 2. e 
S\erl 
(2-3) = sra(2?— 3). 


-. the coefficient of x4 in the expansion of (a?-3)!4 is tae required 
quantity. 


The term involving x4 [i e. (x?)’] in the expansion of (x? - 3)4 
= MC, (a?)7(-3)7. (Art. 315.) 


*. the required term=C,(-3)7= - ia 37, 
j : ai 


Example 3. To find the greatest term in the expansion of (2+32)* 


when x=}. 
(2+ 3x)9=29(1 +3). 
.. if T, denotes the 7 term, 


Fs Ned EA aka Elsah (5) 


|r 2 
10-r 3a 
i-¥ "5 tle 


.. T, is greatest, or equal to the greatest, 


when oor iS os is first < or=1, 
4.¢. when — 5 ies OF = 1, 
r 8 
10 28 
paareesies ec as Roni. oer < Osa 
eoeeesceecees 10 Co ora!) 
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F & 1 . ool. 
%.€. when = is first < or=50) 
aot waete et or=%, 


4.e. when r=3. 
*. the 3"4 term is the greatest, 


2 
and its value is aie 2 3a) 
2 2/ 


ss 3? 92? Sk 


which=2° T.3° > os 


= 2592. 


. 


Example 4. Find approximate values of (0-999)". 


999 1\ 
(0-999 "=(T00) = =(1 -a) 


157-6006 5 

1071.2 ° 18" 1.2.3° 1* 
=1--007 + 000021 — 000000035 +... 

=1- ‘007, %.e. 9930 correct to four decimal places, 


== 


or = 9930210 correct to seven decimal places. 


[cHAR, 


Bxample § Find the coefficient of 2” in the expansion of (1 -2)}*(1+2) 


The coefft. of 27 in (1 —a)§(1+2)9 
Sal Reds ane eee (1 — 4a: + 62? — 4ac3 + ar4) (1 + 22)8 
=the coefft. of 27 in (1+2)9 
—4x the coefft. of 2° in (1+ x)® 


SF Gea emcmsese eaenaceneOn eeeect acreee: 
-4x TEER oes dade 
oe eee nat acetal eee. Ons 
29:82 0/801 ost 14.8 98 T es gy 
=19- "itegt®* logan 1s 8d ee 
ms 2.9.8.7.6 
= 36 2.3.8.7+ es 4 +84 
= 1W - 536 + 252 = 372 — 336=36. 
Examples. XLIX. b. 
Expand 
1, (1+2). 2. (at+a)%. 3. (a? — 2:)8, 


(0-3) a Gea (we 


7. (3a+2y). 8. (a +bn/2)8 + (a - bn/2)8, 
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9, Give the 5th term in the expansion of (1-2), 
LOK saws, sect Gly dE eeeete ss okesess ck hae (a? + a?)1, 
Ie 
12. Give the middle term in the expansion of (« +3) : 
: a 
13. Give the two middle terms in the expansion of (20- 4) ° 
14, n being a positive integer, find T,4, in the expansion of (1+a)™ 
and T,.., in the expansion of (3—2z)". 
15, A=the sum of the odd terms, B the sum of the even terms in the 
expansion of (@+2)"; prove that A?- B?=(a?- 2x2)”, 
16. The coefficient of x” in (1 + oyna 12% 1.3.5... (2n-1) 2”. 
[es le 
17. In the expansion of (1+2)" given z?.T,.;=T,43, find ~ 
Write down the general term in 
18, (1+2x)". 19. (8-52)? 


20. (a?-3bx)". 21. (e+3 f 

4 5 1 \2 
93, Write down the middle term of (#-3) . 
23. Write down the two middle terms of (2%+y)°. 
24, Find the coefficient of x7 in (2a +2)°. 
25. 


7 
. Find the coefficient of x in (#42) 4 
10 
26. Find the term independent of x in ( 2 +2) A 
27. Show that (a+2)"+ (a—/2)" contains no surds, 
28, Expand (a-2)’(a+x)* 


1 5 4 3 
29, Expand (2-3) (2+3) : 
30. Simplify (/3+1)8-(V3-)8. 
f 1\8 ae OF NG 

31, Prove that («+2) - (« -;) =12 (« teaig: : 
_ 82, Show by actual multiplication that the whole coefficient of x‘ in the 
product of the expansions of (1+)” and (l—w)"=the coefficient of x‘ in 
the expansion of (1 — 27)”. 

33. Find the ratio of the middle term to the one before it in the expan- 
sion of (1 — 22)? 

34, If a, denote the coefficient of x” in (1—2)?”-1, prove that 

Qy-1+ Gen—r=0. 

35. Expand (1+a,)(1+49)(1+43)(1+4,), and show how (1-a)* may be 

derived from the result. 


~ 
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36. Find the greatest coefficicnt in vhe expansion of (1+.7)". 
37, Find the greatest term in the expatcion of (F+x)8 when «=1. 


BR. isctaveeons snnsnes scucetaeeeemengsssueadesamdenae -tetatene (3+2b) wher: b=2. 
BO. ca ccdeccqos coud nalletacsds s0. casts anecsassbecegusemesice (4+92," whea x=1. 
UT PR RR RY 08 RE Say MMP ths Bf Bs URC (i-+2)® when a= 3. 
rh Pee Gemeente ee ($+ 30)’ when e=1, 


Fina the values of the following : 
42. (1°95)? correct to two decimal places, 


AF AVUB)) oe salle on OF ae : 
GA (OZ  sackacees veadas daMoppnat tenet atc ; 
45, (1:002)* correct to three decimal places. 
46, (1:08 )8 = meecxsdcgnccrsesiin ae See ee J 
40 (0028 ees. five’ *ragtercssiacsiseass's - 
AS (AOD) OS Marre tatet.. santa cucstea te dteonstrscatces 2 
AQ.“ (:98)S3: Bice aeseest foun) ase ..g it F 
BO: 2997 de ccnis onan Mean cto ei ansmaecs 
Ol ae (0005)? wavecas ces BEX |“ Aiccuacsace<asvae 


. 20 
52. Prove that (=+5) = 29+ 5 +0, (210+) +90,(2104 Jy beeey 
and give the last term. 


, 53, The coefficients. of the 5th and 7th terms of (1+2)" are 70 and 28; 
nd n. ; 


54, Find the coefficient of x° in the expansion of (1 —2x)3(1+2)8. 


BBS dovcce suse deere er eee (a ie a 28 URC (1+ 2x)8(1—-2x)® 
DG occ ssscoecavangersicene teen Oe seks Sei adhe eo (l+2+2?)(1-22)7, 
iV go Rocececcin meer heme miceh EA ae SE ROR as Oty (1+ 2a)3(1+32)4, 


320. To find the sum of the coefficients in the expansion of (1 +2)". 
Write (1 +2)" in the form ¢, + ¢,% + coe? + ct + ... + 6,0". 
Putz=1. Thence +¢,+¢,+...+¢,=(1+1)"=2". 


To prove that the sum of the even coefficients is equal to the swm of 
the odd coefficients in the expansion of (1 +2)". 


Writing (1 +2)" in the form 
Cot CU + Co +... 46,0", 
and putting «= —1, we have 
Co- +e,-tg+...+(-1)"c,=(1-1"=0; 
i.e the sum of the even coeffts. =the sum of the odd coeffts. 


o)” 
= z (proved above) = 2"-). 
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321. To find the value of ¢,2+¢,2+ 02+... +0¢,2. 
(1+2)"=¢,+¢0+¢.27+...4+¢,2", 
(@+ 1)" = cyx" + C2") + C0"? + 0 + oy 
’. by multiplication, ¢,? + ¢,2 +¢,?+...+¢,2=coefft. of x* in the 
product (1+2)"(x+1)", i.e. in the expansion of (1 +2)"; 


2, 
“he 


SO +e? +e.7+.. 


Examples. XLIX. c, 


1, Find the sum of the coefficients in the expansion of (22 +3y)*. 
hy Sp eae nL SS TSE Ae SelegMeot seturerescneee (5a — 4b)", 


When 1 is a positive integer let the expansion of (1+2)” be written as 
Cot CL + Cor? + Cg03 +... + ene”, 
and prove the following : 
See ts co Fe 4, ¢4+2c.4+3eg+...+Cp=n .2"-1, 
Cn _Qrtt—} 
‘n+l n+l 


mn 
0. CoCy + CyCg + Col3 + <ae +Cn_jCa= in obras 


[Coefficient of 2"+1 in (l+2)"(x+1)*.]J 


5. coteet+ycet.. 


(on 
he CoCr + Cy Cp4y + Colr+o+ soo + Cn—rCn | eo PSE 
1 
a 1 
8. ert gee—.- +(— 1” a n+l 
9, The sum of the products of cy, cy, C2, ete. ... taken two at a time 
= 22n-1 _ [20 
2In fn 


10, Sum the series 1+”C,2?+"C,zt+.... 


n 
11. Simplify 1+7”C,- = +0,(725) +..4 (722) d 


CONVERGENT AND DIVERGENT SERIES. 


322. When a series of quantities has a limited number of 
_terms, it is called a finite series; when the number of terms is 
unlimited. it is called an infinite series. 
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When the sum of the first » terms of a series cannot exceed a 
fiuite limit S, however great n may be, the series is said to be 
Convergent. 

If the sum continually approaches and ultimately becomes 
indefinitely near to S$ as n increases, S is said to be the sum to 
infinity. 

When the sum of the first m terms increases without limit as 
n increases indefinitely, the series is said to be Divergent. 

We have seen (Art. 274) that if 2 is numerically less than 
unity, the sum of n terms of the series 1+2+27+2°+... cannot 


exceed 


eo and, as n increases, the sum continually approaches 
-% , 


: : : 1 : 
and ultimately becomes indefinitely near to >; therefore this 


TREE te Bee - : 
series is convergent, and 78 its sum to infinity. 
-% 


If z=1, the series becomes 1+1+1+1+...; and n, the sum of 
nm terms, increases without limit as m increases. Therefore this 
series is divergent. 


323. An infinite series, whose terms are alternately positive and 
negative, is convergent if each term is numerically less than the pre- 
ceding term. 

Let w, — %, + Us —U, +... be the series, and let S denote the sum 
of any number of terms. 

The series may be written 

(ty — Up) + (Mg — My) + (tds — Ug) bos, 
which shows that $ is a positive quantity, for all the expressions 
in the various brackets are positive. 

It also may be written 

Uy — (Ug — Ug) = (Wg — Us) = (Ug — Mz) = vey 
which shows that S is always less than u,, however great the 
number of terms may be. 


*, the series is convergent. 


324. An infinite series is convergent if, from and after any fixed 
term, the ratio of each term to the preceding term is numerically less 
than some quantity which is itself numericaliy less than unity. 
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Let Uy + Ug + Ug + ly + . be the series, where Uy is the fixed 
term, and let S denote ee sum of these terms. 


Then S= Uy + Uy + Ug + Uy + 


U Ue, U U, Ung % 
=u [1424 3.24 -4.-3. Pao. | 
UW WU, Uy, Us Uy Uy 


By hypothesis, each of the ratios “2, “3, “4... is less than &, 


by Ag” Ue 

where & is a quantity numerically less than unity. 
4 “. S<u(l+k+P+h +...), 
that is <1. (Art. 274.) 


1-k 
*, the series is convergent. 
325. To prove that the series 
1+Z+$+Et Gt... ts dwergent. 
The first term=1. 


sh BECOTIG cs daw =4. 

. next 2 terms are together > 2. 
Seana A cseepescdgecnsiznuracec, > @ [for the-least is 2] 
esaaee tne PR eveerast bet Wee sseras (ys BNO SO ON. 


.. the series >1+2+3+4+... to infinity. Hence it is 
divergent. 


Examples. XLIX. d. 
1, Prove that the series 


£4+4-F+4 i... is convergent. 
Prove that the following series are convergent : 
TP Lats d 1 1 Hee chery | 
. 1 1 ot lon = a a5 + cook 
ind 7 ea re ee rete ts 


ae) tote tet .. for finite values of x. 
1420+ 322+ 423+ 54+... if x is numerically less than 1, 
6. Use the method of Art. 325 to prove that the series 


Vie Lc lop lca oer : 
yet get gotaet is convergent if p>1. 


o 
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326. The Binomial Theorem when the exponent (or inden) is not a 
positive integer. 

The Theorem has been proved to be true if the index be any 
positive integer. It remains to examine its truth for any value 
of n, where the expression (1 +)" has to be expanded. 

When 1 is a positive integer the expansion terminates; for the 
coefficients contain factors n, n—1, n—2, etc., and we reach a 
coefficient which vanishes, and thus the end of the series is 
reached. A 

When n is negative or fractional the series of terms goes on 
for ever, and it will be found that the expansion is not always 
convergent unless z is numerically less than unity. 

Under certain conditions the series is convergent when x=1 
or —1, but it is not necessary to consider those cases at this 
stage. 


To prove that the Binomial Series is convergent for all negative and 
fractional values of the index, provided that x is numerically less than 
unity, | 

In the expansion of (1 +2)” 

Tra nor a=(“Et- 1)z. 
le ‘it ce 


n+1 


. 


As increases, continually decreases numerically whatever 
value n may have. 


: : n+1 
. as r increases, 


— 1 continually approaches the value — 1. 
n+] 


.. as 7 increases indefinitely, the ratio ( ~ 1)a continually 


\ 


approaches —a, and eventually will be numerically less than 
some quantity which is itself numerically less than unity. 
*, the series is convergent. (Art. 324.) 


327. We shall use f(n) to denote the series 


14mg MOD a Oe) ta 


for any value of n. Before reading the next few articles the 
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student would do well to write down the series for several 
particular values of n; say, 
FM, #8) F(-2) F(-3), £3), flm+n). 
We have proved that f(n)=(1+2)" if n is a positive integer, 
and we shall now prove that 


f () =(1+42)*, where r and s are positive integers, 
and that f(-—n)=(1+2)-"... is positive (integral or fractional). 


328. Jf a and b are positive integers, and a+b>r, then 
CO = c; a *C,_1"C, at "Ce The es Co 
where *C, denotes the number of combinations of p things taken r at 


& time. 
a and 6 are positive integers; therefore by the Binomial 


Theorem, 
(1+0)*=14+°Ce+ Cy? 4+...4+°Ca'+...4+2%, 
and (1+2)=14°Cr+ 'Ca?+...4+ Ca +...42°. 
.. by multiplication, 
(1 +2)**’=the product of the two above finite series. 
.. the coeffts. of z” on the two sides are equal, 
4.6. *°C, ="C,+°C,_1°C,+°C,2°Cot+...+°C,. Q.E.D. 


VANDERMONDE’S THEOREM. 


329. Let a, denote the product a(a—1)(a-2)...(a-r+]1), 
where a has any value, integral, fractional, positive or negative. 

If a is a positive integer, eee ="C,, 
i.e. the number of r-combinations of a things. 

We will now proceed to prove Vandermende’s theorem, which 
states that: 

If m be any positive integer, and 4, b have any values whatever, 


#1 
| then (4 4-0), =Ay + My 10, + ae * Oy—aba +... +) gs 
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We have proved in the preceding article, that if @ and 0 are 
positive integers, and a+b >n,- 


boas (ac ="C, +5025'C/+ “OL, Co+.. yak aa 
¢.e. with the above notation, 
6 


(a+ ifs Dae: ay waa b, a,,_9 bs n 
+ ee en ee 
fa [a eT Dt [ena ttf 


*, multiplying both sides by |, we have 


. 
(a+b), =G, + NA,_1b, + so ) *A,-o2 +... +0,. 


Both sides of this equation are of the n™ degree in a and 0, and 
we know that it is true for all positive integral values of a and 0, 
We have to prove it true for all values of a and 0. 

If a is any particular integer greater than n, the two sides of 
this equation are equal for any positive integral value of 3, i.e. 
the equation is true for more than n values of b. .°, it is true for 
that value of a and for any value of b. (Art. 208.) 

In the same way, the equation is true for any particular value 
of b and for more than n values of a. 

.. it is true for that value of } and for any value of a. 

*, It is true for all values of a and for all values of 6. 


330. Proof of the Binomial Theorem for any index. 
Using the notation of Art. 329, 


2 
let f(m) denote the series 1+ Trt iE Rey 
oy Mx 4 mg mx mc" 
so that f(m)= 1 apart pti bing etani 
Nyx Pca 4 a na" 
+e boo +. 
LJospold geal hain sae ag 
¥ M+n),2 (m+n) x2 
and psseiotineg line, laa 
Lo 


f(myel4+ 


+ eee 
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In the product f(m) x f(n), the coefficient of 2” 


Ps Week wats See -2 | Me nN, 
|r r—l [I r£2 [2b tie 


vk : r(r—1) 
“Tr M, +7M,_1N + 2 MP. + | 


1 
“Tr - (m+n), by Vandermonde’s Theorem 


=the coefficient of 2” in (m+n), 
z.e. the coefficient of any power of z in f(m) x f(n) 
= ERG BATOR an. bie ti nanadss- S(m+n). 


ee 


-. f(m) x f(n)=f(m+n) for all values of m and n, for all three 
series are convergent if z is numerically less than unity. 
Also, on the same supposition, 


Fim) x f(n) x f(p) =f(m +n) x f(p)=f(m+n+>p), and so on. 
“. f(m) xf(n)xf(p)x ...=f(m+n+prt...). 
In this equation let m=n=p=...= “, where r and s are positive 


integers, and let there be s of these quantities. 
LEY 7 ES Tg 
i #() xf(=) x... to s factors =/(E+% +=+... tos terms). 


Dit: ell =f(r)=(1+2)’, for r is a positive integer. 
r (Tr 
r al ane 4 
owl rohan rater te, bas 


which is the Binomial Theorem with a fractional index. 
To prove the theorem for a negative index, put —m for in 
the product f(m) x f(n). 
Then ——_f(m) x f( =m) =f(m—m) =f(0) =1. 
1 1 
4 ies = SS SS ee 
ey) t(m) (1+2)™ te 


e. (l-2)-"=f(-m)=1 (= mee EBRD att es 


436 ELEMENTARY ALGEBRA [CHAP. 
331. Euler’s proof of the Binomial Theorem for any index. 


m.m—-L, m.m—1.m—2 
Let f(m)=1+mar+ hie 4 a +... 


& be 


n.n—1 nm.u—-i.n—-2 
Then f(n)=1+ 2% -+—~—2? + Soe. 


iz. Be 
By actual multiplication of tnese two series we can prove that 
certainly as far as a few terms 


tlm) x fla) =1+(m+n)ae MAR ENA at a 

If « were greater than 1, the multiplication of these two series 
which have an unlimited number of terms, would become un- 
intelligible ; for they contain terms which would become infinite. 
If however x is numerically less than 1, the series are convergent, 
and we may assume that, as it is mere multiplication, the form 
of the result is the same whatever letters are employed in it, 
and whatever be the values of those letters. 

*, to aid our unfinished multiplication we may perform it 
with m and n treated as positive integers, and say that the 
result will hold when they are changed to fractional or negative 
quantities. 

Now if m and n were positive integers f(m) and f(n) would be 
(1+a)™ and (1+.2)”. 

. f(m)xf(n) would be (1+a)"x(l42)", te (14+a)™, 
te. f(m+n). 


’. whatever m and n may be, f(m) x f(n)=f(m+n). ....(1) 


The rest of the proof is the same as that by Vandermonde’s 
Theorem in Art. 330. 

In both proofs given in this chapter, it is assumed that the 
product of two convergent series is also a convergent series. 


332. The Binomial Theorem can be proved for any negative 


integral index as follows. provided that x is numerically léss than 
unity. 
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{1+ 20+ 32? + 4a3+... to infinity} (1-2) 
=1+ 27+ 32? + 423 + 5at+ 
— a — 22? — 323 - 4at - 
=14+%+4?+23+24+... (an infinite G.P.) 
= [for «<1] 
atl —2) * 
-. 1+ 2¢4+ 307+ 403 +... =(1—2)-2, 
Substituting — for , we get 
1 — 24+ 32? — 423+... to infinity =(1 + )-2, 
ie. f(—-2)=(1+2)-2%. 
Again, 
2 s 
(n+1)(n+ 2) 2 FY (n+1)(m+2)(n+ a) ay haa) 


ae [3 


pte T) 2? 


ae 3 n+1.n4+2 
Ape PaNATNe if a8 


= 
i Licata 


=l+(n+1—1)e+ 


aire 
art 


Putting —2 for 7, we get 
— m+1l.n+2 , n+1.n+2.n4+3 ; 
{i —weT. 2+ [2 gp PEERED ae Jt 
n.n+1 PO Dt De aE 
=l|- peg gn SSR SIT ries 
ie. f(-n+1l)=f(-n).(14+2)7}; 
*, if f(-n)=(1+2)-”, we see that f(—n+1)=(1 a) alee 
But we know that f(-l)=(1+2)lifa<l, 
and f(- 2)=(1+2)"?; 
*, f(-3)=(1 +2) by induction. 
2F 


B.B.A. 
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Hence f(-4)=(1+2)~4, and so on; 
*, for all integral values of n, if 7< 1, we have 
neve 4 —nn+1: n+2 


(1+2)7 ; astern l—net+ 2 GOR RE ER 


eee 


Example 1. Expand (1+) 3 and find the (r+1)™ term. 


nae 


rT 
~ 206. s.. aan 1) 
email hg 
Example 2. Expand (1+.)-+ and find the (r+1)* term. 
he: cil 5) pin (cate 5)(- Gh sat 


T (Seo) 6)...(-4- wines 
as bb. 2238.0" 
. (rt Wer hie 3} 
gre 1.2.314..5.. tat 
Spl, hte 2) (+3) 
={-) 1.2.3 * 


Notice that (1 -x)~” has all its terms positive. 
Also that (1 —x)-!=1+x+4x?+x5+.... 
(1—x)"?=142x43x?+...4(r+1)x"+.... 
3.45 4.5 
1.2 D2 
4 +1)(r+2} 
1.2 
333. To find the greatest term without regard to sign in the expansion 
of (ata)*" in ascending powers of &. 
The (r+1)™ term is obtained from the 7 (without regard to 
sign) by the multiplier 
a ie - (in the case of a positive index), 


m+r—-1 “7, on 
OP See (in the case of a negative index). 


+ T41>T,/as long as this multiplier > 1. 


xo+.. 


(l—x)~§=1+4+3x+ 


) i 


XLIX.] VANDERMONDE’S THEOREM 43 


Now since the multiplier may be put in the form 


n+1 x nm—1 z 
, a r a 


it continually decreases as r increases. 


The 7 term is greatest or equal to the greatest when the 
multiplier first < or=1, 


4.¢. (1) ot eos @+2, or Oe Rol} sxoyt: a—t. 
a 


Thus the r™ term is the greatest or = the greatest 


when 7 is first > or = 1s — (with the positive index), 


See (with the negative index). 


Example 1. Find the greatest term in the expansion of (1 +a) where 
c= 


M bo 
a4 


n—-r+l ti_—rpti 9 13 —2r 
Tr Te) go TN ee Gel pe 


7 7 3 Kyat faa 


.. T, is greatest, or equal to the greatest term, 


when 13- 2nn is first <or=1, 
zs 
CE RCCL OPER ES SD cig tnk hes hesen =o 
2.8, OT Re vacccets Sorts 


The smallest integer greater than 13 is 3, 


-. the third term is the Lana 


Lda 9 
ee (2\i til 
This em (5) => . 1 


Example 2. Which is the greatest term in the expansion of (1-a)j® 


where x=#? 


5+r-1 3 

Here T,,, is numerically equal to T,- . Sy 
_7,.4¢7,8 
paneer ae 
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“. T, is greatest, or equal to the greatest term, 


when HS is first <or=1, 
4r 
ONS snr Oe 12D Sit res snesertes =4r, 
Sc On Serada iss 9 inialh foswosptage > or =AzZ, 


If r=12, the multiplier=1 ; 
*. the 12t and 13t® terms are equal and are the greatest. 
Example 3. Find the greatest coefficient in the expansion of (4%+5y)% 
By putting «=y=1 we reduce the terms to their coefficients. 


. it is only necessary to find the greatest ¢erm in the expansion of 
{4+5)”. 


Examples. XLIX. e. 
Expand to 4 terms 


1, (a-22)-5. 2, (1422). 3. (1-2). 
4, (1+ 2x)-5. 5. (a?-22)3, 6. (1+42)). 
g +a, 8, (1-32) *. % aoe 

10. Find the 4th term of (1 +2)? 

ih eres Seno tes (8a —2b)-2, 

12. Find the coefficient of a!” in (1- b3.4:2)3, 

13. Find the (7+1)™ term of (2+a)~". 2 

Dh ten Sch fas Machete (l-2)-%. 

TDs. 2 ciseseeventd thas cecanvatncseteas (l-2x)-. 

AG. disc ee eee (2—2)-5, 

17%, wwaccsanceoke ce ee (L+a)78, 


[2r ; 
([7)™" 

19. Expand to 4 terms (a -3).. Write down the (n+1) term and 
find its value when a=. 


18. The coefficient of x” in (1 ~4x) 3 is 


: 
20. Find the coefficient of x” in (x+2 y 


21, Find the coefficient of x" in the expansion of (a +22)-%, 


QO cam narcc eRe Seee BORIS SRR (3420) 
(1 — a)? 
Biv ises vanes Oe ee dees ee La SCS PRO (1 — 3)? 
“doar 
a oe a, 1-20 +328 


ee eer ey 
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25. Find the coefficient of 22" in the expansion of ——"_ 


26. 
27. The coefficient of x” in the expansion of (l+a+22+... +an-l)n 
= —n+ coefficient of a” in (1+a)2-1 


28, Find the coefficient of x” in (1+2x+322+...ad inf.)-™. 
29, Find the first negative term of (1 +2)2, 
30 


. How many terms of (1- 3a)? are positive ? 


31, Which is the greatest term in the expansion of (1 +x)% when z=, 
eo A SE BR ME, ee (= ae when =}, 
5 eee ee ee ab wee enh ean da} on bse ayo d arses < (142298 when x=, 
BPE cmMee cathe ome cna acy Pt sct tar Gh aoscesse0- 0 tiewes Pecvethes (143) 


35. Express = in a series of ascending and also of descending 


powers of x. +1 


36. Express in a series of ascending and also of descending 


powers of x, (3-5)? 


334. Find the swm of the first n+1 coefficients in the expansion 


of (1-2)-8. ere 
2 
(1 -2)- Ba1 43045 Sat4 Sat, ie oh ; 


(1—2)-2=1l+a2+a?+a8+...4+2"4+.... 


Now, in multiplying together the two series on the right, we see 


3.4 1 wee 
that the coefficient of 2” is 1 + 38+75 at: ee . 


.. the required sum = pn of a” in (1-2)-4 


n+1.n+2.n+3 


tes Ne : 


Examples. XLIX. f. 
1, Prove that 
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3. Prove that the last series 


PU 91:1 Ass 1 1a 
=1+5'9°5.4° 12.4.6 2. 2.4.6.8 °° 
[Since (1-3)-4=N1+2.] 
Sum the series 
3 5 J ; 
4, 145+ oo) +a 3e ss teeeaenee to infinity. 
3.4 DNA war pee 
5, 1+3- oP 5 - (3) +5: (G3) + 
3N2 [el ee oe 
6, Prove that 4 =1+5° gtoa' 39+9-4.6° geste: 
Find the sum of the first n coefficients in the expansion of 
-$ 1+z 
7. (1-2-4 8, (L-2)F. 9. (l-ay 4. 10. 7*.. 
11, Expand (1 4x) to five terms. Show that the coefficient of 2” may 
b 2 2|2n-2 
e written ~[a|n—T 
APPROXIMATIONS. 


335. If a is a small fraction, a? is a small fraction of a. 

Thus if a is very small, a? may be neglected in comparison 
with a in approximate calculations, or a3 in comparison with a2. 

If we require a rough approximation we can reject all powers 
of a above the Ist; if a closer approximation is required we can 
retain the term Saona a’, and reject the higher powers; and 
so on according to the degree of accuracy required. 

(1+ a)?=1+2a+a?; 


.. if. an approximate value of (1 +)? i is required, we may call 
it 1+ 2a. 
' (1+ 4)§=1+3a+ 3a? +03; 
*, 1+3a is an approximation for (1 + )3, 
A closer approximation is 1 + 3a + 3a2. 
In the same way, 


(l+a)"=1l+na+4 


n.n—1 
‘ 1 ie 2 - 
=1+na approximately, when a is a small fraction. 
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Also when a and £ are both small fractions, 
_(1+4)"(1 + 8)"= (1 +ma)(1 +78) approx. 
=1+ma+nf approx., 
neglecting the product mnaZ, which is small compared’ with 
a and B. 


Example 1. Calculate approximately 4/623. . 
We know that 625=5*. 


Now 4/623 = (625 — 2)*= 6254 (1- a 


in? 2S 
=5{1-}. ee 
=5{1- (+0032) - 4 (-00 
=5{1- -0008 — 00000096 } x pei 
=5{1—- -00080096} = 4-9959952. 


Observing the 3rd: term we notice that if we took only 2 terms: the 
accuracy of the result to the first 4 places of decimals would not be affected. 
The result would then be 4:996. : 


Example 2. Find the value correct to 9 places of decimais of 
(142x)?(1-3x)" when «=-0003. 

(1+ 2x)? (1 - 8x)-4=(1+ w - 422+ La8— ..,) (142+ 20? + East...) 
=1+2x+ 522+ 2923+.. 
=1+ 0006+ 4 x -00000009+ 2,2 x 000000000027 ++: 
= 1:000600225. 


This is correct to 9 places, since the 4th term, if it were included, 
would not alter any of the first 9 places of decimals. 


Example 3. If x be small compared with unity, find an ae he 
(1+2x)8(1—2x)? 
value of hehe 
(1+ 32) (1-2) 
1-ga 
by the Binomial Theorem and neglect. 2? and higher powers of x. 
, by multiplication of the factors of the numerator, 


The expression = if we expand the factors of the numerator 


the expression=(1-3«)(1- $2)" 
=(1- 3a) Ql + §a) 


=1+2 


a approximately. 
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Example 4. If x be small compared with unity, 
by 3 931 4.32)?.92(1 + 5a)t 
(2+ 3x)*(8+5x)* _2?(1 +32)? . 88 (1 +2) 
(1-2)? +(4-32)? 1 pe44h( Za) 
44/2. (14+ 3x) (1+ 452) 
1-i2+2(1- $2) 
_4N2.(1+ 52) _4N2(1+ 52) 


oo 5. ae) 
=3V2 (1+ Fx) (1 -5) 


: =4,/2(1+ ja) (1+42) 
= £,/2(1+ 32) approximately. 


A closer Sprone would be obtained by neglecting only powers of 
x above the ¢ 


Example 5. If / feet be the length of a pendulum which beats seconds, 
how many beats will it lose in 24 hours if it be lengthened one per cent., the 


time of a beat in seconds being given by the expression NE a 
Let ¢ be the rT (in seconds) of the beat of the lengthened pendulum, - 


Then t=ral ee eS 


But l=7 we 35 (since the original pendulum beats seconds). 


.. by division ¢=,/1+ ne 
The number of beats in 24 hours=the number of seconds in 24 hrs. + the 


24 x 60 x 60 
time of 1 LSaimink gee rs)? 


= 86400(1-2+ 52,5) approximately 
= 86400 (1 -— 3}7) =86400 - 432. 
It originally did make 86400 beats ; 
*, the number of beats lost = 432. 


336. Approximate division. Divide 5758 by 997. 
5758 + 997 = 5758 + (1000 — 3) 

= 5758+ 1000(1 - 7855) =5°758(1 — -855)72 
= 5-758 x (1+ y9'55) approximately 
=5°758 + r2sq of 5°758 
=5°758 +017... 
= 5-775, 

a result which is correct to 3 decimal places, 


ee 


webby 


bes 
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337. Approximation for the 7 root of a number. 


If YN=a+z, where a is an approximation and consequently a 
is small, then a closer approximation is given by the formula 


r (r+1)N4+(r—1)a” ; 
J/N= (@@=1)N+(4]a Shel sonia sisiejasclesecjeaisicivins (i) 


For instance, in finding a cube root, 


3; 4N + 2a? 2N +43 
Oe pee 
2N + 4a? N + 2a3 : 


To find /2. 
Here an approximation is 5. 
4125 
3 am OTe 5 1908. 
Q = WT BEE = }105 = 195992 


This approximation gives the first 5 decimal places. of ./2 
correctly. 
If p —q be small compared with p or g, 


"[p_(r+1)p+(r—-1)9 approximately. 
Ve (r—l)pt(rt lg PP y ; 


For ete +g) +(p-O}F 


{(p +9) -(p-)}" ‘ 
_{1+(p-Dpt »}* _1tp@-Oilery) nearly 
{1-(p-D/(p+ 9} 1-2 (p-Ol(n+9) 
_(r+ Iypt+(r-1)q 
 (r-M)p+(r+1)¢ 
This becom2s the formula given above. if »=N and g=a’, 


Examples. XLIX. g. 


1. Write down the value of a 4304245 Po when #=10; and find its 


value, to the nearest hundredth, when x= “10° lip 
\ ce 
9. Find the value, to the nearest hundredth, of { x- +2) when x=10. 


Also find the value of the same aegis to the nearest hundredth, when 
= 10:1 
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3 . 
3, Find the value of (v-z) when x=10. Also find its value, to the 
nearest hundredth, when 7=9'9. ; 
4, Test the following rules for approximation : 
(i) Lo divide by 7, multiply by 3-39 -zd0- 


(Compare this'expression with the value of ) 


(ii) To divide by 72, multiply by 74, + ‘0013. 


5, Find the value of 1°0001° correct to 4 places of decimals. 
GE Fcatie sees ie deescus 1-0006? eatere Sedeee 5 places. 
Te Nea tutta codes saasee tates ee couetefaiabs 28 places when x= "001. 
Bi eRe chs, Aan cah leciek (1 +-a:)8 (V2)? og ccs cess 3 places when x= 0002. 
Qiieremnantgtcekssceresees 0/1005: 5 dade ee ae 3 places. 
UD nat isa tips ava Le Se ame 5 places. 

13 «ear pa ih ah N31 eee a ee ee . 

Bites Perea an Pee cs V510, «0 W dito hae » diets 

| fa seen pores A YES ot tat eae Ao Vee Seaton 

Le ares 4/3123 


POR Ree eee eee eee een eee 


15, The side of a square is increased by ‘1 per cent. What percentage 
of increase is there in the area? - 


16. When x is numerically <1, prove that 1-2 is an approximate value 
of — and that 1+ is an approximate value of a What is tho 
—2% 


amount of the error when x=75y? ) 
17, Find the sq. rt. of 1+ a as faras the termina®, [a#isnumerically <1.}, 


18. Approximate to V1-03. 


19. If we use the formula (1 -x)¥=1 -42 to find /99°7, to how many 
decimal places is it correct ? 


Use the Binomial Theorem to find the value of 
20, 3457-+998 correct to 3 decimal places. 
21. 7:821+1:002 
22. 4831 +996 

93; 341-2992 

24. 9381675 + 9992 
25; 5:231 + (0°996)? ...0.. ccadicateccess odecee Saree edd 


.. The edge of a cube is diminished by -01 per cent. What pefcentagé. 
pf the original volume is the decrease of volume? 
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27. A pendulum which beats seconds is lengthened by 04 per cent. of 
its length. How many beats does it lose in 24 hours? 


[ Time of 1 beat=ry/h. | ~ 


28, If ~ is so small that powers above 2® may be neglected, find the 
value of (1+ 7ax)8—(1+8z)?. 


When is very small, prove that 


29. oer 1+ 12x approximately. 


see ar | +2lx approximately. 


(1-42 
4 

31. Cte) = 1 +3 approximately. 

(l+2) 

44x)? 2/. 19 : 
32. oe = =F( 1+ 5 ) approximately. 

2 

33. (l-a)?+(1+a} 25 Be si approximately. 


(l-2x)+(1-2)? 
1 1 - 
34, (L+a)* + (1—x)* _ = 3a approximately. 


(l-a)?+(1+2)! frees 


35. Sy mr cae 44 La 1- a x* approximately. 
( 1+= ) 


86. Expand (1-5) in powers of @ to the term in a®, When a 


balance is used in air of density a, and a body of density D is balaneed in 
it by brass weights of density d weighing m grams, the real weight of the 


body in grams is = fe 
| m9) (15) 


E d this expression to the first power of a, and find how much the 
Maa ne the body differs from that of the brass weights when m=1000, 


n= 0012, d=3, D=°5. 


y - f 1 
87. Find the coefficient of 2% in the expansion of Tears 
38. If N=(a+<)%, where x is small in comparison with a, prove that 
a 
Y pager + .a approximately. 


N + 2a? 
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CHAPTER L. 
REVISION PAPERS. 


L. a. 
1. Find all the factors of 42x°+17x2-8z -3, given that 2x+1 is one of 


them. 
24+N3 4-2N3_ 
443 5-23 


3. If a, 8 be the roots of x?+px+q=0, find the equation whose roots 
are ma?+n6? and m6?+ na. 


4, Find the value’of 1:04-” correct to 2 decimal places. 


2. Simplify 


n 
5. Prove, without assuming the value of ”C,, that "C,=—" 1C,_1. 
6. Find the greatest coefficient in the expansion of (1+x)®. 


7. Draw the graphs of y=2x+} and y°=42, and so solve the simul- 
taneous equations. 


L. b. 
1. Ifa:b=b:c, each ratio=b?/(a+b) : c?/(b+c). 


2. In how many ways can a crew of 8 be arranged in a boat, if only 3 
are fit to row the stroke oar ? 


38. A man walking from A to B at the rate of 34 miles an hour starts 
40 minutes before the departure of a coach from A that goes 10 miles an 
hour, and is picked up by it on the way. When he arrives at B, he finds 
that ae journey by coach has lasted 23 hours. Find the distance from 
A to B. 


4, If log,N = °35184, find logsN. 


5. The first and last of an odd number of quantities in H.P. are 3-2 
and $+/2: find the middle term. 


6. Find the conditions which must be satisfied in order that the equa- 


tions x*+ax+b?=0, «?-bx+a?=0, may have (1) the same roots, (2) one 
root common, 


10 
7, Find the middle term in the expansion of (+5 ) : 


L. c. 


1, The roots of the equation ax*+2bx+c=0 will be imaginary if a, b, ¢ 
are in H.P. and have the same sign. 


2, Between two numbers whose sum is 24 an even number of arithmetic 


means is inserted. The sum of these means exceeds their number by 1, 
How many means are there ? 
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3. Ten men are to be selected from 4 companies, a different number 
being taken from each company, and no company being without a repre- 
sentative. How many different arrangements can be made as to the 
different numbers to be taken from the several companies ? 


4. If one-tenth of the trees in a plantation are cut down every year, 
after how many years will less than one-third of the original number be 


- 


left? [log 3= -4771.] 
15 
5. Find the 10 term in the expansion of («- ) : 


6. Find 4/-002, using logarithms. 
7, The natural numbers are divided into groups thus : 
1; 2,3, 4; 5, 6, 7, 8, 93 etc. 
Prove that the sum of the numbers in the n‘® group is n?+(n—-1)%. 


L. d. 
1, Express °7 in the scale of 9 and test by summing a G.P. 
2. Given log,,5= 69897, find to 3 places log/08 to the base 125. 


3. 864 bricks each containing 110°592 cub. inches, are piled in a stack, 
whose length and breadth are each double of its height. What is the 
height ? . A 

4, Find the value of (3+ 8N7+4,/3) -V3. 


5. The volume of a gas varies as the absolute temperature and inversely 
us the pressure ; ana. with temperature 300 and pressure 13°5 the volume 
is 120 c. inches. What is the volume when the temperature is 350 and 


pressure 15? 
a =8 
6, Find the 7+1 term in the expansion of (3 —_ 4) : 
7, Find */99999°5 correct to 11 decimal places, 
L. e. 


1. Sum to nz terms the series whose n** term is (n+1)(n+8). 

2. What number of 2 digits is that which, if its digits be reversed, 
becomes | less than its half, the sum of the digits being 7? 

2 attcttet\t /ace\*t 

ee $-a7p each of these fractions =( fr *5,*4,) = (Hr) c 

4, Transform 4569°246 from the ordinary scale to the scale of 5, obtain- 
ing a correct result to 4 places of fifths. 

5. Prove that the greatest number of combinations that can be formed 
with 2n things, each combination containing the same number of things, is 
double the greatest number that can be formed with 2n -1 things. 

a2\? 
' 6, Find the 5th term in the expansion of (20 5) and the coefft. of a” 
in the expansion of (1-2) ?. 

7. If a pendulum of length / feet, which beats, seconds, be lengthened 
one half per cent., find the number of beats in 24 hours, the time of a beat 


being mV +32 seconds. 
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1, Fiud an expression, of the 2nd degree in x, which is equal to 2, — 1; 
34, when v=1, —2, 3. . 


9. Express 2(a?+b?+¢?— be-ca—ab) as the sum of three squares. 


3, Find by logarithms (i) 8/2718, (ii).°296 x 3°378, (iii) e", where e=2°718 
and r=3'14, 


4, If a, b, c are in Gp., and a—b, c-a, b-c in u.P., prove that 
a+4b+c=0. 


5, Show that — 12+2?-32+4?-... to 2n terms=1+2+3+...+2n. 


6. The square of the sum of two numbers is divided by the product of 
the sum of their cubes and the difference of their squares. Express the 
result algebraically in lowest terms. 


7, A parent puts in a box for a child on every birthday a half-crown for 
every year of its age. How old will the child be when the whole of 
the money in the box is £17? 

L. g. 
“1, Solve 322+ Say =22) 
llay —3y?=19J 

9. Trace the values of +s as a2 changes from —3 to +3, and represent 
it graphically. Find its least numerical value. 


1 1 1 
5 Oh pers 1 SOC 


1-05 * 1-052" 1-058 
4, The sum of the squares of the first n natural numbers is 20n. Find n. 


5, How many sums can be made with the following coins: a penny, 
a sixpence, a shilling, a half-crown, a crown, a sovereign ? 


6, Represent graphically 11+6/2. Find its square root graphically and 
test your accuracy by finding the result algebraically. 


7, Ifa square number ends in 9, the preceding digit is even. 


8. Sum the infinite series 


L. h. 
1, A series whose lst, 2nd, and 3rd terms are 
1 1 pes 1 


NOL ENS EES is 


is either Arithmetic or Geometric, Determine which it is, and write down 
the 4th term. 


2, Find the sq. rt. of 3(@—1)+2/2x? —7a—4. 
3. Find the value of « from, the equation 18% **=(54./2)%-2, using 
as base 3n/2. 


4, Prove that, if two numbers have the same digits, their difference is 
@ multiple of 9. . , 


S tga te? 
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5. In how many ways can 10 persons be divided into parties of 3 and 7? 
In how many ways can 10 things be divided between 2 persons so that 
one may have 3, and the other 7? 
6. Find the greatest coefficient in the expansion of 
(i) (l+a)%, (i) (l+a)*. 
7. Find the coefficient of x” in the expansion of (1 +2x)/(1-ax)8, 


ix kK, 
1, A diagonal of a cyclic quadrilateral is given by the expression 


(bc + ad) (ac +bd) bs 
ab +cd 2 

where a, b, c, d are the sides taken in order. If the sides, in order, are 
60, 25, 52, 39, prove that the diagonals are 65 and 63, and the area is 1764. 
{Divide into 2 triangles. ] 

2. The vaiue of a lease is found to be £6000(1-1-04-). Calculate it 
by logarithms. 

38. Sum to 7 terms the series 13+ 3°+5?+.... 


4, What fraction in the common scale is equal to ‘58 in the scale of 7? 


5. iff a, 6b, c are in H.P., then 
eee Wie ek 3.4 
, (5+5-3) (+374) +e ae 


6. Determine which is the greatest term in the expansion of (3+ 5x) 
when x=4. 
7, Show how to sum the series 1+2x+3z?+...+nx"-1; prove that 


1 1 2 1 eee! . 
142(142)+3(142) +.ctn(145) =i) 


ds, 1. 

1. If one of the equations a — 2 (3c —b)+bc=0 and 2?-x(5c—6b)+4c?=0 
has equal roots, so has the other. 

2, If 1, x, yare in a.P., and 1, y, xin G.P., find wand y. 

3, How many words, each of 7 letters, can be formed from 3 vowels and 
- 4 ccnsonants, in which no two consonants are together ? 
4, Find log ‘00132874 to 6 decimal places, given that 
log 1°3287 = "123427, log 13288 = ‘123460. 

5, The diameter of the earth being 7900-miles and that of the moon 
2160, find the diameter of a sphere whose surface is the sum of their 
surfaces. (Surface « square of diameter.) 

G If (l+x)"=c)4 CX + Cot? +... 4+:¢n0", show that 

| a2 24004, aI 
a Sa Sm i 

7, Bach of two bags contains 12-different coins ; find how many ditterent 

combinations of 10 coins can be made'By taking 5 out of each bag. 


452 ELEMENTARY ALGEBRA __ [omar 


L. m. 
1. Lf a, b,c, d are in.g.P,, prove that 
(22+ ac +¢2)/b? + bd +d?) =(ab+be+ed). 
2, What number added to the expression 


we na aS 
will make it a square? 
3. Sum to infinity id 4 =o wa = 
‘ V2 14+ V2 3422 
a? —b? 


4, {In the equation 22-ax+ =0 find the value of b when the roots 


are equal. 4 


5. A walks m miles in ».hours; B walks 6x miles in }m hours; and 


the difference of their rates of walking is mile per hour. Find the rate 
at which each walks. ‘ 


6, Show that (x? —- bce) (22 —b-c)-! has no real value between b and c. 
7. Solve the equation a*(a*-1)=2; and find the value of 


10 log 3 +7 log +5; +4 log 48. 


L. n. . 


1. The product of any 4 consecutive even integers increased by 16 is 
a perfect square. 


S 4 
9, If x=2+/2, then a? + = 12. 


3. Find the relation between a, b, c when xt+y=a, w+yH=h, B+y=e, 


4,. Solve 2(2t+y4)+ Twy(22+7)= F 
2(x2+y?) — wy EO ahs 


5. Ten men are chosen in every possible way out of 16. In how many 
of the groups do 2 particular men occur ? 


6. Find the coefficient of x” in the expansion of (1 +a) (1—a)-% 


7. Find which is the greatest term in the expansion of (1 -ay i when 
12 
w= 735+ 


L. p. 
> 36 
1, If e<=3-N3, then a? +5 = 24. e 


<4 

2. Ifa, b, care in a.p., and a, b, c+1 are in G.P., prove that 
a=(a—b)?=(b-c)2. 

3. A number consists of 3 digits in G.p. The sum of the right-hand 


and left-hand digits exceeds twice the middle digit by 1; and the sum of 


the left-hand and middle digits is two-thirds of the sum of the middle and 
right-hand digits. Find the number. 
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4.” Prove 2+4C, 4+ 2+4C,.=2n +0, 45. 

5, Sum the series 1+2x6+3x 6?+4x6?45x64, by expressing it first 
in the scale of 6 and then converting it. aS See AE 

6. 105°=100. Find zx to 4 decimal places. 


_7. Expand (1—-2)-4 to 5 terms, and write down the (r+4)t® term in its 
simplest form. 
Apply the Binomial Theorem to prove that 


145455448 4+... ad inf. =N8. 


L. a. 


1. A merchant at the end of the Ist year had doubled his original 
capital, the 2nd year he gained £80 more than the square root of his: 
increased capital, the 3rd year he cleared half the square of all that he. 
had at the end of the 2nd, and found himself with £18240. How much: 
had he at first ? 


2. The common difference of an A.P. is —d, and the sum of n terms is: 
(2a +d)? = 
od > find Te. 


1 
3. Prove that 23 =! ott ott ad inf., and hence show that it is: 
possible to find cube root ty continued extractions of square root and 


multiplication. Find an approximate value of 2 by two multiplications, 
and show to how many figures it is correct. 

4. Prove that 2'- 1 is divisible by 15. 

5. The equation y=mx+c when combined with y2=4aa gives equal 
roots for 2 and equal roots for y. Find c. 

6. By the Binomial Theorem, sum the series 

142413 ‘ i 413.5 2 ue 

7, Find the coefft. of x” in (14+2x+3x?+4a3+... ad iny.)", where x is: 

numerically <1. 


+... ad inj. 


Teer 
1, Simplify 7 log ?$+5 log 3$+3 log 83. 
2. If a, b, care in H.P., a? +c? > 207. 
3. If et+y+z=a, and 2+y?+2=6%, express a +y%+23—3xyz in terms: 
fa and b. Sie 


; Cee ey: SAE gp 
4, Solve the equation l+5@+ 5 Geto 4 get. ad inf. =»/1°25. 


5, Find the first negative term in the expansion of (1+2)5, x being 
positive. 
6. Find 5 numbers in a.P. whose sum shall be 25 and their product 2520. 


7, In how many ways can a party of 6 be selected from 20 people, so- 
that the party may never contain more than one of two specified ? 


B.B.A. 20 
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Los 
1, If f(n)=6n?+5n+1, find > f(n)}. 
- 2. Find the number of diagonals of a polygon of 16 sides. 


3, The expenses of a house are partly fixed and partly « the number of 
inmates. When the numbers are 8 and 9, the expenses are £1020 and 
£1100. Find the fixed part. 


4, Obtain 4/510 approximately by the Binomial Theorem, and check 
your result by logarithms. 


5, On a division in the House of Commons, if the number of members 
tor the motion had been increased by 50 from thé other side, the motion 
would have been carried by 5 to 3; but if those against the motion had 
received 60 from the other party, the motion would have been lost by 4 
to 3. Did the motion succeed, and how many members voted ? 


6. Three consecutive coefficients in the expansion of (1+2)" are 91, 364 
and 1001. Find x. 


7. Find the sum of the first r coefficients in the expansion of (1 -x)~® 


L. t. 


1. How many numbers less than 1000 are there which contain the 
digit 3 at least once? g 


2, If x is very small, 


JI+a@+(1-32)% 5 
————a =l-5,@ nearly. 
NI-%+(1+22) 24 


3. How may a body of 754 lbs, be weighed with weights of 1, 3 
3° ... lus., only one of each being used ? = ghts of 1, 3, 3% 


4, Draw the graph of y?=12a, and find where it is met by the line 
y= 2a; + 3. 

5. Prove that 3-1 ‘is divisible by 80. 

6. By logarithms, calculate the square root of the reciprocal of 6241. 


"7 If f= prove that flety=Lerty ae. 
CHAPTER LI. 


INTEREST AND ANNUITIES. 


338. Simple Interest. If r be the interest on £1 for 1 year, 
‘Pr is the interest on P pounds for 1 year. 


.. the interest on P pounds for n years is Pn. 
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If V be the present value of P due n years hence, V with its 
interest must amount to P in n years. 


- V+Var=P; e 


“lta 
i Pur 


Discount = P —- V= P— i ‘ 
ltur ~Leur 


This is called true discount. In actual practice the discount 
allowed is simple interest. 


339. In Compound Interest the Principal does not remain 
constant, but is increased by ne addition of the Interest when- 
ever the latter is paid. ; 

If 1 be the interest on P, on which the interest is paid 
annually, the principal for the 2nd year is P+1. 


340. If £P amount to £M in n years, to prove that M=PR’, 
where R is the amount of £1 in one year. 

In 1 year £1 amounts to £R. 
Pere tear co ea er iat oak Be oe 2d 5 

In the 2nd year this PR amounts to PR.R. 

. *. in 2 years. P amounts to PR’. 
In 3 years P amounts to PR’; and so on. 
*, the amount of P in m years at compound interest is PR”. 


341. If V is the present value of P due m years hence, 
reckoning compound interest, 
V with its interest must amount to P in years. 
. VR SP. Ve PR 


342. If interest is at the rate of r per cent., 


y r 
the interest on £1 for 1 year= 100” 


and the amount of £1 in 1 year=1+—,~ “ay 


Thus, at 5%, the interest on £1 for 1 year=£°05, 
and the amount of £1 in 1 year=£1°05, 
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Example. Find, as accurately as you can with 4-figure logarithm 
tables, the amount of £500 at 4% in 20 years, at compound interest. 


Using the formula M=PR”, we have 
. P=500, R=1:04, n=20. 


, M=500(1-04)™. 
(1-04) = antilog (20 x -0170) =antilog (*340) 
=2°188. 
2188 


, M=500 x 2:188=—~ = £1094. 


343. In some cases compound interest is payable more fre- 
quently than once a year; eg. it may be required fo find the 
amount of £1000 in 2 years at 6 per cent. per annum, the interest 
being paid each half-year. 

Here the interest for the Ist half-year=} of ,&5 of £1000 
=£30. This is added to the principal, making it £1030; and 
the interest for the 2nd half-year =i of ,8, of 1030; and so on. 

Thus the process is equivalent to calculating the amount for twice as 
many years at half the given rate. 


If r be the simple interest on £1 for 1 year, the amount of 


£P at the end of the 1st half-year =P + — P(1 + 5) 


Thus each half-year the sum of money is multiplied by (a +5) 


*, the amount at the end of n years, i.e. at the end of 2n 
2a 
half-years = P(1 + 5) : 


If the interest were paid quarterly at the same rate, the result 
would be the same as if the rate were one quarter of what it is, 


and the payments were made annually for four times as many 
years. 


The amount at the end of n years = ae + i) ° 


344. The Compound Interest Law is applicable to questions 
of population. 


Example 1. In a town whose population is p, the increase is 2 per cent. 
annually. What will the population be in n years? 
At the end of the Ist year, 


the population=p +p x y§g=p(1+ 739) =p x 1-02. 


3 
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The next year this population is mul tiplied by the same quantity, 1-02. 
’. the population at the end of the 2nd year=p x 1-022. 
ev cesviaatesiensabwat heer ton svscaneceibseecces: 3rd ......=p x 1:023. 


Example 2. If the increase of population in a town is 7 per thousand 
annually, in how many years will the population be doubled ? 


In n years the population, originally P, becomes 
ee (1 + 1000) z. é. P x 1:007”. 
ne PES IS Led 


7 LOO 2; 
*. nlog 1:007 =log 2. 
log 2 3010 


n= iog 1-007 = 9099 = 103°8 approximately. 


.. we may say that the town doubles itself in population in rather less 
than 104 years. 


Examples. LI. a. 
1, At what rate per cent. simple interest will £91. 13s. 4d. amount to 
£100 in 4 years? 
2. In what time will £315 become £378 at 4 per cent. simple interest ? 


3. Find the true discount on £720 due 3 months hence at 2s per cent, 
simple interest. 


4, Find the compound interest on £620 for 5 years at 3 p.c. 


Wy PR ecw edceaiioswlssitd-atewerensesssiaceses ens LOO Mees ss HOME ceceess ye 

6. Find at compound interest the amount of £825 in 6 yrs. at 33 p.c. 
elles Sess es a ee Mune oateia grains sea sica =) PAO EAC Brrr at AaB Perce A ee, 
1 Fone ee Sa aie’ eee Ae Ca0eoa, 10d. 2. 14... 5.0.3 5 4 


interest ? 

10. In what time at 4 p.c.? 

11. Find the amount of £10 in 40 years at 5 p.c. compound interest. 

12. If the birth rate in a place be 76 in 1000, the death rate 48 in a 
thousand, in how many years will the population be doubled ? 

13. At simple interest, the interest minus the discount=the interest on 
the discount. ; 
_ 14, At what rate, simple interest, will the interest on £326 for 7z years 

be £110. 0s. 6d.? : 

15. In what time will £502. 13s. 4d. amount to £578. 1s. 4d. at 45 per 
cent. simple interest ? ; 

16. The time is 3 months, rate 4 p.c., simple interest £5. 10s. 105d. ; 
what is the principal ? 

17. The rate is 43 p.c., simple interest £5, principal £380. 48. 2d.; 
find the time. : 


é 
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18. Find the amount of £6000 in 6 yrs. at 5 p.c. compound interest. 


19, The present value of £826. 10s. due 33 years hence at simple interest 
is £725. Find the rate. 


90. The discount-on £6185 at 4 p.c. is £80. Find the time at which it . 
is due. 


21. The difference between interest and discount at 22 p.c. for 25 years 
is £2. lls. What is the sum due? 


22, In what time will a given sum treble itself at 3 p.c. per annum, 
compound interest being payable half-yearly ? 


23. Three sums in 4.P. are put out to compound interest for 2, 3, 4 years 
at 5%. The amounts are then in A-P., but the sum which was greatest is 
now least. Find the ratio of the greatest to the least. 


94, The interest on a certain sum of money for 9 months is £30. 18s., 
and the discount at the same rate is £30. Find the sum of money and the 
rate. 


95. Calculate in decimal form the terms of (I +r1o5)* Find the com- 
pound interest on £100 for 5 yrs. at 3 per cent. 


26. Money is put out to compound interest at 2% per cent. ; show that - 
it will have more than doubled itself in 29 years. 


97. A sum of £1000 is lent on condition that it shall bear compound 
interest at 5 p.c. per ann. for the first 5 years, 10 p.c. per ann. for the next 


5 years, and afterwards 15 p.c. perann. What will the debt amount to in 
20 years? 


28. The number of births in .a country being annually 58 per 1000 
inhabitants and the loss from deaths, ete., 25 per 1000, find in how many 
years the population will be doubled. 


29. The annual excess of births over deaths in a country is 15 per 1000: 
Find the number of years required for the population to be doubled. 


30. The births in a town are 42 per 1000 annually, and the loss through 


death and other causes 17 per 1000. In how many years will the population 
be half as much again? 


ANNUITIES. 


345. An Annuity is a series of equal annual payments. 

An Annuity may be terminable, i.e. it may cease at the end of 
a certain number of years ; or it may be perpetual. 

In calculating the accumulation of an annuity which has 
remained unpaid for a number of years, or the present value of 
an annuity, the question of interest comes in. In such questions 
simple interest is inapplicable, as it gives contradictory results. 
In the following investigations, therefore, it is assumed that 
compound interest is implied. 


LL) ANNOUITIES 459 


~ One form of annuity of £A is a property bringing in £A 
annually, such as a freehold estate bringing in rents to that 
annual amount. If the present value of such a property, i.e. the 
sum of money required to buy it, is £nA, the property is said to 
be worth n years’ purchase. 

A leasehold estate is one which is held for a limited number 
of years ; and the income from it may be regarded as a derminabdle 
annuity. 

When an estate is bound to come into a man’s possession after 
a certain number of years, that man is said to have a reversionary 
interest in it; and the present value of the reversion is the 
present value of the income which will begin after so many years. 


346. To find the present value of an annuity to continue for n years. 
Let the annuity be £A, 7 the interest on £1 for a year. 
*, amount of £1 in 1 year=1+r=R. 


The present value of the 1st payment = 5, (Art. 341) - 


A 
Perea e reer ewe easereneseresenns 2nd 7 ial ee =e 
d 4, and 
RE MeIN eet ta cicia s vioe, «Take aigit1ese ig steveeeees = gs and so on. 
+) 4s y P Ay Ang A 
». the present value of the annuity = 7+ p5+p5t... ton terms 
AT =A?! A(L aint) 


 ~R-1-R7 ~ R-1 
When n=, R” is infinite, and R™ is indefinitely small ; 
e. the present value of a perpetual annuity 
ACL =R4) 


ae where 7 = 00 


Norz.—The present value (P) of a perpetual annuity might also be 
tound as follows. 

The annual interest on P must be just what is required to pay the 
annuity A. But the interest on P=Pr. 


an Pr=A. vs P= 
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347. To find the present value of an annuity of £A to begin m years 
hence and to continue for p years. 
The first payment is to be made at the end of m+1 years. 


i ; A 
*, the present value of the Ist payment = Poe 


;-1 
A R?. A 1-R™ 
R™ 1PR™ R=T 


A uy 
oe (Re ow — Rew) 
oy ) 


The present value of an annuity to begin m years hence and 
to continue for ever is obtained by making p infinite ; 


—-™m 


. the present value eye 


Example 1. Find the annuity for 10 years which can be purchased for 
£2000 if the rate of interest be 4 %. 


Tet the annuity be A pounds. 
Then 2000=the present value of the Ist instalment 


_A(1-R-") 100A 2 
ea a hed eee 


». A=80+(1—1:04-1), 
1-04-19 antilog( — 10 log 1-04) =antilog(— 0-170) 
=antilog 1-830 = “6761. 
“. A=80 + °3239=246-99. 
The amount of the annuity is approximately £247. 


4 
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The following question may be solved like one involving 
annuities. 


Example 2. A sum of £2400 is borrowed now. Payment is made by 


annual instalments of £192, beginning at the end of a year. How many 
instalments are required if the rate of interest is 5 per cent. ? 


Let there be 7 instalments. 
2400=the present value of the Ist instalment 


s Sr ee ee PEN eee ele saloon 
+ete. = 
192, 192 192, 1-1-05-" 
=R t Rt: + Rn =192 x mee 


Op ey Cie ci 


192... 192 S$ 
2 106-"=1-3=4 
» 1-05"=5. 
«. nlog 1:05=log 8 — log 3= “9031 — °4771= °4260. 
n= aie =20 approximately. 


Examples. LI. b. 


1. What is the present value of a perpetual annuity of £560 at 
4 per cent. ? 

2. What is the present value of an annuity of £425 to continue fo} 
48 years at 5 per cent.? 

8. An estate is considered to be worth 25 years’ purchase. What is 
the rate per cent.? 

4, A perpetual annuity of £110 is bought for £2000; what is the rato 
of interest? How many years’ purchase is it said to be worth? 

5, Find the present value at 3% per cent. of an annuity of £100 to 
begin 8 years hence and continue for 15 years. Find also its present value 
if it is to be perpetual. 

6. A person buys an estate yielding £300 a year for £6250. What 
rate per cent. is he obtaining for his money ? 

7. If I pay £2000 for the reversion of a property after 10 years [#.e. for 
a property which becomes mine after 10 years], what must be the rent 
from it in order that I may get 5 per cent. on my purchase money ? 

8. How many years’ purchase is a freehold estate worth (i) at 43 per 
cent., (ii) at 5 per cent. ? 

9, Find the present value of an annuity of £75 to begin 4 years hence 
and continue for 11 years, the rate being 5 per cent. 
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10. Find the present vatue of an annuity of £75 to begin now and last 
for 25 years at 5 per cent. r. 
11, Find the cost of an annuity of £120 to run for 20 years at 5 per cent. 


12. Find the present worth of a perpetual annuity of £441 to begin 
2 years hence at 5 per cent. 


13. I borrow a sum of money, and the debt is to be discharged by 


monthly payments of £10 fora year. If the rate of interest is 6 per cent. 
per annum, what do I borrow? 


14, Find the present value of an annuity of £300 payable every year 
for 3 years at 5 per cent., the first payment being at the end of a year 
from now. 

15. What should be paid now for the reversion after 8 years of a 
freehold estate bringing in £2400 a year, if interest be at the rate of 
4 per cent. ? , 


16. £3000 borrowed money has to be paid off in 30 years by equal annual 
instalments. What must each instalment be, if the rate of interest be 4%? 


CHAPTER LIT. 
THE EXPONENTIAL THEOREM AND LOGARITHMIC SERIES. 


348. By the Binomial Theorem, if » be numerically greater 
than 1, 


(145) 14m. 
n 
4 


1 i Rane ah): 1 na(ne - 1)(na - 2) 1 


n [2 nm SG | IP ot 
(2-5) 2(2-5)(2-5) 

eh (a Ne 

wet rok lt By beastie 

Also this result is true when z= 1. 


fe (1-5 (1-2) 


nv 


: Oe n 
a (145) Be Selcennp tye! Ed Haves 
bg nag) iran bo xpaompeye 
ve j1+1 = pa 
aE ageg hak ard eubended Ab ies {(+3) } 
briene mls coe 
=( +3) =l+a¢+ Ea + 


Seer ayy Gena: eae 


=1+a+ 
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This is true for all values of n greater than 1; 
.. by making n infinite we obtain the result 


(lt peptyt) ale esta e 

Lis 2 le an a Cia iad 
ees 3 pb OS Saat : 

The infinite series ye eapay is denoted by e; 


Ee a S a 
[1 [2 BF ee0e 

This is the Exponential Theorem. 

Cor. Let e”’=a*. Then, by taking logs. of both sides to the 
base ¢ we have y=2 log,a 


l 
2. at a etiet14 SB y 
JL 


‘s Ga Leb 


x? (log,a)? - 
a 
349. The proof of the Exponential Theorem given in Art. 348 
is incomplete in some points. The following is preferable. 


Let Amal + ty tte bos SR tesa rosie (1 
then fe)=l+ fe tigtet it See eee (2) 


Both series on the right are convergent for all finite values of 
mand n; .. the product f(m)xf(n) may be found by multi- 
plying together the right-hand sides of (1) and (2). 

Now in the product of the two series on the right, the terms 
of the 7th degree 


r 


OS 


J 
r 


i tne hy pa Pte 


iret Uns Beet eee * +n} 


@ 


=the term of rth degree in f(m-+7). 


_(m+n)" 

pee 
A similar relation holds for terms of any other degree. 
.. for all values of m and n we have 


Hen) x fl)= fla W). vessccssecsecseeeeseeee (3) 
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Hence f(m).f(n) S(p)=f(m+n).f(p)=f(m+n+p)... from 


(3); and so on. 


* f(m) .f (2) fF (p) --- =fF(M HE NADH oes )e cereceeeeees (4) 
From (4), 


(1). fG).f(1) ... to # factors =f(1+1+1+... to x terms), 
ie. {f()}*=f@). 


But (f)}t=e" 
. G=af(xy= ltt gt zt sinid daesec ae ane (5) 


This proves the theorem for any positive integral index. 


Next, to prove it for a positive fractional index, let a= 
where / and k are positive integers. 


Then (feyr={7 é Np =#(Z)- ie mie t) _ to k factors 
=f(t+4+ : e+ sa. toek terms ) , 
=] aye 
By taking the kth root of both sides we get 
f(a) ==, 
; 2 of 
. @=lt 


ib tern 


Thirdly, when # is negative, let x= -—y. Thus y is one 
From (3) we see that f(-y). f(y)=f(-y+y) =f(0)=1. 


idle: Eada 
ape Se ’ 


2 


te. & =f(x)=1+ Tt Et .. for negative values of x. 


350. The series for e* is conuergent for any finite value of x. 
If we denote the nth term by w,, 


gntl |n 2 : 
Un41/Uy, = | n+ i , a n 
Now this ratio <1 for all terms after the first term for which 
n becomes numerically greater than z ; 


*, the series is convergent. 
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351. The series denoted by ¢ is convergent, and its value is 
easily calculated to a moderate number of decimal places. 

The calculation is simple, because the (n+1)th term is found 
by dividing the nth term by n. 


The lst term =f 
erm entl: «<5 =L, 
,» ord ,,. =the 2Ind=+2=0°5. 


a ath Se eh 25 = 0°166.666.65:. 2 
4» oth 4, =,, 4th+4=0-041,666,6.... 


= Cth tans = 0-008,333,3.... 
= “ith fb = 0-001,388,8.... 
ea sth I+: = 0-000,198,4.... 
8 Othy i, = 0-000,024,8.... 
, 10th ,, =0-000,002,7... 
1 = 0-000,000,2 


*. by addition, ¢e= 2°71828.... 
The quantity e is very important. With this as base we can 
ealculate by means of series the logarithms of numbers as shown 
in Art. 352, and these can be converted into common logarithms. 


352. Logarithmic Series. : 
¢ 2 
al talog.a+ “Ogee? nak 


2(log, Tey)? 
: (1+ y)'=1+2log,(1 +9) +O AH 


But by the Binomial Theorem (if y be numerically less than 1), 


(l+y)*=1l+ayt+ = m gpa ee 2) ys sana 


Comparing these two series for (1+y)*, we get, by equating 


the coefficients of 2, 


Le ree 
log,(1 +4) = i lath CS 


Ue ee Sg ; ‘ 
=y-aZtao (af y<1 numerically). ...(1) 
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Similarly (or by writing -y for y), 
; ay 3 [ 
log.(l-y)= -y- Bey sb bop rlaonneneh (2) 
and from these, by subtraction, 
Saat Be A a 3 
rr areas waists | acca s'aletiyieie sare raie (3) 
We can convert itt into @*1 by putting = J for y. 
1 
1+ SE ih 
2n+1 
Thus log,(n+1)—log,n= log," ** = log, ——<—= 
~ Qn+1 


: a ee Les. eS + from (3) 
In+1' 3 Qnt+lp 5 Qntrlp 'f? 
This series enables us to calculate log,2 by putting »=1, log, 
from log,2 by putting »=2; and so on. 

Thus the logarithms of all numbers to base e can be calculated. 

By Art. 247 we know that all these can be converted into 


=2{ 


common logarithms by multiplying by log,,e, te. by oa 2.2. by 
43425... = 


This multiplier is known as the modulus. 
353. Calculation of log, 2. 
As in the last article, log(n +1) —log(n) 


leptin | 
1 n+1 2n+1 
Lag 
: t 1 1 1 
=? Te ey 
{onca*3 Qn+1'5° Q@n+ipt J. 


By putting n=1, since log,1 =0, we get 


itr Leh igs S17 Oe 1 
log.2= 24545: wtsegt} 
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Now 3 333, 333,3..., z= 333,333,3..., 
ae 037,037,0 se 1 _o1 2,3 
= saa ree be oe 45,6... 
1 NOs al 
y= 004,115,2..., =. 5 =-000,823,0..., 
J dee 
ey ‘000,457 es 7° 37 = 000,065,3..., 
i Lewd. 
30> 000,050,8..., 9° 307 000,005, 6..., 
ir 


31 = 000,005,6... ; 
.. by addition, 3 log, 2 = 346573. 


7 ee 
Row Ths si 


*, from this value of }log,2 we get log,2 correct certainly to 
4 decimal places. 
Thus as = ‘6931. 
1 1 


Example 1. Simplify 1- art 92 a3 * aja ~° 


begins with 6 zeros ; 


This is the expansion of e* with —} for x. 
: . the series=e7?. 
Example 2. Expand log(1+7x+1227) in ascending powers of x, if x is 
aumerically less than }. 
log (1+7x%+12x*) =log{(1+3x)(1+4a)}=log(1+3z)+log(1+4z). 


These two logarithms ae be expanded in ascending powers of x since 
numerically 4a<1, and .. 3x<l. 


3 
~ Example 3. Sum to infinity the series whose nth term is iz 


8 1, n?-1 
The nth term= 7 = as tal es Ge 
hg dag | 1 eee 1 a 3 n—-2 
~|n-1"|[n-2 |n-i "|n-2"[n-2 
1 3 1 
= + + 5 


Pee eee eee tereee eee e ae ee tenses 
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LeBel 

The 4th term = fat tr 

The Sed, terete eed 

SAL RSF He 
The 2nd ers 


The Ist term=1. 
-. by adding up the columns and making n infinite, we get 
the series =e +-3e + e=5e. 
Nors. As in numerical examples of logarithms it is assumed that 10 is 


che base when no base is mentioned, so in the logarithm of an algebraic 
literal quantity the base is assumed to be ¢ if none is named. 


te LIi. 


1 dee | 
1. Prove that {i++ = Nee +. boL 
eae ets Te BB 
. Find the value of 1—— . to infinity. 


ries 


3, Find the value of 3-1-3.3-2+3.3-3-1.3-4+ ... to infinity. 


(a — ; =o . * aa = 
w-y ay) ey sb £2) to infinity =log =, if vis a 


4, Prove that + 


positive proper fraction 


+ete+ 
\3 "Br 

6, Expand oe ae in ascending powers of x, where x is 
numerically less than 3, 


ae 


5. Prove that * 


7, Expand log ae where x is numerically less than a 


8. Find log,1:04 to 4 decimal places by the series for log (1+2). 


A g., Expene log (1-+2*) in powers of x, where x is numerically iess 
than l, 


10. Sum the series ee ~5 (4+ vi) +3 (#425 ) ..., © being <1 and 
y > 1 numerically. y yi) 3 y 


11, Given log.2= -693147, find log,3 from the series for log.(n + 1) —log,n. 


12, Given log.38=1-098612, calculate log.10 by a series, and hence find 
log, )e to 5 decimal places. 


See RA ea 5! : 
13. Sum the series ae [at ... ad inf. 


1 1 1 ‘ 3 P 
14, Sum the series zt 3et Bye te ad my. i> i. 
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15. Sum the series ns 


. ad in 
EME ae # 


16. Prove that, when x<1, log, tf =2 {er Fr ofp and find 
2001 A 
log. 7999 5000"_| 


+... ad ing. =¥0. 


to 11 decimal places. [ Let oc 


17. Prove that ppit2 1243 
i [2 


1 n-1l 1lfn—-1\? 1/n-1\5 
18. Prove that glogen=7 5 +3 (=) rites) — 
1 


{(L+ax)e¥ 


19, Find the coefficient of x? in the expansion of 
20. Prove that 


tf 1 1 1 s 
log, (n+ 1) ~log.n=2{ 5 tyoaptsocetst he 
Hence show that log,13=21log,2+log.3 + ‘080043 correct to 6 decimas 
places. ; 
21. Show that the difference of the logarithms of consecutive integers 
continually diminishes. 


Doe TE c= =y+% ... to infinity, 
at 3 
cs A= 
then ye ey to infinity. 


23. Ifa, 8 are the roots of the equation 2?+px+q=0, 


24 g2 3. ps 
log (1 ~ por + qa) = (a+ p)x-= SP ge 2 FP os _ oss 


if ax and fx are numerically <1. 
24, Prove that log,(n+1)+log.(n -1)-2log,n 


1 1 1 
2a see—yt sere} 
a-1-3(a-1)+}(a-1)°- 
b-1-2(b-1%+2(b-1)3- 
if a and 0 are numerically <2. 

26. Prove that the coefficient of «” in the expansion of 
x? (a+ax)% wanet 
Cr ear us e ton is 
57), Peowe thee te se be, weh hl 2a aap 22 tog. 2 1. 
1.372.373.454.6° ; 


“25, Prove that =log,a, 


28. - x is numerically less than 1, 


gee Qx3 oS oot Dn? 
et — —— + woe 
rar +3 (ee) “5 see) sige at sy Ree ede 


1 1 1 : 
29, Prove that log.3=1+ 33+ 5-mit 7get ad inf. 


B.B.A. 2 
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CHAPTER LIL 
INDETERMINATE OR ARBITRARY COEFFICIENTS. 


354. The use of indeterminate coefficients will be best 
_ explained by means cf examples. 

Example 1. Find the condition that oF may have a factor of 
the form’ (a+ a)?. 


Since one factor ends with a?, the other must end with <5" 


= 
. . a 4+qu+r=(22+2ax+ a?) (+25) 


=a8+ (0+ =)e+($ “408 )etn, 


These two expressions are identically equal, by hypothesis. 
“. by equating coefficients, we have 0=20+-, qa + Gs 
<., 26=— 9's 

q= —4a*+a?= -3a?; 


e ( q y ry: 
. za =(45) > 
“. 493 +27r2=0. 
Example 2. Find values (different from @ and b) for A and B, which 


will render the equation m(x+A)?+n(%+B)?=mlx+a+s {e+b)? an 
identity for all values of 2. 


Multiplying out, 
2mxA + mA? 4+ 2nxB + nB? = mea + ma? + 2nab + nb2, 


Since this is an identity, the coefficients of x on either side are equal, 
end the constant terms are equal. 


“- mA+nB=ma-+nb, 
and mA? + rnB?= ma? + nb?. 
These may be written m(A-a)=-—n(B-b), 
m (A? — a?) = —n(B?-6?). 
' Dividing and neglecting the solution A=a, B=b, we find that 
| A+a=B+b. 
Multiplying this by m and subtracting from (1), 
B= 2am + bn —bm 
m+n 


6nd hence _2hn+am—an 
mU+N 
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Example 3. Find the values of a, b, and c when 
5x* — 3x -10=a(a —- 1) (a —2)+b(a2 —2)(x+3)+4+e(a+3)(x-1). 
The equation is true for all values of z. 


*, putting z= 1, we have -8=-4b; .. b=2; 
os peed, a2 en c=4; 
a z= -3, = 44= 20a; 2. a=, 


355. Uf a+ br+cx?+...=a,+b,0+0¢,02+... for all values of 2 
for which the two series are convergent, then a=a,, b= b,, C=¢,, ete. 
» Since the series are convergent, their difference is convergent ; 
, &=,+(6—b,)a+ (c—¢,)2?+...=0 20.0... (1) 
for all values of x for which the series is convergent. : 
Zero is such a value; .”. by putting <=0, we get 
a-a,=0, 1.2. a=a,. 
This result is independent of 2. 
-. from (1), we find that, for other values of z besides zero, 
(b-b,)a+(ce-—¢,)a?+...=0; 
- b-b +(c—-q)a+...=0; 
.. by the foregoing part, )=6,; and so on. 
356. Hapansion of fractions into series. 
The fraction oe may be expressed as an infinite series 
(« being numerically less than 1), (1) by division, (2) by the 
Binomial Theorem, (3) by indeterminate coefficients. 


(1) By division, aad +2+07 +23 +..., 


1 
(2) By the Binomial Theorem, 
onl —w)1=l+e+a+a+.... 
a Lig: 24 qy3 
(3) Let Tog at et ow +d+.... 


Multiplying both sides by 1-2, we get 
l=a+be+cr?+da? +... 
— awe — ba? — cx -... 


=a+ (b-a)a+ (c—b)a2-+(d—c)aP ars 
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Equate coeffts. of like powers of « on the two sides. 
Then @e=15 


were terete cae 
1-2 
By putting —2 for 2, we obtain 
ohio spl ydigarinas a 01 
1+ 
ee 1 
Similarly, jet pet pa? + p's +... 


357. A Fraction of the form ie may be expanded by 
indeterminate coefficients. 
Let Be 
1+ma+nz? 
J. p+ge=(1+me-t nx?) (at bx + cx? + dz? +...) 

=a+(b+ma)x+ (c+ mb + na)a? + (d+me+nb)e+..., 

By equating coefficients of hke powers of x, we get 

a=pPp, b+ma=q, 
c+mb+na=0, d+me+nd=0, ete: 


From these equations we determine successively a, }, ¢, ete.. 
and so obtain the required expansion. 


=a+ba+ca2+da+.... 


1+2a -322 . aw 
le 1. E soe ert, 
Example xpand l-os7ae ascending powers of x. 


Let PERE SE mat baton tdat + extn. 
Then 1+ 2a -322=(1-2x%+32?)(a+ba+cx?+...) 
=at+ba+cu®+da5+ext+... 
— Qax — 2ba* — Qca’ — Qdart — .:. ‘ 
+ 8a2x2 + 3ba3 + 3cx4+... 


=at (b-2Qa)a+ (¢—2b + 8a) x? + (d —2c+ 3b) a3 +(e -244+3c)a8+ 0 
EKquate coefficients. 


CASING ; 
b-2a=2; *. b=2a+2=4. 
c-2b+3a=-3; 2. c=2b-8a-3=8-3-3=2, 
d-—2c+3b=0; “. @=2c-3b=4-12= -8, 
e—2d+3c=0; “. e=—16-6= — 22, ete. 


*. the fraction =1 + 4a +4 2x? -8z73-224- |... 


- 
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Example 2. The reverse process may be employed. 
Find the fraction from which may be obtained the series 
1+ 42+ 227 — 823 —22x4-..., 
assuming that some relation holds between every three consecutive co- 
efficients. 


at+be+ca? _ 2_ 903 
Let icone — 82° — 2224... 


Then, by multiplication, 
a+be+cxu?=1+4x +22? - 823 — 2274... 
+ px + 4a? + Ix? - Spat... 


+ 9x? + 4qa? + Qqat.... 
Equate coefficients. 
Then | bral Ae sets 18-0 Aa ene A A (1) 
ial Sy Seen pac hae) ada aa ae (2) 
Cae ADL Gy nec tease apeenarsssciicsaetscasiss scenes (3) 
OS 8 tpt AG iraceeascsdesectetsta tvs stones rosctes (4) 
OSS Z2 = Spt Dg. ceed. codes to atte oa Nese WA. ae (5) 
From (4) and (5), 29+4q=8, i.e. p+2q=4, 
and — 8p +2q=22. ; 
From these simultaneous equations, 
9p= — 18; 
p=-2; 
mug=s: 
From (2), b=4-2=2, 
From (8), c=2-8+3=-3. 
From (1), =, 
Substituting these values in i sah Ra , we obtain the required fraction 
1+px+ qu? 
1+2a - 32? 
1-224 32?" 


Examples. LIII. a. 


1, If (a+a) (2x? -—bx+3)=223 + 5xa7+5x+6, find the values of a and b. 

Q, Tf (x2-aaz-1)(x2+4x—-3b) = at-162?-8x-1, find the values of 
wand b. } : 

8. Tf att+a24+1=(a2+ax+2b)(x2+cu+1), find the values of a, b, c. 

Evaluate a, b,c: 

4, When 32?-52+4=a(a”—2)(a-—3)+b(x-3)(x-—1)+¢(x%-1)(w—-2). 

5, When 222+ lla -11=a(a+2)(x—3)+b(x-3)(w@+1)+¢(x+1) (~+2). 

Evaluate A, B, C, D: 

6, When 3x+2=A(%+1)?+ Ba(x2+1)?+Ca(x+1)+Dz. 

7, When 23 - 2°+32-2=A+B(x-1)+C(x-1)(x-2) 

+D(x—-1)(a—-2)(a-3), 
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8, Find the value of & which makes 2°+722+8x+k exactly divisible 
by x+3. 


9, If 2(z+c)(a+2d)+2(v+2c) (+d) be an exact square, then 
9c? — l4cd + 9d? =0. 


10. Express 2x3 - 42?+5 as an integral function of x—-1._ 

11. ie 5a5 —8272+4xe+1 “ 2» ” 

12. a 823 — ao? -2a4+1 53 ss a —2. 

13. e 3 +402-a2+7 Wa ee wt+l. 

Find values of a and b which make . 
14, 2 +a2?+a2+b exactly divisible by 2?+2x+3. 

15. 407+ 325+ ax?+bxe+1 - a a—a+l. 


If each of the following expressions resolve into linear factors, find the 
value of & in each case: 


16, 2?-3ay+2y?+e+2y+hk. 17. 6x? - 13xy —8y? — 6a — 22y +k. 
18. kx? - y?-42+8y-15. 


19, Find the relation between p, qg, 7, that a*+2ax%+p2x?+qx+r may 
be a square. 


920, Find the condition that x*+pz?+qx+r may contain a factor of the 
form 2? — a2. 


21. Find a and b if 2+a22+bx+1 is divisible by (2+1)*. 
92. Find a and 6b if 2x°+3a%+ax+b is divisible by (a —1)(x%—-2). 
93, Find c so that 3x°+4a?+cx+4 may be divisible by 2?+1. 
24, Ifa+b+c=0, ax>+bat+ ca?+cx?+bx+a is divisible by x?-1, 
25, If 3x?+8x+11 can be put in the form 

a (+3) (%+2)+b(e+2)(a+3)+c(x+3)(x+)), find a, b, e. 
26. Express 5x —-6 in the form 

a (a - 2)(« -3)+b(%-38)(@-1)+¢(x%-1)(a-2). 
27, Express x*+5x3+82?+2x+41 in the form 
at+b(v+2)+e(e+2)?+d(x+2)34 e(a+2)4, 


[On dividing by «+2, and then the quotient. by 2+2, and so on, we 
shall find that the successive remainders give the values of a, 6, c ....] 


Verify the result of the last question by putting y-2 for @ in 
x4 +5? + 8x?+2a+1 and expanding in powers of y, 7.e. in powers of +2, 


By indeterminate coeflicients expand the following into series in ascend- 
ing powers of x: ; 


1 1-2 1-2 1- 
Be sree meee 8 ee 8h ee 
Find the fractions which will expand into the following series : 
82, 1-2?-a3+a5+28-..., 33, 14+2xv4+372+423+..., 
34, 2+ 50+17a%+ 65x9+.... 35, 1432+ 40?+ JaF+llat+.... 
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PARTIAL FRACTIONS. 


358. The sum of two or more fractions can be expressed as a 
single fraction. It is often convenient to use the reverse process, 
and resolve a single fraction into the sum of simpler fractions, 
partial fractions as they are called. 

In an algebraic fraction, if the numerator is of lower degree 
than the denominator, the fraction is called a proper fraction ; 
otherwise it is an improper fraction. 


359. Resolve (182). — 3m) oe 3m) into partial fractions. 
4 — 9a A B 
SS eee 1 
st (1 —2z)(1—32)  1-22' 1-32 (1) 


Here A and B are constants (7. quantities independent of 2), 
whose values have to be determined. 
From (1), 4 —9x2=A(1 - 3x) + B(T - 22). 
The two sides of this equation have to be true for ail valuea 
of @. 
Hence, putting z=4, we have 4- 3=B(1 — 3), whence B=3. 
Also in em be 4-—%=A(1—3), whence A=lI. 
‘ 4-92 ea ise m EB 
“" (1 = 2x)(1- 382) 1-22 1-32 
Corotuary. If 3¢<1, 27 is also <1. 
.. by the Binomial Theorem, or by division, 
4-32 


12%) 13a) 7" + Qr + 224? 4 2373 + enc inf.) 


+3(1 + 3a + 372? + 3925 +... ad inf.). 


Ty Apr —2 MBe 
Fo. A fraction of the forme sate a POP eer 


may be expressed in the form (x— 1) 
A B Cc ral 
Pray 1 +a bet @=ne rei Y@-1y" 


ai 
~ Take as an example the fraction ee 
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=~l)*46r-32044 
The fraction = 3(a-1)?+60-3-2+4 


(@-1) 
_3(a-1)+5(e-1)+6 

(z-1)° 
. 3 5 6 


Spears 1? @— Le 
We might get this by putting e=y+1, or by the method ol 
Ex. LIII. a. 27. 


361. Resolve into partial fractions. 


a * 

44+5z A B Cc 
ey (l- (23 I-2' (ap —«)? + da 
Then 4+45x2=A(1—-2)?+B(1-2)+C. 


Putting =1, we have C=9. 
To obtain the values of B and C, we equate coefficients. 
Equating coefficients of 2*, A=0. 

M & a, 5=-2A-B; .. B=-5; 

4450 9 5 ; 
' W-a" 0-0 -aF 

This question might be solved thus: 
Put 1-2=y, so that z=1-y. 


44+5”7 44+5- ~ Sy _ a) 

h =i ee Se SS 

=e (1 —2)* CR ae 
re Be 

(=a =a" 


362. We will now consider the case in which a factor of the 
denominator is a quadratic expression which does not contain 
as 322 + 7a + 2 

(w+ 1) (a2 + 2045) 
Let the fraction be equal to —— a + thet 
+1" a4 2045 
Then 322+ 72+2 = A(22 + 2x +5) + (Bx +C)(x+ 1). 
Equate coefficients. Then A+B=3, 2A+B+C=7, 5A+C=2 
.A=-1, B=i, 


simple factors ; 


en 8: 9) 
mee ics 
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Tz+9 ‘eel 


Sa atic eres (Cia 


2 and = 
z+1 a? +9745 


we should have obtained 3 (inconsistent) equations to determine 
the 2 quantities A and B. 
If an improper fraction has to be resolved into partial 
fractions, it must first be reduced by division till the fractional 
» part is a proper fraction. 
a+ 3a? +a4+4 
(z+ 1)(x+3) 
22+7 
(@+1)@+3) 
7 — 32440? 
363. Resolve (l4z)(1-2) 
the expression in ascending powers of x (x being <1), and write down 
he coefficient of x” in this expansion. 
7-32+42? Ar+B. C 
a FEE A es es 
Then 7 — 34+ 4a? = (Ax+B)(1-—27)+C(1 +27). 
Putting x=1, we have 8=2C; .. C=4. 
Equating coefficients of 22, 
4=-A+C=-A+4; .. A=0. 
Equating the constant terms. 
7=B+C=B+4; .. B=3. 
3 4 
T+attioo 
=3(14+27)7"+4(1 -2)7%. 
We may use the Binomial Theorem here, for <1. 
-. the expression = 3[1 —2?+4 a4 - 29+ ...4+(-2)"+...] ...(}} 
+4[l4atart+ah+... 40? +...) cece (2) 
74 4a? + 408 4 Tat t dod... 


If we had taken 


as the partial fractions, 


For instance, must be reduced by division to 


the form z-1+ 


into partial fractions. Hence expand 


ee the expression = = 


Tf n is even, the coefficient of 2” is 3(- 12+ 4. 
odd, a » _ 4, from lines (1) and (2). 
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Examples. LIII b. 


Resolve into partial fractions 


Qa v-4 4 
L eT 2 ape | ae 
1 Qe — 1 Li h 
4. xi+4e4+3 5. (1-2) (2-2) 6. w2—x—2 
1 : x-10 x-2 
1. Grae 8 S goa! teary 
2 Ta +5 22-3 
10. (aw +1)(x +2) (a@+3) i. pros 12. x (4a2—1) 
622 — 42-6 82x? + 6a — x 
18. (@ — 1) (a —2)(«—3) 14. (x—3)(2?- ay 1. 1 
1 5x? — 4a+6 a — 32 
6 oopery || se@-aesn | oes 
x 4(x+10) i 
19. Boye 20, = 2. aay 
16 x e+a2?-2+3 
22. (a — 2) (2@+2)?" 23. (a? — 1) (a —2) 24. (a —1)(~+2y 
w-1 26 25 o7 +4e27+6e+1 
* (@+2)(x+3)* * (@+2)? (2241) * “e(at@+a+1) © 
12x? — 302 +19 1-3x+42x7- 23 8 -S8a_ 
* (2x — 1) (2x —3)(8x—5) * (@-TP(22-a2+h) * a(x—2)> 


Resolve into partial fractions, expand in powers of x, assuming that 
values.of x are taken which make the series convergent, and give the 
general term of 


x : 10a +1 
31. 1-52 +62? =  -2-12" 
5 2 1 , 
ate Ey : (i- ahs 3a) (1-42) 
x . 
35. (eal baie ey By expanding 5 — etc., on both sides, 


‘multiplying together those on’ the ae and equating coefficients, 
find the factors of 


a*(b—c)+b?(c—a)+c?(a—b) and of a®(b—c)+b?(c—a)+c3(a—b). 


7 (3-1) 4x3 Qx+3 
36. (2—3x)(1+2x) 3. x2 = S042 38. xt+e-2 
cf, 3 : Keb 8a -4 
39, Resolve into partial fractions Go otce ne 
x?+1 
41, The coefficient of 2” in the expansion of pee. SE — 


(l-x)(l-cx) T-e° 
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CHAPTER LIV. 


MISCELLANEOUS CURVES. SOLUTION OF CUBIC EQUATIONS, 


364. Draw the graph of the equation =< between the 


points given by x= —5 and x=5. 


raw!) OY aw) 25 |S -3|-2 -1|0 Fle 3 | 4 5 


a=|—125| ~64|-27 my -1] 0 See lip | 64 | 125 


2°+2=|-193|~62|-25/-6| 1 |2| 3 | 10 | 29 | 66 [127 


=!-100/-80 - 60|~40|-20| 0 20 | 40 | 60 | 80 |100 


10y=| -23 | 18 | 35 | 34 | 21 | 2} -17|-30| -31}-14] 27 
Oy 


en WETS A . : 3: well meet '-31|-14[27 
y=|-2:3118 | 35 3-4 [21/2 17 3 |-81|-14[27) 


Plotting these points and joining them by an even curve, we 
fave the graph as shown in the diagram. 
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' CoRoLLARY. From the graph we see that the greatest value 


> —20¢a+2. 


of the expression —-___—— is 3-64, and its least value is — 3°24, 


10 
- excluding infinite values. 


It will be found that the graphs of all equations of the form 
y =ax® + bx?+cx+d are in the shape of the letter S. 


365. Solve the equation x3 — 15a —-2=0. 
Let y=25 — 152-2. 


== -4| -3| -2| -1| 


= - 64 | = 27 | -8 | -1 | 


at=o= - 66 | - 29 | -10 | -3 | - 


| -60 | -45| -30| -15 | 0 


cae 
FHH 
ae 


>is as 
5s 
rs 


Het 


a= 
= 


Eres 
HH 


a iSeesesa 
HY 


EEEEEEEHEH 


Pe eT ET Ey 


| 
ts 27 | 
= Oe am 25 | 


15 30 45 


Py yyy 
EBBEEy, 
SEREr 4m 

TA TT 


A\ 
iee_aenuuen 
oo 


SL 


Use 1 inch as @ unit, and one-tenth of an inch as y unit. 
Plotting these points and joining them by an even curve, we 


have the graph as shown in the diagram. 
reduced in size.] 


[The printed graph is 
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We use a large x unit because we wish to find as accurately 
as possible. 
Where the curve cuts the axis of z, 


z= —3-82, -0:13, 3-95, 

which are the required roots, for where z has these values, 
—15z-2=0. 

’ The printed graph does not give the exact form of the curve 

given by y=a°-15x-2, for the # and y units are not equal. 


The curve shown is the real curve stretched uniformly in a 
direction parallel to Oz. 


366. Draw the graph of y=- 


sifestrsstonts ie eer at agate 
a Ban 


a Leawe 
Ne eT Ae ane TT 


Ty t/ 
GERG PA] ceR ESAS SRERRE 
qavtedbenesescazer 
4 


In order to find the shape of the curve near Oy, we must find 
a few points near that line. 
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Y=) 704 | 1-16 | 136 


y=| 3°85 | 3-45 | 2-94 


j 


(This last line is conveniently written down by means of 4 
slide rule.) 
- Plotting these points and joining them by an even curve, we 
have the graph as shown in the diagram. 


367. Draw the cwrve y= = = 


When 


To determine the shape of the curve between the points where 
x=2 and x=3, we must find some more points. 


When boa 2-9 | 2-4 | 25 | 26 
yap Cea 
y=| 5 | Tey ne eee | 15 


Plotting these points and joining them by an even curve, we 
see that there are two separate branches. 
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368. Draw the graph of y?=«(z? - 16). 


y=(a-4)e (+4), 
If «< —4, 7? is negative, and we have no real values of y 


ebsites tO aridre= teeta t Let ths si aks 2 tah, psd decahe bh ddeduas ya « 


0 
| 
o| var | vee | vB 0 


et 


y=| 0 | +458 | 44-90 | 43:87 | 9 | 
Led 


(The sq. roots can be obtained by means of a slide rule.) 


» 
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Hence we see that this part of the curve is an oval in the 
3" and 4™ quadrants. 


When e=| 4 | 5 | 6 7 | 8 | 
nthe ge 0 | aus rod 33 | 48 
az(x*-16)=| 0 | 45 | 120 | 931 | 384 

y=|0| 45 | W120 V1 | 384 
y=| 0 | +671 | £11 | 2152 | +196 


Thus we see that the curve consists of two separate parts, as 
shown in the diagram. ' 


. 


Erv.] MISCELLANEOUS ‘CURVES 435 


369. Draw a sketch of the curve given by the equation 


Pa 3 
*@-Ne-4). 


The values of # from 1 to 4 do not give us sufficient information 
as to the curve thereabouts, so we must tabulate for some more 


points. 


Plotting these points, we see that the curve consists of three 


branches, as shown in the diagram. 
BBA. 21 
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370. Symmetry. If the equation of a curve contains only 
even powers of 2, the curve is symmetrical about the axis of y; 
for changing « to —a does not alter the value of y. Similarly, 
if the equation contains only even powers of y, the curve is 
symmetrical about the axis of zx. (See Arts. 366, 368.) 

If changing z to —2 alters the sign, but not the numerical 


value of y, there is symmetry in the 1* and 3™ quadrants, and 
‘also in the 2"? and 4". 


Examples. LIV. 
In drawing the graphs of curves, the units employed should be sated on 
the sheet containing the graph; and the tabulations should be full and 
wrranged so that the working can be easily checked. 


Draw the graphs of the following equations : 


l y=e +2. a y=x8 + 2x, 3. y=oy 
4, y2=a', 5. yaa +4, 6 gate 
) wy daly 5 
4 vay 8 Y=3-e Y= 98 
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5 


10. GOO ll. y=(x—-1)(x-2){x-3). 12. y?=x(2?-9), 
Koo. _ (%-—3)(x- 2) _ (x —3)(a—4) 
13. y x(a@—4) 1. ¥=G-De@nly.)—lO;. Y= (e—2)(@—1) 


16, Plot the curve y=a°-—6x+5, and hence solve the equation 
x —6xr+5=0. 
17. Plot the curve y=a*+2x*- 5-6, and hence solve the equation 
a3+2x?-52-6=0. ' 
18. Plot the curve y=2z*+6x-7 for the following values of x, 
=4, —3, -2, —1,.0,-1, 2, 3,4 
What do you deduce as to the roots of the equation 23+ 6a—-7=0? 
19, Solve the equation x°-10x=7. 


20. Plot the curve y=2*-3x?-10x+20 for the following values of a, 
—3, -2, -1, 0, 1, 2, 3, 4, and hence obtain two roots of the equation. 


Deduce the value of the third root. 


21. Plot the curves y=x and y=x?-—5, and hence find a root of the 
equation 23+ 22+5=0. What do you deduce as to the other roots? 


92, Using as large units as convenient, plot in the same diagram between 
the points (0, 0), (1, 1) the graphs of y=a” when n=3, 2, 1, 4, 4. 
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CHAPTER LY. 


MISCELLANEOUS EXAMPLES. 
-LV. a.’ 


1. By successive divisions by 5 cbtain = - - - 
hence find the value of 7 correct to 4 decimal places from the formula 
i=4(5-5 es ee ) - 555 
a 239 


in decimals, and 


53° R57 oF 
2, If £:001 is taken to be a farthing, what percentage of a farthing is 


the error? If y shillings+z pence=£0°775, write down the values of y 
and z. 


3. Solve the equation! V2?+72=27+6. 


4, A certain old book is now worth £50, and is increasing in value at 
the rate of £5a year. Assuming the value to continue rising at the same 
rate, find an expression for its value at any future time, and draw a 
diagram to show the value at any time. From your figure show the value 
of the book in 25 years. 


5, A man bought cloth for £12. If he had bought 1 yard less for the 


same money, each yard would have cost him one shilling more. How 
many yards did he buy? 


6. A number of two digits and the same number reversed are added 


together, and the sum is 121. If the digits differ by 3, what is the 
number ? 


7, A manufacturer has priced certain lathes. The largest sells at £175, 
and the smallest at £40. He wishes to increase his prices so that the 
largest will sell at £200 and the smallest at £50. Assuming that the new 
price P and the old price Q are connected by the relation Q=a+0P, find 
the values of @ and b, and, to the nearest pound, the new prices of lathes 
valued at £150, at £125. 10s. and at £78. 

8, A rectangle has sides of length a and 6. The error in measuring 
these is x per cent. and is very small. Prove that the error in the area 


: ba 
0 or 2, 
is0o 50 


9. If 40 men can be arranged in a hollow square 2 deep, find the 
number in the front. 

10, A man sets out to walk from A to B, a distance of 16 miles, at the 
rate of 35 miles an hour. Three quarters of an hour afterwards a man sets 


out from B to meet him at the rate of 4 miles an hour, When and where 
do they meet ? 


LV. b. 


1, The sum of the first n even numbers= (a +3) times the sum of the 
first n odd numbers. n 


2. Solve the equations 2°y-axy?=2ry=6. 4 
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3. In the equation 32°+82xy+5y?-12¢-8y+1=0, x+h, y+k are 
substituted for x, y, and it is found that the coeffts. of x and y vanish in 
the new equation. Find the values of A and &. 

4, If x+y+2=0, then 2(a2)=-22(ay) and 2(<2) ui {=(3)}* 


x 

5. The side of a square is 55 feet long. Find the dimensions of a 
rectangle whose perimeter is 2 feet longer than that of the square, and 
whose area is 1 sq. foot less. 

6, Find the square of the series 

1+32+H. 3, wth. 3. gost... to infinity, ifa<1l. 

7. Through the intersection of the straight lines whose equations are 
2x—3y-7=0 and x-4y-1=0a straight line is drawn parallel to the axis 
of y. Find graphically its equation. ‘ 

8, Express 03125 as a power of 4. 

. 9. An electric tram line with a single line of rails is 3} miles long. 
There are 13 trams available, and it is desired to arrange a 3-minute service 
of trams. How many crossing places must be provided, and what must be 
the speed of the trams? 

10. Draw the graph of y=a*-3x+4. Find the two points where it is 


cut by the graph of y=mz. 
For what values of m are these coincident ? 


LV. Cs 


1, Plot the points (1, 2), (—3, 2), (2, —1), (—2, —3) on squared paper, 
taking the inch for unit. State the coordinates of the mid-points P, Q of 
the lines joining the first two points and the last two, and find the abscissa 
of the point where PQ cuts the axie of x. 

9. If v?/r=g/289, calculate v, having given that r=4000, g=32°2/5280. 


2rr f be 
Also show that ox60x60 7 —* approximately, where 7=3'1416. 


3. Prove in any way that approximate values of gs and orF are $ and 3 
respectively. Find in each case whether the approximate or true value is 
the greater, and in which cage the approximation is the closer. 

347 x 231 

4, Calculate log —762 

5. Solve the equation (x+1)(%+2)(x—3)(x—4)=336. 

6. Give the remainder when x*-3x*-18x+40 is divided by 2-2. 
Also when 22+ px+q is divided by x-a. 

7, A man has 86 coins consisting of half-sovereigns, crowns, and 
florins. The sums of money in these coins are respectively proportional 
to 15, 13, 9. Find the numbers of the different coins. 

8. Find a point C in the line AB (a inches long), so that the sum of the 
squares on AC and CB shall be equal to a given square (side b inches). 
Find AC to the nearest hundredth of an inch when a=4, b=3. 

9. If a=x*, b=2, c=x™, express as a power of x the fraction a?b?/c", 

10. Having given that 10*=2, calculate 10%, 10*, 10%, 10’ ; and hence 


show that « lies between ;4s and 75. 
Show without using tables that log,y2 lies between ‘25 and ‘32, 
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LV. d. 

1, Find the least fraction which is greater than +4 and has its deno- 
minator greater by 13 than its numerator. 

2, Find the sum of all numbers between 400 and 1000 which are 
divisible by 17. 

3. Show that if all the terms of a G.p. are positive, the sum to infinity 
cannot be less than 4 times the 2nd term. 

4, Find which term in the expansion of (32+5)” has the greatest 
coefficient. 

1 1 
5, Find the value of 9* x 31? x OFT, 


6. The number of births in a town is 25 in every thousand of the 
‘ population annually, and the deaths 20 in a thousand. In how many years 
will the population double itself? 


7. If f(n)=}n(n+1)(2n+1), find f(n+1) —/(n). 


BS 
8. Find a positive value of x satisfying the equation 2*=7 x 2* approxi- 
mately, so that the error does not exceed one per cent. 
9. Solve the equation 22°+y?-Qxy-2y+1=0 as an equation for y, 
and ascertain for what values of a, y is real. 
10. If ‘(Lt a)"=1+ ne +ngx?+ ng+..., * 
find the value, when n=9, of 1—mQ+ng— 1g + Ns. 


s LV. e. 
1, Evaluate 223% xt + 9-33-43 - 10(27x)"# when x«=64. 


2. Solve the equation ,/(a+Nx)+./(% -Nx)=3 Va)lx +z). 


3. Prove that the cube of a number of n digits cannot have less than 
3n —2 nor more than 3n digits. 


4 A walks m miles in x hours; B walks 7n miles in 4m hours; the 
difference of their rates of walking is $ mile per hour. Find the rate at 
which each walks, 


5. Show that when 4a+4b+1=0, the equations 
a? -2ax+b=0, 2?-2ba+a=0, 
have a common root. " 
6. If, y, z are in H.P., prove that eat aa: se —_ are in HP. 
Yts LV+2 BY 
_ 7. A number is expressed by 2 digits, whose sum is 8, with a decimal 
pone between them, and its double is one less than the number obtained 
y interchanging the digits : what is the number? 
8. In the expansion of (a +6)” if a+b=1, show by logarithms that the 
first term > the sum of all the remainder if a is greater than (about) °933. 


9, The interest on a sum of P pounds for a certain time is I pounds and 


ps punter at the same rate of (simple) interest is D pounds. Show that 


P-D T 
10. A country trebles its population in a century. What is the increase 
per thousand in one year? 
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ile A and B are two stations on a line 90 miles apart. At the same 
instant one train passes through A towards B and another through B 
towards A, with different but constant speeds. They pass each other at C, 
and AC is 10 miles longer than BC; also, the first reaches B half-an-hour 
before the second reaches A. Find their speeds by graphical methods. 

2. Explain how to test multiplication of numbers by ‘casting out the 
nines.’ Two numbers A, B give remainders 5 and 7 respectively when 
divided by 9: find the remainder when their product is divided by 9. 

3, Find the number of digits in the 250th term of 2+44+8+16+.... 

4, Find log 83 to the base 19 as accurately as your tables permit. 

5. The weight of a spherical shell is $ of what it would be if solid. 
Compare the inner and outer radii ; and if the inner be increased by one half, 
find in what ratio the weight is reduced. [Weight of sphere « radius*. ] 

6, A man walks a third as far again as a boy in a given time. His 
stride is 5 centimetres longer than the boy’s, and he takes 125 strides per 
minute, while the boy takes only 100. At what rate in kilometres per hour 
does each walk? 

7. In how many ways could a party of 5 scouts be selected from 20 
men? In how many ways could the 20 men be formed into 4 parties of 5 
scouts, to proceed in different directions ? 

8. Sum to x terms the series whose n*4 term is an+2"-1, 

9, What values must a, 6b, c have that 3x?+10x2+3 may be equal ta 
a(x — b)(a—c) for all values of x? 

10. Ifa+b+c=p, then a(b+c)+b(c+a)+c(a+b) cannot exceed p% 


LV. g. 
2 
1, Find the value of oe ee when wast 3 


9. Calculate to 4 significant figures : 
(i) 52°45 x 378°4 x 02086 (ii) (1-246)413, 
87°32 x °5844 


3, Simplify /34N5+/3-N5, and find its value to 3 places. 

4, Aand B start together in a long distance race. For a quarter of an 
hour A goes at the rate of x yds. per second, and B 2x miles per hour: and 
then A is leading by 100 yds. Find x 

5. If 5=y and x be a 8rd proportional to a and 8, y to b and c, prove 


that the geometric mean of x and y=that of ¢ and d. 

6. A meteor is seen at a height of 450 feet above the ground, one 
second later it is at a height of 328 feet, and 2 seconds after the Ist. 
observation it is at a height of 174 feet. Determine the values of a, b, c, 
if the formula ai2+bt+c represents for all values of ¢ the height of the 
meteor ¢ seconds after the Ist observation. : 

(2—b)(w-c) , p(x—c)(a@-a) (x—a)(a-b) 

1. Sa=AG—pya=e) +P (= e)(b—a) * ” (ema)(o-6) 


Find f(a), f(b), (0). 
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8, Find by the Binomial Theorem the first 20 figures of aie 


9, Expand log (2+#- 2?) in ascending powers of a, if x<l. ; 
10. Prove by Mathematical Induction that (3n+1)7"-1 is always 
divisible by 9. 
LV. Lh 


1. Prove that a lies between § and ee , where a, b, p, q are all 


positive quantities. 
2. What is the necessary condition that the sum to infinity of the series 


ae may be finite? Find the sum when this condition is satisfied. 
¢c ; 

3. A certain football club consists of 20 members, of whom 11 can 
only play forward, and 9 can only play back. In how many ways cana 
team of 8 forwards and 7 backs be selected ? 


4, Find the coeff. of x!’ in (5- 3): 


pins 
biaic 


5, If a, 6 are the roots of the equation az*+bxe+c=0, construct the 


quadratic whose roots are — ng 
6. Find approximately by logarithms the value of the incommensurable 
root of 3% —5 x 37+6=0. 
7. Write down the first negative term in the expansion of (1 +2)*, 
« being positive. 
1 
lve: =e 
8. If v<a, and «<b, resolve EES Gre 
and expand each of them. Prove that the coeff. of x"-! is el 
-a 


into partial fractions 


9, Prove that 14641 is a square number in any scale. 


10, The consumption of coal by a locomotive « the square of the velocity. 
When the speed is 16 miles an hour, the hourly consumption is 2° tons. 
If the price of coal be 10s. a ton, and the other expenses be lls. 3d. an 


hour, find the most economical speed, and the least cost for a journey of 
100 miles. 


LV. k. ~ 


1, Find correct to 2 decimal places Y/2-718 and 8/673°8. 


2. If 2°+2aa?+be+c is divisible by 22+axz+d, find b and ¢ in terms 
of a and d. 


i Find the sum of all the numbers between 600 and 2000 which are 
divisible by 7. 


4, How many numbers are there consisting of five different digits 
arranged in ascending order of magnitude ? 

5. Ifa+b+c=0, then 2(a5 +b + c5)=5abe(a? +b? +c). 

6. Draw the graphs of y?=12x and y=x+3, and find wkere they meet. 


‘7, Find two successive terms in the expansion of (1+2)® such that 
their coefficients are in the ratio 5: 1. 
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8. Given the height, the volume of a cylinder varies as the square of 
the radius. Find the volume of a cylinder whose radius is 5 inches, if the 
volume of a cylinder of the same height and radius 3 inches is 282°744 
cubic inches. 

9. Show that the sum of the series 

ei PAT YAS eer 
6'6.9'6.9.19*" to infinity 
is 33-2. (A binomial expansion with index — 3.) 
10, Sum the series 
Lf Jee d- {1 41 


2° 13°57 5A 


1 5 
5 +... to infinity. 


LV. L : 


1. Prove that if a number of 2 digits=4 times the sum of its digits, 
the reversed number=7 times the sum of the digits. 


2. If x+y:x-y=a:b, express the ratio 2*+y?:22%-—y? in terms of 
a and b. 

3, Find the coefficient of a! in {(1+a)(1+2?)}®& 

x+2 
407+ 162+25° 

5, If ma*+nc? : va? + qc?=mb?+nd? : pb?+qd*, then either a: b=c:d, 
or m:n=p:q. 

6, Find 4 numbers in A.P. whose sum is 32, the harmonic mean 
between the 2nd and 3rd being 73. 


7. The lst and 2nd of the 3 digits by which a perfect square is 
expressed are 1 and 2n respectively ; find the 3rd digit, and show that, in 
any scale, a perfect square is obtained by reversing the digits. 


8. Solve =-#=2, V2a(b — y)=Nb (Na +s/z). 


9, Show that 
(1 —22)"=(14+ 2)" —2nx(1+2)?"-1+ 


4. Find the greatest value of 


2n(2n — 2) Pa 
Ba ES: ds a2 (1 4-.97)2"-2 ,,.. 


10. Find the coefficient of x!? in the product of 
l+z° 


1 -2)(1—2) and 2-2+22. 
LV. m. 


1. A tricycle, going 5 miles an hour, passes a milestone, and 14 
minutes afterwards a bicycle, going in the same direction at 12 miles an 
hour, passes the same milestone; find graphically when and where the 
bicycle will overtake the tricycle. 

‘2, Solve the equation x(x?- 4)=a(a?- 4). 

8. If the sum of the first » terms of an A.p. =0, the sum of the next q. 
a a(Ptg 
aan eon | 
4, If a,b,c are in A.P.; a, mb, c in G.P.; prove that a, mb, c are in HB 


terms 
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5, Determine the scale of notation with highest radix which requires 
4 digits to express the number five hundred ; and find what the 4 digits 
will be. 
: 3 1 
6. Find the coefficient of z° in the expansion of ia patie 
7, If c=a-b, and if ¢ is very small compared with a and b, then 
7b? (a? — a0? + B22) 2 =a-2c+3cx? nearly. 


8.-Sum the series 1.34+2.4+3.5+...+n(u+2). 


‘ 3 ee 2h 1 4 3 - mo. 
9. Prove log.a —log.z=*—* +3 (*=*) +3 (=*) 505 ME eee 
positive proper fraction. 

w—atl 
(@?+1)(@= 1)" 


10. Resolve into partial fractions 
LV, n. 


1. Insert 19 Arithmetic and also 19 Harmonic means between 2 and 8, 
and show that if A be any arithmetic mean and H the corresponding har- 


\ 


monic mean, A+ a=5. 


2. The number of permutations of abbcece in which the b’s come 
together=+ of the whole number of permutations. : 


3, If a, 6, ¢, d are in G.v., loga N, logs N, log. N, logz N are in H.P, 
2h2 
(w-a+b)(a—a—b)(x—a) 


5, Find the relation between a, b, and c in order that 2°+ 3a22+ba+e 
may be a cube. 


6, Expand (1-2)-?, (l—a)-%, (l—«a)~4 giving the coefficient of x” in 
each case. 


7. Find sq. rt. of 23¢314 in the scale of 12. 


8. Draw a circle 2°6 inches in radius and take a point O 474 inches 
from its centre. Consider a straight line OPQ passing through O and 
cutting the circle in P, Q@. Draw this line in 4 positions including the one 
in which P and Q coincide, and by measuring op and OQ in each position, 
prove that the rect. OP, OQ is constant. Find an equation connecting r 
the radius of the earth, h the height of a mountain, and d the distance of 
the sea-horizon as.seen from the mountain-top. 


4, Resolve into partial fractions 


9, An approximation to att is ‘002( 1 BAe 30+ 300)" To how many 


365 3 30 300 
places is it correct ? 
10. The height of a mountain in feet is given by 
i R-r T+t 
H =49000( 5") @ +m) 
where R, r are the observed heights of the barometer in inches at the 
bottom and top of the mountain, and T, ¢ are the observed temperatures 
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at the bottom and top. The following observations were made at the 
bottom and top of a certain mountain : 


. | Barometer, | Thermometer. 
At bottom} 29°60 in. 67° 
At top 25°35 in. 30° 


Find the height of the mountain and roughly check your result by any 
method which occurs to you. 


LV. p. 
' x? — 42 —20 
1. If x is real, show that — cannot have a real value between 
8 and 12. 
2, The ratio of B’s age to A’s age is now 7:4, but in 10 years’ time it 
will be 19:13. Find their ages. 
3. Draw the graph of the equation 2x?+ day —3y? - 5a + 6y - 3=0, after 
reso{ving into factors the expression in x, y. 
4, During any year the excess of births over deaths causes an increase 
of f per cent. of the population, and at the end of the year a fixed number 
A of people emigrate. Prove that at the end of n years a population P 


pr vag | — 
becomes 6”P — bar where b=1+ Fo 


5.- Find, without assuming any formula, the number of different ways 


in which n men may stand in a row. ; 
If two specified men are neither of them to be at either end of the 


row, show that the number of arrangements is (n —2)(n —3)|n —- 2. 

6. Eliminate a from the equations x=log,b, y=log,c. 

7. Solve the equation 24°=167-*. 

8. Prove by the Binomial Theorem that money at 5 per cent. compound 
interest more than doubles itself in 15 years, 


9, The middle term of (1+) is 1-3-5 .--@n—1)/ 


[w 
1 


1 1 i “a 
10, Prove iP he A Pek ome + 


2a)". 


LV. a. 
1, Prove by Mathematical Induction that the sum 
14+3+9+427+... ton terms is 4(3"- 1). 

2. Two casks A and B contain mixtures of wine and water, A in the 
ratio of 7 to 4, and B in the ratio of y to2. In what ratio must liquid be 
drawn from each cask to give a mixture in the ratio of 3 to 1? 

3, A quantity of water contained in a cubical cistern is found to lose 

by evaporation -04 of its volume in a day. The depth is 6 feet, and a 
cub. ft. of water weighs 1000 oz. Assuming the loss to .be only through 
evaporation, what weight of water will be left at the end of 10 days? 

4, If the expression «(1 —5x”+6x*)-! be expanded in powers of x, prove 
that the coeff. of x” is 8"—2". [Reselve into partial fractions. ] 
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5, Expand (1 +002) when «>1. 
The 
6, If n+ iat express a+, and oaie. in terms of y. 


7. The duration of a railway journey varies directly as the distance 
and inversely as the velocity. The velocity varies directly as the sq. root 
of the quantity of coal used per mile and inversely as the number of _ 
carriages. In a journey of 25 miles in half an hour with 18 carriages, 10 
ewt. of coal is required. What will be consumed in a journey of 15 miles 
in 20 minutes with 20 carriages? 

8. Write down the n*” term of the series 8, 15, 24, 35, ... and find the 
sum of m terms. [8=3+5, 15=3+5+7.] ; 


9, Expand log (x?+42+3) in ascending powers of x, supposing x to be 
less than 1. 


10. If 
(1 —a:)~1(1 — 2%)-?(1 —a3)-9(1—at)-"=14+242( part qar+rat)+..., 
show that p=tq=gre=1. 


LV. r. 


1, How many square yards are there in a courtyard xft. y inches long 
and y ft. x inches wide? 


If a part of it x ft. x inches by y ft. y inches is covered with grass, how 
many tiles “5% inches square will cover the remainder? 


2, Show that one root is the square of the other in the equation 
x2—e=2+N/5. 
8, If x=log,bc, y=logyca, z=log.ab, prove that ayz=x+y+z4+2. 
4, Find the value, when s=1\2, of 
1422 e 1-2zr 
14+VI+2e2 1- VT- 2x 
5, B and C together can finish a piece of work in 3 of the time that 


A would take; C and A ee: in 4 of the time that B would take. 
compare the times in which A and B can separately do the work. 


6. Ifa, 5, c, d are in continued proportion, a?+d2>b? + c2. 


7. The hypotenuse of a right-angled triangle is less than the sum of 
the other two sides by 8 ft., and the area=180 sq. ft. Find all the sides. 


8. There are 8 stations on a railway. How many different sorts of 


single tickets of each class must be printed so as to include all possible 
journeys on that line? 


9, Draw the graph of «*-6x+41 and find its minimum value. 
1 te eed ae 
(@ —1)?(a?+4)° 
LV. s. 
1. Simplify (27a*)? x (Qa-2)-#, 


2. If the sum of m terms of a series is an expression of the 274 degree 
in n with no absolute term, the series is an A.P. B 


10. Resolve into partial fractions 
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3. Solve the equation 41 (a? -—1?=2z+1. 
Zz 


4, If (a®+6?+c?)(2?+y%+2%)=(ax+ by +cz)*, prove that caf". 


5. Given that the time in seconds of a beat of a pendulum is 7 NE 
] 


where / is the length in feet, find the length of a pendulum which beats 
seconds if g=32-2 and r=3°142. 


1 2 
6. It 2+2(#-5)+3(2-2 +4(2-2) ... to n+1 terms=0, prove 
that «= 
pu 


7, Simplify (3/3- 5)? (2 — 3), and find its value to 3 places. 

8. In how many ways can 10 boys be arranged so that a particular 
pair never sit next to each other (1) when they form a row, (2) when they 
orm a ring? 

9, A starts 374 minutes before B to walk 112 miles, the first 5} of 
which are uphill and the rest downhill. Downhill their speeds are respec- 
tively 4 and 4 mile per hour faster than uphill, and they finish their 
journey at the same moment, though A reaches the hilltop 224 minutes 

fore B. What are their initial speeds? 
10. Ifa, x, y, bare in A.p., and c*, x, y, d? in G.P., show that 
a+b=cd(c+d). 


LV. t. 

1, Draw on squared paper the line 22+0°7y=2°5 (unit=linch). Find 
to 1 decimal place the length of the perpendicular to it from the origin. 

2. Vind 7, if *P,=120"C,,_». : 

3. In a certain year a rise of 5°37 per cent. in the female population, 
and of 5°61 in the male, produced a rise of 5°5 per cent. on the whole. 
Compare the number of males and females at the beginning of the year, 
and also at the end. 

4, Write down the continued product of the n factors 

> Ed), 14+ 2%, 142)... 1+; 
and deduce the expansion of (1+2)”. rea 


5, Find the 12th term and middle term of (a- 
6, A pendulum 8 ft. long is observed to make 700 beats in 671 seconds. 


If the time of a beat is rat seconds, where /=length of pendulum in feet, 


find the value of g, supposing that r=37. 


7, Find 4/128 to 5 places of decimals. 

8. In how many years will £20 become £36 at 5 per cent. compound 
interest ? 

9, The tension of a string with one end fixed and the other attached to 
a moving body varies directly as the square of the body’s velocity 
and inversely as the length of the string. If the string will just bear the 
strain of a body moving with velocity 10 feet a second when the length of 
string is 3 feet, find the greatest velocity of the same body which the same 


string shortened to one foot will stand. 


10. If ¢(ay=2+4, find p(y +=), 
, 
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LV. u. 
1, Show that approximately 1000001? : 1000900?= 1000002 : 1000000. 
3 


3 
2, Prove that (24/3)? + (2- »/3)* =3V6. 
3, Solve the equation 3*- 3*-1=486. 
4, The birth-rate in a town is 20 ina thousand, the death-rate is 14 in 
a thousand annually ; in how many years will the population double itself ? 
5, In how many different ways can 8 persons be formed into 2 groups? 


1 
6. By resolving into partial fractions expand the fraction eee 
in a series : 

(i) of the form po t+pyX+Pat" +... 5 


(ii) of the form qo+ B+ 24+ Se 3 
and show that ¢,4;=6"Pn-1- 

7, If f(x), any rational integral function of x, is divided by (7 — a)(x—6), 
the remainder is hla) =F(b) , af{o) = oFa), 
a-—b a-b 

8. Sum to x terms the series whose 7** term is 2r — 27. 

9, Find the number of digits in 2 x 31’, and the first 4 digits of the 
product. 

10. Find the coefficient of a* in the expansion of log (1+#+a?+2°), 

where x is a proper fraction. : : 


LV. v. 
1, The incomes of A and B are as 6 to 5, their expenditure as 3 to 2. 
Each saves £270 a year: find their incomes. 
2. Find a value of x which will make «t+ 2aa3+ b¥x?+c3x+d‘a square. 


8. Find the scale of notation in which the common number 1156 is 
represented by 961. 

4, Which term of the series 1, 3, 5...is a mean proportional between 
the 23rd and 63rd? Find also how many terms of the series have their 
sum equal to one-fourth of the sum of the first 20 terms. 


5, A man arranges to pay off a debt of £3600 by 40 annual instalments, 
which form an a.p. When 30 of the instalments are paid he dies, leaving 
a third of the debt unpaid. Jind the value of the first instalment. 


6. Expand (B+ayf, and find which term has the greatest numerical 
coefficient. 


at oR 
[3 [5 een 

8, Find the coefficient of x® in the expansion of (1 +a +22)-3, 
j 9. A man’s net income is 10 per cent. less than his gross income, which 
is derived partly from land and partly from personal property. He pays 
income tax at 8d. in the £ on the whole, and also local rates on the income 
from land. If his whole income had been derived from land, his net 
income would have been one ninth less. What are the local rates per £, 
and in niet proportion is his gross income derived from the two kinds of 
property ? 


10. Draw the graph of 


7. Sum to infinity the series «+ 


e213 
a +524+6 
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LV. w. 
° : p+¢ e = 
1. Simplify (S)'+(BY * and 2?. 16% +977, 424.95. 3%, 
2. A rod whose length is 5 feet is broken into 3 pieces, out of which a 


right-angled triangle can be formed whose area is 120 sq. inches. Find 
the length of its sides. 


3. If ey+3:az+1=y?+3:yz+1, show that y=zx or y=3z. 

4, Find the number of digits in 2%, and if a}. a?.a3...a"=p, find an 
equation giving n in terms of p and a. 

5. Solve the equations 27=8¥+1, 9y= 37-9, 

622-21. 
| (x?-+ 1) (x2) 

7, A man spends on charitable objects an annual amount proportional 
to the square of his income, and spends £35 more when his income is £1200 
than when it is £900 per annum. Find his charitable expenditure in each 
case. 


8. Write down the 2 middle termsin the expansion of (2 = =) and find 


6. Decompose into partial fractions 


how many terms of (1 _ 32x) have positive signs. __ 
9, Prove that the sum of two numbers is divisible by 11, if every digit 
which stands in an even place in one stands in an odd place in the other. 


‘ 10. Sum the infinite series whose nt» term is = r 


Prove that it is twice the square of the series 


1 1 1 = Z 
1 torr tee test ... to infinity. 
iy. x 
1. Simplify = a ~ (a? — Bey4 


a — 

2, Express /158+60/6 as the sum of 2 surds, and find its value 
correct to 3 decimal places. 

3. Sum the series (5a + 7b) + (8a -+5b) +(1la+3b)+... to 18 terms, 

4, Show that if a and b are such that the sum of the squares of the 3 
arithmetic means inserted between a and b=a?+b%, then the sum of the 
cubes of these means=4(a + 5)?. 

5, log 2*+3=1'2222. Find x. 

6. Find by logarithms the value of 13/5 -+N7. 

7, Find the number of ways in which 5 boys and 3 girls may be 
arranged in a row (1) so that the girls may be all together, (2) so that no 
two girls may be together. 

8. If (l—a)-™=c)+¢,%+ ¢ov?+..., prove that 

: m+k 
biog Ae eee > 
Cot cy tly 25 k [m [ke 


x being less than 1, and m, k being positive integers, 
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9, Find the least possible value of 4n +2. 


10, If the expression 2(1-—5x+6a°)-! be expanded in powers ot 2, 
prove that the coefficient of 2” is 387-2”. 


LV. y. 


1, If x+a be a common measure of 22+px+q and 2°+p,%+q,, prove 
that a=(7- 9)/(P—Pi)- 

2. A bicyclist started 3 minutes late to keep an appointment at a place 
15 miles off. By going at a rate half a mile an hour faster than he need 
otherwise have done, he arrived at the proper time. At what rate did he 
ride? 

3. In how many ways can 12 persons be divided into 3 sets of 4 each, 
one set to play lawn tennis, one to play croquet, and one to play bowls? 

4, Find the coefficient of x° in (32x — 4)”. 


5. The number of shot in the base of a rectangular pile is 800, and 
the 6t course from the base contains 495. Find the number of shot in 
the complete pile. 

62232 =7075.) Bind jz. 


7. Two casks, each containing 20 gallons, are filled, one with water, 
the other with spirit ; « gallons are drawn from each cask, mixed, and the 
casks are again filled up with the mixture. When this is done a second 
time, it is found that the quantity of spirit in the 2nd cask is to the 
quantity of spirit in the other as 5 to3. Find x. 

2 G 
8. If x be real, between what limits does ee lie? 


9, Find the coefficient of x in the expansion of Joss 


’ 


10. How many years must elapse before a sum of money doubles itselt 
at 3 per cent. compound interest ? 


LV. z. 


1, If (a? + 0°) (x? + y?) =(aa+by)*, prove that <= + 


2. If a number consists of n figures, its square cannot contain more 
than 2n or less than 2n-1 figures. 


3. Find, from a table of common logarithms, the logarithm of 125 te 
the base 44. 


4, If ¢(n) denote n+ 3n?+3n, find ¢(n+1) and ¢(- 1). 


5, Find the number of arrangements of the letters of the product of 
w'b® so that all the b’s come together. 


6, I'ind the scale in which the common number 3963 becomes 30203. 
7, Find the coefficient of 25 in the product 


n.nt+l m.n+1.n+2 , ; 
2 e+ [3 ee ey 
8 If y=x+a%+a3+a4+... ad inf., prove that 
c=y-yt+y—yit...ad inf. 


(l—a)(l+nx+ 
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9. Sum to x terms the series whose n‘h term is 8n¥— L. 


1 
10, Prove log8=1+ sete t opt ad inf. 


LV. aa. 

1, If $(@)=1-32+22%, prove that $(x) x (— x)= 29(x?) - Ee. 

2, The numbers 114020 and 20 are in the scale of 9. Divide the first 
by the second and express the result in the common scale. 

3. Show that 3(1+3+5+...+99)=101+103+105+...+199, 

4, Aand B together can do a piece of work in a certain time. If the 
each did half the work separately, A would have to work one day less, 8 
2 days more than before. Find the time in which A and B together do 
the work. 

5. ABCDEFG is a regular octagon. Prove that the lengths of AB, 


AC, AD are proportional to 1, /2+2, 1+/2. 

(a —b)? _at+b, ab 

4(a +b)’ and y= + se sar m show that 
(é- a)? (y ~ bP =2 

7. Find 2 numbers such that their sum, their difference, and the sum 
of their squares are proportional to 7, 1, 75. 

8. The side BC of a AABC is produced to P, where BC=a and CP=zx. 
Compare the areas of the A* ABC, ABP. 

The sides BC, CA, AB of a AABC are produced to P, Q, R, where 
CP=AQ=BR=z. If BC=a, CA=b, AB=c, show that the ratio of the 
4 PQR to the AABC is 

[(a+a)(b+x)(¢+x)—2*]: abe. 

9, To do a piece of work a contractor can employ two classes of 
workmen, whose wages are in the ratio of 17 to 13. If he employs the 
higher paid men (who work the faster), he pays £148. 15s. in wages, being 

£10. 10s. less than the lower paid men would cost him. Compare their 
rates of work. 

10. A dam has to be built of material g times as heavy as water; and 
its thickness in feet T at any depth d feet is calculated from the formula 


T=9" 4a. When the material is 2°3 times as heavy as water, what must 
the thicknes~ be at a depth of 8 feet? 


LV. bb: 


2 
1, Find the value of (22) -= when «=a(1+2v3). 


6. Ife=a+b+ 


2. Simplify (6-17 - 122). 
3. Transforn 123456 from scale 10 to scale 7 
4, Find 4/242 correct to 5 places by the Binomial Theorem. 


ahaa 9 


5, The general term of (1 “nyt is (nF 


6, Expand ee and give the general term, 
2-a-i 


B.B.A. + 2K 
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7, Solve the equation 3%. 5°*-4=7*-1. 11?-%. 

8. Find the values of 2 and y which satisfy the equations y=2x+2, 
y=bx+3. Drawing graphs of the equations on squared paper, indicate 
the values of 2 and y which satisfy both equations (i) when b=0°7; (ii) 
when b=0°8; (iii) when 6=0°9. Is it possible to find values of x and y 
which satisfy the two equations when b=1? 

9, The height h of the eye above the sea, and the distance d of the 
horizon, are connected by the equation h?+2hR =d?, where R is the earth’s 
radius Taking R=3960 miles, find, in feet, the height above the sea at 
which the distance of the horizon is 5 miles. 


10, The population of Ireland was 4,458,775 at the census of 1901, and _ 
decreased so that in a years from the census it fell to (0°9477)* of the 
population at the census. Estimate the population 24 years after the 
census to the nearest thousand. 


LV. ce. 


1. Show that 2(ab+cd) cannot be greater than a*+b? + ¢?+ d?, 
2. Find, by logarithms, the cube root of 3:2 and that of 3. 
8, Find the range of values of a for which the expression 
(a —2)x?+2(2a —-3)a+5a-6 
may have real factors. 


4, Two men are walking with the same speed in opposite directions 
wlong a path parallel to a railway ; a train passes one of them in a time? 
and the other in a time T ; show that the train will describe a distance 
equal to its own length in a time which is the harmonic mean between 
T and ¢. 

5, Find the product of l+a+z?+...+a2"-1 

and 1 -x+2?-...—a"7}, 

6. Find within what limits the values of x must be when a2? -7a+12 
is negative. Verify your result. 

7. Tf a?+62=1lab, show that 


a-b_ 1 
5 = 5 (log a + log b). 


log 


8, An examiner has given marks to papers; the highest number of 
marks is 185, the lowest 42. He desires to change all his marks according 
to a linear law converting the highest number of marks into 250 and the 
lowest into 100; show how he may do this, and state the converted marks 


for papers already marked 60, 100, 150. Use squared paper, or algebra, 
as you please. - ‘ c 


9, A is the horizontal sectional area of a vessel in square feet at the 
water level, h being the vertical draught in feet. 


| A | 14,850 | 14,400 | 13,780 | 13,150 


| h | 286 | 20°35 | 171 | 146 
re on squared paper and read off and tabulate A for values of h, 23, 


y 


If the vessel changes in draught from 20°5 to 19:5, what is the dimi. 
uution of its displacement in cubic feet ? 
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_10. Work the following three exercises as if in each case one were alone 
given, taking in each case the simplest supposition which your information 
permits : 

(i) The total yearly expense in keeping a school of 100 boys is £2,100 ; 
what is the expense when the number of boys is 175? 


(ii) The expense is £2,100 for 100 boys, £3,050 for 200 boys ; what is it 
for 175 boys? 


(iii) The expenses for three cases are known as follows : 

£2,100 for 100 boys. £2,650 for 150 boys, £3,050 for 200 boys. What 
is the probable expense for 175 boys? 

If you use a squared paper method, show all three solutions together, 


LV. dd. 


1, If p2* is constant ; and if p=1 when v=1, find for what value of 2, 
pis02. Do this for the following values of k, 0°8,0°9, 1:0, 1°1. Tabulate 
your answers. 

2. Solve the equation (x-2)(#-—4)=mn, and write déwn four values of 
n, for each of which at least one of the values of x will be a positive whole 
number. 

8, Find the range of values of a, for which both the roots of the equa- 
tion 2” + 2a2+a?—1=0 are less than 4 and greater than — 2. 

4, A certain quantity y equals the sum of two quantities, one of which 
varies directly as x, and the other inversely as x; given that y=2 when 
x= -—1, and that y=4 when x=2, find y in terms of x. 


4 

5, Show by the Binomial Theorem that (3) °=0°919166, and verify 
the -result ‘by a logarithmic. calculation. If you find a small difference be- 
tween the two results, what explanation (of a general kind) can be given of 
the difference ? 

6. Compute 2°3079 and 23°07-1®, using logarithms. ; 
.. 7. Tf w=144{p,(1+log r)—r(p;+10)}, and if p,=100, ps=17; find w 
for the four values of r, 14, 2, 3, 4. Tabulate your answers. 


8, Express oe BL a ig * the sum of two simpler fractions. 
- 
9, Suppose s the distance in feet passed through by a body in the time 
t seconds is 10é%. Find s when ¢ is 2, when ¢ is 2°01, and when ¢=2°001. 
What is the average speed in each of the two short intervals of time after 
t=2? When the interval of time is made shorter and shorter, what does 
the average speed approximate to? 
10, z=ax — by? 2, 
Jf 2=1:32 when x=1, and y=2; 
and 2=8'58 when x=4, and y=1; find aand& 


Then find s when x=2 and y=0, 
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LV. ee. 


1 ‘ 
1, If x be a positive number, show that ic le is greater than 2n. 


2, From the logarithm tables find the value of the fifth root of 1°125. 


3, Ifa is a positive number less than unity, find for what values of x 
the product 2(1—2) is less than %- With the same restriction on the 
values of x, if we write instead of 6, show that x must be greater than 4. 

4, Without using a table of logarithms, find the characteristic in the 
following cases : 

(i) of the common logarithm of ws: 


Mii) eS eesetaney bic cigselten teeenesr ees NY 3. 
(iii) of the logarithm to the base 3 of 776. i 
ro tone Fel 2 Nee ey 0-0776. 


5, Compute, using logarithms, 
9/37-24, /3°724, 372-424, 0-3724-24, 
Find the third result to the nearest thousand. 


6. Find within what limits the value of x must be when a is 
positive. Verify your result. 


7. A firm is satisfied from its past experience and study that its 
expenditure per week in pounds is 
12043-2042. +0°01C, 
x+5 
where 2 is the number of horses employed by the firm and C the usual 
turnover. 
If C is 2150 pounds, find for various values of x what is the weekl 


expenditure, and plot on squared paper to find thé number of horgsel whic 
will cause the expenditure to be a minimum. 


8. If A=P(14355)" and if A=3P when r=3t, find n. 


9. The New Zealand Pension law for a person who has already lived 
from the age of 40 to 65 in the colony is: 


If the private income I is not more than £34 a year, the pension P is £18 
a year. If the private income is anything from 34 to 52, the pension is 
such that the total income is just made up to 52. If the private income is 
52 or more there is no pension. 


Show on squared paper, for any income I, the value of P, and also the 
value of the total income. If a person’s private income is say £50, how 


much of it has he an inducement to give away before he applies for a 
pension ? 


Show on the same paper tle total income, if the pension were regulated 
according to the rule ay 


= 9 
P=18-55.L 
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mG: 
10. Express a —— as the sum of two simple fractions. 


—32-4 


11. The following are the areas of cross section of a body at right angles 
to its straight axis : 


Ain square inches - | 250 | 299 | 310 | 273 | 215 | 180 | 135 | 120 
| 0 | 
( 


Mehches from. one ead) 0-122 | 4] | 70 | 84 | 102 | 130 | 145 
i 


Plot A and # on squared paper. What is the probable cross section at 
_ %=50? What is the average cross section and the whole volume? 


12. The following table records the heights in inches of a girl A (born 
Jan. 1890) and a boy B (born May 1894). Plot these records. The 
intervals of time may be taken as exactly 4 months. 


=a 1900 | 1901 | 1902 | | 3903 
Month - - | Sept. | Jan. | May | Sept. | Fen. | May | Sept. | Jan. 
Rie ns 548 | 55°6 | 56-6 | 58-0 | 59-2 | 60-2 | 609 | 61-3. 
Bown | 48°3 | 49:0 | 49°8 | 50°6 | 51°5 | 52:3 | 53-1 | 53-9 


—— 


Find in inches per year the average rates of growth of A and B during 
the given period. At about what age was the growth of A most rapid? 
State this rate; divide it by her average rate. 
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(v) 4a?-42+1. 
(viii) 75-322. 
(xi) w?-5a”+4+6. 
(xiv) abx?- 
(xvii) 1022+ 92-9. 
(xx) 14a?+ xy -3y?. 
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(iii) a4 —4a?+4. 
(vi) 9x?-6z7+1. 
(ix) Qa? - 4ary +2y?, 
(xii) ‘x? - 3. ! 

ax—bat+1. (xv) 9a?-. 

(xviii) 15a?+ 29x” -14, 


21. (i) 3. (ii) —7. (iii) -27. (iv) -2. 
92. (i) 3. (ii) 11. (iii) 16. (iv) -8. 
28. (i) —2%. (ii) 2a2. (iii) 7a. (iv) J *(w) 4r. 


(vi) ea (vii) 3b-4a. (viii) 3u?+1. (ix) 3a—4a. (x) 3b-4a, 


(xi) —a?+bc-—c?, (xii) -—a. 


(xvi) 5a. (xvii) (@+x)% (xviii) aw. (xix) 2. (xx) (a-2)% 
VI. b. 
1. 0, 1, 9. 2, 2x4—Ta+5a—3, —7, 0. 
4 a+4b, 6b. 5. 622+ Tax —20a?, ax?- a’. 
@ 7x, -32%, 2a?-3ab+4d% 7. 3x-y. 
VI. c. 
1. 0, 9, 1. "2. b44-2ab3 +50? - 3a% +04, — 3b. 
4 22-1. 5. 2?-9a?, a4 — ax? — 2a? 
6. (1) x, (2) e-3a, (3) abe. 7%. 3a44bd. 
VI. d. 
1. 6, 12, 0. 2. 23-3x2+3e-1, 0. 3. 0, -& 
4. a-13c+6b. ” 5. —a%b?, a72*, —atod4ct. 
6. 6a—-9a. , 7. 21p?+nq - 36g". 
VI. e. . 
1. 1, -1, 64. 8. 10a+2a, 23+32?-1l6a—4, 32 . 
4 g?-27+3. 5. 1527+ 3az. 
6. ax-3a. 7. —6y?, 
VI. f. ; 
1. -1, 0, 0. 3. x-7, 2(”-1). 
4 323-4274 62-2, 18, 5. 7x?-17ax — 1202, 
6. 1824+ 9ae? — 2a7, 7. 5e-4a. 


(xiii) a—x. (xiv) 2(a—b). (xv) x. 


o oe pe 
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VI. g. : 
-3, -—20. 2. 2 miles East. 
2?-Qax+a*, ax —227. 4. llaz. 
. 2a?-5ab+ 3b. 6. 422-a®, 2-9, a®-p*. 
VI. bh. 
. 27, 44. 2. 6x7+2. 8. 5a-—y-6a. 4. 5x7+10. 
plea hyt—o5 0, Loe 6. x3 — Qa*y — dary? + By?. 7. ax+3p. 
VI. Ek. 
=33, =25. 2. 2x*- 3x. 8. a?—b?—¢?+2be. 4, Qx, Qy. 
93) 9,1, —1, 3. 6. 2?+ax? -a®x- a’, 7. 42-5. 
VII. a. 
3. Ss 3. 4, 4-5 5.23! 6. -3. 
8: 8. 0. 9. 5. 10. 2. 11. 12. ime, 
-20. 14. 0. 15. 23. 16. 23. 17. 9. 18.2. 
1 20. %. 21. ¢. 92 -+. 28.8. 24. -15. 
0 26. i '-27% 3: See en 28. 1 30. 0. 
=} a ee oe ee 34. 4. 35. 2. 36. 2. 
3 $8. 33. (89. -2 40, 2 41. 20. 42 3. 
3 44-01. 45. 03. 46. — 03. 
VII. b. 
2. 2. 12. 8,9. 4.1 5. 3. 
12. 13 8. -5. 9. 0. 10. 0 
2. 12, 2. 18. 5. 14. -3. 15. 5 
4. 17, =) 18. 0. 19. 3. 20. -2 
1}. 22. 1} 23. 27, 24. 13. 25. -6. 
lzo- 27. -9 28. - 85. 29. 0. 30. 3 
2. $2; 2 | 8305: 34. 5. 35. 3. 
1f. ye 38. —5. 39. 10. 40. 33. 
— 2%. 42, 25 48. 0. 44, 2. 
VII. c. 
3 2. 10. 3. 14 4, 22 5. 3. 6. 28. 
Pyyin’ 6°=8. 9. 7. 10. 28. 1822 12. 3 
9 14, -20. 15. 1. 16, 2. 17. 2%. 9:18. -5. 
-1y. 20. Z. 91. -2. 22, 3 
i: 3427. 25. 5 26. 9 


xii 
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18 2. 12 

4, 8. 14 

5. 14, 2 

tle 20. 11 

4, 26. 8 

Beh 82. 10 

0. 38. -2 
<i. 44. 9 

3: 50. 3 

a. 56. 302%. 
140. 62. 
2, 66 
When x= - 43. 
10. 2. 4:7. 
2°53. 8. 46°83. 


VII. d. 

3. 15 4, 4, 5. 70. 6. 12 
9. 19 16-97: 11. 2. 12. 35. 
16-2) #1623 17.°4. 18. 11. 
91.6; - (88 21s. 28a 24. 8 


1s. : 
27. 12. 28. 12. 29. —T. 30. 8 


$8.2 1 oT, 8. 18 ea, 
39. 2. 40. 2. 41. 15. 42. 17. 
45. 2. 46. 3. 47, 2. 48. 7. 
51. 1 52. 5. 58, 14. 54 14, 
57. 3. 58. 15:5. 59. 1. 60. 1% 
69. 63. 3. 64. 1°95. 

. elk: yan 68. lyr. 


70. 1. The equation has noroot. 71. No reot 


VII. e. 


8-78 4.433. 5. 571. 6. 26 
9. -1:43. 16 -45. 11. 3°03. 12, 2°04 


VIII. a. 
2-20. & 36-y. 8. 2-20. 4 34-m 56. =. 
35a. T.. 2); 8. 2-23. %+y-m. 10. 2-13. 
78 & 5b 
— 1 138. —. 14, -Y. : —“2-Y- 
i : oo xy. 15. 9%-x-y¥ 
a+2b. 1%, 2y—x 18, ¥. ip, Ly oo 
x x y 
My 2%, 22, 44. 88. dte, 2h Wz, 85. 40a 
25. 27. . pence. 28. «+7, x+y, x—11 years old. 
; . - 30. ~ miles, 7Y miles, 6 hours, by hours. 31. 26. 
6 6 « ie 
; 33. 3a pence. 34, 7 Pence. 35. 2. 
2 144 144 8 
- Jo Pence, — eggs, —¥ eggs. 37. > pence. 38. z pence, 
F n, n+l, n+2, 40. n-2, n-l, n. 41. n-1, n, n+1. 
. ny ntl, nt2. 48, n-2, n-1, n, n+], n+2 44., on 
Qa — 2Qy. 46. 4b. 47. 240a+12b+c. 
882 


49. 10x miles. 50. 582 days, Bee days. . 
- x xu 
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81. 5+. 52. Qn-1, 2In-2, 2n-3, 2n-4, Q2n-5. 
63. 2n-5, 2n—3, 2n-1, 2n+1, 2n+3. 54. absgq. ft. 55. ” feet. 
56. x? sq. ft. 57. x- 20=y. 58. 32 -—y=25. 
59. eB sees 60. 3(x-4)=5(x-1). Gi. 20y+2~z. 
62. 2406+30c+12d=a. 68. x(x-1)=y. 64. (x-1)2(%+1)=a2. 
65. 22+5=y. 66. 22-y=a. 67. x+a=y-a. 
68. x=1l5y+7. 69. a=br+y. 70. xy=a. 
71. ab=9z. 72. xy=3(a-6). 73. x-y=5(a-b). 
VIII. b. 
1. 3ft.8in. 2 4f.8Fin. 3. 175 ft. 4. 174 ft. 
5. 31:4 in. 6. 2°5 in. Vavord ins 8. 50°3 sq. in. 
9. 7 in. 10. 186 sq. ft. 11. 22 ft. 12. 12 ft. 5 in. 
18. 560 sq. ft. 14 12ft.6in. 15. 10 ft. 10in. 16. 198 cub. ft. 
AT. 4% ft. 18. 33 sq. ft. 19. 7ft.2in. 20. 576 ft. 
21. 3 secs. 22. 31 ft. per sec. 28. 41. 24, 68. 25. 325. 


. 460. 27. 264. 28. 336. 29. 1500, 30. 1892, 81. 441. 
. 644, 88. 1625. 34. 612. 55. 693. 36. 1240. 87. 322 
. 130385. 89, 113-14. 40. 10; ft. 41. £200. 42. 334. 
. Right-angled. 44. Not right-angled. 45. and 46. Right-angled. 
- Wot vight-angled. 48. Right-angled. , 


VIII. b,. 
(1) 13, (ii) 5, (iii) 1, (iv) 3. 2. (i) 12, (ii) 17. 38. a?-b% 4 -L 


%. (i) 11, (ii) 24. 8. (i) 922-25, (ii) 875. 9. When x=3. 10. ~33. 
VIII. c. 
1 2 —3)(n-2 
G 1,'3,-7. 2. 15, 28, 3, ple, ae ee 
3. —6, 0,0, 24, —60. 
4. 0, 33, 16n2-2n, 16n?+14n+3, 4n?+7n+3, 5. 6. 2, 2, 14. 


wt+5a+4. 8, Qb(w+1). 9. c-a, 2b, 38a+4b-3c, 8a+5b—-3de. 


. p(e—-l)=23. 11. (i) (8z?-2x%+42) miles, (ii) (3x?+27+6) miles. 
. (i) 6(3)-—¢(2), (ii) 80 feet. 


TXAa. 


. £10, £20. 2. 10., 3. 27. 4,2£157 £25. = 6-20.) . 6. 21. 
. 10 miles, 8 3. 9. 12. 10. 38, 10 yearsold. 11. 36. 12. 20. 
. £48, £58, £38. 14. 30, 12. 15. 20. 16. 90. 17. 75 gallons. 
mw bee eS 19. 9. 20. 18 pennies, 9 shillings, 6 florins 
. £42, £7. 22. £19, £22. 28. £336, £164. 24, £8. 8s. 
. 45, 20. 26. 63, 40. 27. «63, 21. 28, 72, 12. 29. 57. 
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30, —4. 81. 20. 32, £420, 83, 34, 35, 36. 
84. 43, 45,47. 35. 38 shillings, 19 shillings. 36. 2 miles. © 
87. £23. 5s., £16. 15s. 38. £3600, £720, 
89. £13. 10s., £22. 10s. 40. 15, 42, 

41. 29 men, 46 women, 76 children. 42. 56. 


48, 4% miles an hour, 3 miles an hour. 
44, 36 miles an hour, 24 miles an hour. 45. 150 yards a minute. ' 
46, 24 miles. 47. 44% miles. 48. 30 miles. 
49. 36 miles. 50. 15 miles an hour. 
IX. b. 
1. 12 miles, nearly. 2. 13 miles, nearly. 3. 17 miles, nearly. 
4. 3.7 milesan hour. 6. 5 feet, 7. 36:1 feet. 
8. 2°39 feet. 9. 4°6 miles: 10. 35°4 miles. 11. 4:5 miles. 
12. 4:1 miles. 18. 6°55 metres. 14. 3°9 in. 15, 4°24 in. 
16. 3°6 feet. 17. 2°6 in. 18. 2:2 in. 19, 3:3 in. 
20. 6:4 miles. 21. 2°83 miles. 22. 8:05. 
23. 15°98. 24. 3°7 miles. 25. 14, 29, 43 miles. 
26. 2°6 miles. 27. 34 feet. 28. 2°8 miles, 
ia. 
1, £24, £35. 2. 15:1 millions, 1875. $8. 67°1°. 
6. 3 oz. 8. 4475 feet nearly, 205°. 
9. 26:8 in., 23:4 in., 10,600 ft., 5,300 ft. 
10, 107°5 sq. in., 162°9 sq. ft., 13:2 in. 
X. a. : 
1 oye 4. 2. lly=22. S.e4q 1 2 4, Qly=-13, 
5. 3y=14. 6. y=46. oy Lae 8. 58y=87. 
9. 3y=-ll. 10. 3y=- 17. LIU: 12. 5. 
13. 3 14. 4. 15. 11 16. 23. 
We v=8 y=, 18. 2=9, y=1 IS. v2=2hy=1,. 
20. .2=1, y=2. 21. «=3, y=2 22. 2=4, y=. 
23. 2= -3, y= -5 24 x=2}, =%. 25. x=4}, =0. 
26. x=15, y=1. 27. 2=5, y=6. 28. x=8, y=6. 
29. x=0, y=2 80. «=4, y=0. 81. «=1, y=6. 
82. «2=5, y= -2. 33, 2= ly, y=) 34. x=13, y= Th 
85. e=17, y=-2p. 86. w=3}, y=2l. 87) ob, y=38) 
38, e=i, y=. 39. aes y=3. 40. a=), y=-1. 
41, 2=7, y=65. 42. x=6, y=8. 43 e=i, y= -4. 
44. x=16, y= —24 45. x=-6, y=2. z=2, y= -1. 


13, 


17. 
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xen bs. 
2=12, y=20. 2. x=20, y=12. 8. x=18, y=48 
x=40, y= — 20. 5 x= —20, y=6 6 x= —20, y= - 40, 
2=2, y=, 8. z=-2, y=-3 9. x=-114, y=5. 
x=45, y=10. Li s—7, y=, 12. x2=6, y=2, 
«=I11, a 14, t=, 7: 15: xr=2, Ne 
t=]. 4 =2. 17. x=8f, == =P]. 18. x=13, y=95. 
7=48, y=7. 20. 2=3, y=2 21, e=10, y=2, 
e=3,y="4, 98. r= -25,y=-35, 4. xa}, y=3, 
x=02, y=2°9 26. x=1°5, y=2°4. 27. 6. 
2, 6. 29. 1 30.5, 1. 
a=t, y=1. 82. x=}, y=}. 88. x=1, y=1. 
x=, y=%- 35. x=t, y -} 86. x=1 y=1}. 
x=38, y=4. 38. x=}, y=-1. 39. z=}, y=-1. 
X.c . 
t=, PA 3: 2r=2, 4. x= -2, 
y=3, y=4, bf -3, y=6, 
z=-1 Za 2=4. z=8, 
x= -2, Gaa—i2 1wxe=3, 8. x«=9, 
y= -3, y= — 24, y=-1l, y=3, 
z= -1, Z=A2. z=-10. z2=6. 
x=6, 10. «=8, 11. x= -44, 12. «=12, 
y= ~2, y=4, y= 18, y=24, 
z= -5 2=-3. z=64. z= 36. 
2=8, 14. x=4, 15. x=}, 16. x=i, 
y=6, y=6, y=) y=h 
2=4 2=8 z= q- =>} 
x=5, 18. +=40, 
y=11, y=45, 
z=17. z=48, 
XI. a. 
4a —2. 22. 4-2. 23. 2-22. 24. 47+10. 
18 - 2a. 26. at+b+c-d. 27. 4a-8. 28, Sy+z. 
10a +76. 80. 8c. 31. a-2b. 82. 1227-~6. 
-242+45 84, Qla— 42 $5. 3a+15. 86. 171-92. 
8a-16. 38. 10. 39. 30x — 56. 40. 302 - 6y. 


/ 


a 
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a 


XI. b. 
: 2a. 2: 5c: 3. db. 4, 7x. 5. 15-62. 
.12-llo. 7. 26®-Qab. 8. oe 9. 2a~4b+24c + 72d. 
— 27-2. ll. a: 12. y. 18. 0. 14. Qn+y. 
. 8a—3d. 24. c. 25. 2a—6b. 26. 3a. 27. 2a. . 
. 2a-3b-6ce. 29. —a+6b+72c+24d. 30. 3a-7. 
. Bayt 4y?. 82. 12a —2ab + 4a7b. 33. 2? +32. 
. a+10b. 35. 33a@+280. 86. 26a - 84. 
. 18a—9xy — 9x*y. 38. 2 — 22°. 
XI. c. 


. e4+22(a+2)—-2(642a)+a—-7. 2 822-Br(at+b+c)+a?+b% +c’. 
. 284+ 23(y+z)—a2(y?+2%) - x. 

— 2x3 + 3a? (a+b) — 3 (a? +02) +07 +68, 

. bad+a2(a—b)-a(at+b)tate. 6. 2(p?—g?)+2x(p—g)+p*-g* 
. x3(a—b)+22(c—b)+a(c—a)+d-e. 

. x4(2-a)+23(6-a)+27(b-3)+2(-a-7). 

. 034 322(y—z)+3a(227-y?%)+y% 10. 23(a—c)+a%(a—b)+2(c-b)+e 
. w8(a-p)+a3(q—b)+a2(r—c). 12. a*y(m+5n)+2ay?(n—-m). 

— a3(b—a) —a?(c—p)—-2(d+q)—-(p-c). 

— 23 (a+b)—2?(b-a)—2(b-—c)—(c-a). 

—2?(b-a) -—x(8a—-4)+2a, 


XI. d. 
Se. 1; 19. 1. 20. 9. 
Jx+5 E 7x-15 2 
3 : 22, =. 23, . w+5 
6 12 10 = Shim 
Ta+15 Ta — 25 5a 5 
> 26. a 27. io 28. 3%. 
«4-49 9x24+8 9a +20 9. 
; : 30. s oo 
5 -~ 31. 3 32. 0" 
XII. a. 
. 15x? - day — 35y%, - 8y?. 8, @ 
4. 2=2, y=-2. 5. 240a+30b4+24e, 2404 © 
; 2°8' 20 
. 4inches. uw. 48: 
XII. b. 
9la — 
, Ile 30 2. 3a+2b, 9a? - 4b. 
60 
-1. 4 £=3, y=4. 


8 80h 
§ miles, 9° minutes, te hours. 6, 3:35 miles. 7. 96. 
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XII. c. 
ue Via+5. 2. 3. 3. 5 ac lo, y= 
5. «+12, x-16, 16, 40-a years. 6. 3:4 miles Ts sol. 
XII. d. 
I. 462-1. oa) ifs 4. a=2) 456. 
b bx = y=1, 2.3. 
as ve >; 
ager @ 6. 36 feet. 7. 60, 47 
\ 
XII. e. 
i. ap+g. 3. 1. 4. 4=2, y=-3. 
x 6. Half-a-mile, 9°04 miles. 
a gt 14, 13+, 2x, ri 7. 42, 32, 
XII. f. aor tat 
2-2, 2 3. -3¢. 4. a=5, y=10. 
6. 5a 3a 240 6 3 ° 
. pence, = pence, = CBE . 11°65 miles. 7. 50. 
XII. g. 
i. -—44, -21, -6, 1, 0, —9, —26. 2. 225 lbs., 300 lbs. 
&. -F. 21075117. 5. 2x=5, y=-3. 
6, t= =1, y=2; 2=1. 7. 62°5 feet nearly. 
XIL h 
i460. 2), 14,°7, G,. 11,222: 2. 570 sq. ft. 
8. lz. 4.7, -2. 5. 51, 53, 55, 57, 59. 
6. 2°4 miles. 7 x=-4, y=0, 2z=4. 
‘ XIII. a. 
1. P,(5, 4), P,(11, 8), P;(-5, 5), P4(=8, 9), P,(-9, -§), 
P,(-5, —3), P,(3; —5), P,(8, = ihe 
3. (i) (0, 0), (ii) (3, 0), (iii) (2, 2), (iv) (-4, 4). 
4. They all lie on a straight line parallel to OY. ’ ; 
5. 12. 6. 48. 7, 0,7 125-16, © 3:5: 8. 18, 
9. 36. 10. 74°6. 11. 180. 12. 3°5 sq. in. 
13. 45. 14, 25. 15, 22. 16. 25 nearly. 
17. 34. 18, 2°73 in 19. 3°71 in. 20. 4°11 in, 
$1. 3:49 in. 22. 30. 23. 72. 24. 99, 
25. 70. 26. 128. 27. 102. 28. 52. 
29. 96. 30. 150. 81. 68. 32. 965. 
B.B.A. B 
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XIII. b. 
30. x=8, y=2. - 81. 2=3, y=2 $2. 2=8, y=6. 
338. 2=4, y=0. 84. 2=5, y=8. 35. x=4, y=3. 
86. 2=2°8, y=42. Si. 2=4,5y—5. 88. 2312, y=4. 
SON tae ee 7, 40. «=9R y=F2. 41. z=5, y=z 
42. x=10, y=5 43. y=3z. 44. x-y=4. 
45. Qu+y=7 . yt+da=0. - 4. yt+5=2e. 
48. y=30+4. 49. 2y=3x+ 12. 50. 3y-—x=5. 
XIV. a. 
Deli 12. 2." 12, 5. 3. 6, 8. 4, 13, 9. 
5. 4 pence, 9 pence. 6. 7 half-crowns, 3 florins. 
% 44 for, 31 against. 8. 24, 12. 9. 3s. 6d., 1s. 10. 20, 64. 
11. 14, 38. 12. £450, £200. 18. 45, 15. 14. 7, 
15. 14 florins, 11 half-crowns. 16. 63. 
17. 72 miles, 5 miles an hour. 18. 23, 73 miles an hour. 
19. 32s., 28s. 20. 57, 19. 21. 165. 
22. 56, 67. 23. 17 florins, 7 half-crowns. 24. 93. 
25. 9, 11 miles an hour. 26. 10, 30 gallons. 27. 100. 
28. 15 miles, 2 miles an hour. 29. 24, 12, 4. 30. £51. 
81, 24 bales, or 72 casks. 82. 12. 88. 24 feet long, 18 feet wide. 


. 5 teachers and 99 children at first, 7 teachers and 132 children at. 


last. 
» £13,158. 36. 81, 49 sq. yds. 
. 21 crowns, 40 half-guineas. 89. 3. 40. 3 miles an hour. 
. 15 miles an hour, 90 miles. 42. 3 miles an hour, 8t miles. 
. 4miles an hour, 24 miles. 44. 3000ft. from thestarting point. 


. £400, 5 pence in the £. 46. 3, 4, 5 miles an hour. 
- 300 miles; 150, 100 miles a day. 2 


RIV. b. 


. 44franes, 28shillings. 2. 3shillings, 20. $8. 38 minutes, 5 miles. 


13 ft. per sec., 17°5 ft. per sec., 2°5 secs. 


. 55 lbs., 84 ]lbs., 14°8 kilogrammes, 17:3 kilogrammes. 
. 49c.in., 2:45 c.in., 41 c. cms, T1675" 
» They meet at 3.30 p.m. 14 miles from Cambridge; 10 miles apart 


at 2.48 p.m., and 4.12 p.m. 


. In 10 secs. from A’s start, 33:3 yds. from the starting point. 

. June, 1887. 11. 58, 38,. 29. 

. 2:°2in., 12°45 cms. 18. 9:23 cms., 3°35 in. 

. 87, 78, 67, 51, 46, 42, 39, 38, 36, 17, 15. 2s.23d., 31 articles, 
. £1. 15s. ld. approx.; 615 copies to the nearest 5. 17, £53. 


2°60, 5°63, 4°16, 5°77. 19. £350; 4250 copies. 
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In half an hour from A’s start, A having travelled 2 miles. 
In 4 hours. 22. 2-7 miles per hour. 


. “25 of a mile per hour. 24. 5% miles per hour. 
. In 23 hours, 20 miles from A’s starting point; 2 hours, 3 hours. 
. In3-:1Lhours, 24°8 miles from A’s starting point; 2°6 hours, 3°6 hours 


from A’s start. : 
. 13% miles an hour. 28. 35 miles, 45 miles. 
XV. a. 
x? + 2ax —2bx+a?-2ab+b2. 2. x -—2aa:- 2bxa+a?2+2ab+b2, 
a*+2ab+6?+4a+4b+4, 4. a®+b?+¢?+2ab+2Qbe + 2ca. 
a? +67 +c? — Qahb+ Qhbe — 2ca, 6. a?+b*+c?—Qab+2ac — 2be. 
. @-2ab+b?-4a+4b+4, 8, 47+ y? +27 + 4ay+2Qyz+ 422. 


. 0244242? — day + 4yz — Qe. 10. a?+4b?+ 9c? + 4ab + 12be + 6ca. 
. a°+4b?+9c?-dab-12be+6ca. 12. 922+6ax-6be+a?-2ab+b% 
. 42° + 1202 — 4b + 9a? -6ab+b%, 14. 4244403 + 52242741. 


. 924 - 6a? +722 -2r41, 16, a4+2x° — 152? - 16x+4 64. 
. + 4x34 6a7+ 4x41. 18. 24-223 —-7x?+ 82+ 16. 

. At — 4o3 — 1927+ 102425. 20. x? +2xy+y*- 6x -6y +9. 
. 429 — dry + y+ l6x—S8y+16. 22. 1 - 2a + 8x27 - a3 + A, 

. 4449-322 - 223 + xt, 24 9-67+132?-— 4234 dat, 
. 25-202 + 3427 — 1223+ O24. 

» G7 +24 62+ d*+2Qab + 2Qac + 2ad + 2be + Bhd + Wd. \ 


. a+ 2+ ¢% + d* + 2ab + Qac— Qad + 2he — Whd — 2d. 

. a +b? +¢?+d*—-2Qab + Qac — Qad — 2he + 2hd - 2cd. 

. a+b? + 4c? + d* + 2ab + 4ac + 2ad + 4be + Zhd + 4cd. 
. a2 +h? + 4c? + 4d? + 2ab + 4ac — 4ad + 4be — 4bd — 8cd, 
- w+y?+224+9 +4 Qry + 2Qyz + Qu — 6x — by — 62. 

. 02+ 42 +224 9 —Qay + Qyz — Qe + 6x — Gy — 62. 

. 4x + 42442241 — dary — 4yz + Baz — 4a + Qy — 42. 

. 9a? + 4b? + 4c? + d? — 12ab + 12ac — Gad — 8be + 4bd — Seat. 
. © +25 + Bat4 4034 30242741. 

. 29+ 4a — 6x3 + 8x2 -4e+1. 

. 28.- Qa? + Bad — 4a3 + Ba? -2Qe+1. 

. 2 — Ga + 1524 — 2023 + 15a? - 62+ 1. 


XV Ds 
a? — 2ab + b? — c?, 2. a®+2ab+ b? - 4c*, 
x? +Qey+y?—1. 4, x7+4ay+4y?- 6% 
a? — b? — Qba — x. 6. a? — 4b? + 4bc — c?. 
. 4274 dax+a?—b% 8. 9y-a?-2ab — 6% 
. a*— 162? + Say —y’. 10. 1-a?-2ab — b% 
- 16-a?+2ab — b?. 12, at+o%h?+b'. 


28. 


$1. 


. 1-2a+a?- 


. +8, 


. 0+ 3a%y + 3xy?+ 8-1. 
« 4054 Bart — 23234 2522 — 14da+ 4. 
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b. 
— 4q? + 12qr - 97. 


. 02+ Bary + 9y? — 
. 1-4a+4a? — 49y?. 

. 9at-a?+4x—-4, 

. 2507+ 30a +9 - 467, 

~ 14+ 2x? + 924. 

. 4+ 4ay + y? — a? — 2ab — b?. 
. 40? daa +a? —y?+4by — 4b. 
. 9a — 12ax+ 4a? — 


. 1-Be tat -y?+2Qyz- 27. 
XV. c. 
x4 — 32:7 - 6x48. 
a —y°. 


x4 — a — 52? 4+ 27a — 30. 

— 8a4b + 140°? + 9076? — Gab’. 
2a4 — 7a%b — 4~?b? + 23ab% — 664. 
12. 823-1. 
x+1. 


. 2-8. 

. a8 — 5a 4+ 102? -— 
. c4—25c2d? — 50ca’ — 25d4. 
. 0b? + c2d? — ac? — 
. aA —DQe3 — 1992 +442. 
» 204+ lla — 21a? + Jat—2a5, 28. Are 2a? + Tx2y + Taby — Barty? 

80. a6 + 325 — a4 — 1523 - 1422+ 1827424, 


7a —15. 


bd?. 


4y?+ 12by — 9b. 


2+ dary + 4y?-- b?. 
1 — 422 + 12xy — 9y*. 


. tart. 
. 402+ 122y + Sy? — 25. 
. 4x2 — 16y? — 40y — 25. 


at — 2a? + bf, 
— 2ab + b? - 
x? + 2ax+ a? — 


c? + 2cd — d3. 
y? + Qby — b, 


4—4a+ a? — 9b? + 6be — c?, 


a? + a2b — ab? — 63. 

28-4 Baty — dey? — 12y2. 
at — 622 — 160-15. 

— ah — arty? — yA, 
23-1. 
x3 — 8y3. 
ae + BS. 
x8 — 4ay + 3xy? — 12y3, 

at — 13a? — 2a + 35. 

at + ay? + a, 

— 10a* + 21a*b — 21a*b? + 165%, 
12a4 — 3403 4 3722-17245. 


14, 27a? + 8b, 


—5+8a—-1la?+4a*+ 19a4 — 9a5- 6a. 
. Qlaty — Wary? + Bx%y3 + Say? 84. Gat — 12a7y? + 6y4, 
. a4+05) + ab? + b4, 36. a> +b? +3 — 3abc. 
XVI. a. 
. 2 —5a414. 2. x2-6a—5. 8. 2?-2+8. 
Qa? + Qa + 5. 5. 3a?-4e—-65. 6. 5+6x%+422 
- e+], 8. x-y. 9. 2-2. 
. 2241. ll. 3a-2b. 12. 5x -3y. 
. 3a2-2a+6. 14, 2-1. 15. 2? +ay+y?, 
x2-3.° 17, Sat Se 41 18. a?-ab+b?. 
. O+art+e+l. 20. 23-2? +2-1. 21. 2?+1.- 
. ea), 28. Ox 18a?+122-8. 24 22-2741. 
- +e+], 26. a?4+22+1. 27. x®-4x+4, 
Qa — 4, 29. a*-a. 80, 12a4—- 1123+ 1027+ 39x48, 
Qa3 — 3x3 + da — 5. 82. a4—5a3+41322-402+119. 
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XVI. b. 
2. a+2b+e. 2. a®+2ab+202, 
8. a+b+e. 4. 3a+2b+¢. 
5. a*—az3+a3x-at. 6. a—b+e. 
7. 2§+7x-5. 8. x? + ay —2a+y?-4y4+-4. 
9. a®-—a7?+a>-at+a?-a+l. 10. 2a? - 3xy + 5y. 
li. a?+6°?+c?—-ab—ac—be. 12. a?+b?+c?-ab+act+be, 
13. 2?+y?+4+2y+2Qy—2z. 14) 2° -at+23-2?+2-1. 
15. a? +ay+y* 16. a+b+e. 
87. ab+be+ac. 18. a5 +aty? + 244+ yf, 
19. 32a°+16a*+8a3+4a2+2a4+1. 20. ab-ac—be+c?. 
21. 2?+ax+3a%, 22. x?+2ax - 4a?. ‘ 
x, 3y a4 2 ab, be a5, = _ ry, ¥° 
%. tS ; a et or * 16” 20 + 25° 
2 ab. 6? a2 2ab_ b? a b 
2 lo gD hcae le ee 285 
46 °9 9° 21°49 5 4 
XVI. c. 
1. -8. 2, 28. 3. -6. 4. -—3427 5. -25, 
6. 35. (Pa 8. 10. 9. -9. 
10, —53. 11. —38f 12. 44. 18. 11%. 
XVII. a. 
1. 2? -2u(pt+qt+r)+(pq-9rt+pr). 2. 127%. 
3. «=5, y=6. 4. 9 half-crowns, 3 threepenny pieces. 
5. v4+3x?+4. 6. x? +3y?. Pe oh 
XVII. b. 
1. 2a—y, 2a—y+20, 2xe-y-20, y. 2. 1538. 
3. Common roots, x=6, y=8. A teis 
5. a4+4a*b + 4a7b? — 4, 6. 16a4— 64, 7. 2a?- 30x04 2%, 
XVII. c. 
1, 10z apples, = pence. 2. 4. 
i ween | eC | el ange ie 4. o8+4a%+ Gat+4a7+1, 
- x= -5|-1| - | 7 a | 5. 60x + 18y +92= 4800. 
y=7 | 4|2 |-2}-5]-3}-- & rely 
7. 322-2243. 
XVII. d. 
1, 90% yards, 170° min. 2, 180. 
8. 2=4:07, y='56. 4. 26 —325 — a4 + 923 — 52-3242, 
5. 72, 74. 6, 4aa3+4aba. 7. a-—3b-2. 


~~ 
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XVII. e. 


. wy miles, 60xy miles, a miles. 2. 226. 
. 162. 4. 12°57, 34:57, 62°86, 7-5, 5 inches. 


5. 26 — 325 + Gat — 7a +622-3e+1. 7. 3a-b+4. 
x Viet 
1. ay pence, 3 pence, 3 pence, = pence. 2. 5. 
3. 4y—lle=3. 4, 26°7 miles. 5. Qart— 11a3 + 202? - 14243, 
6. 422+ab-ac—be. 7. a-3b+4c. 
XVII. g. 
1. a+b. 2. 2?+2Qay+y?-27. 3. 7. 
4. 27 m. from one end, 18 m. from the other. §3 2=5, y= Lh 
6. 3x?-2e+1. 7. 56, 48. 
XVII. h. 
1. x-2?. 2. az*-2ax+a. & 1% 
6. 3x -Ty. None Ls 
XVII. k. 
R. 22 +7. 2. -39, -20, -7, 0, 1, -4, -15. 8. -2i. 
4. 22 miles, 48 minutes. 5. 2=22, y=12. 
6, (2u2+3a+1. %. w=2, £5, 5s. 
XVII. 1. 
1. a°—y?. 2. x+y+z-3a, 3. ~6}: 
4, 1°69 in., 2°25 in., 3:8 cms., 5°58 cms. 5. 2a? - 5a -3 
6. 180. Weed y=il, 26, w=9! 
XVIII. a. 
1, a(x+b). 2. a(x—a). 3. 2(x-3a). 
4, x3(x-5a). 5. a(a?-ax+a?). 6. 3a(a-—b). 
-%. 5a? (a —3y). 8. x(x-y). 9. 7(3-82}. 
10, 5x(5a — 4y/). 1l. x(a-b+0). 12, —2a(x?-2), 
18. -y(a-—b-c). 14, px(px-ay+by). 15. 19a%x?(4a- 3a). 
16. 3(p*x?-3pa+4). 17. xyz(a+y—z). , 18. 7b(a-—c-8zx). 
19. 7a (2a? - ay + 8y?). 20. 6xyz (6x — 9y + 8z - Sayz). 
XVIII. b. 
1, (%+4)(~+5). 2. (%-3)(”%-7). 3. (x+4)(x+6). 
@ (x+3)(x +7), 6. (%—-4) (#-6). 6. (x-1)(2-7). © 
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» (2+1)(%+2). 
. (w+2)(x-1). 
. (2-—5)(x4+1). 


(x—10)(x-1). 


. (x-5)(2-18). 
. (x—7)(x+6). 


(a+ 7)? 
(x-—13)(2+10). 


. (7+2)(3+2). 


(x+m) (x —n). 
(x - a) (x - 3d). 
(x — 5a) (% +36). 
(1 — 3a)(1 - 22). 
(8 -—a)(5-2). 
(8+2)(5-2). 
(6+2)(11-2). 
(x — 8) (a — 27). 
(x-11)(a#—-12). 
(a -—1ly)% 

(x - 13y)%. 

(x — 9a) (x - 5a). 
(162 —1)(152+1). 


. (xy - 8) (xy + 4). 
. (17xy — 1) (3xy = 1). 
. (18a+y) (3x+y). 
» (xy — 5) (zy -11). 
. (167+) (1-2). 
2 (8la+1)(%+1). 


(a+b)(x+y). 
(~-y)(6-a). 


. (ac+6)(ac—d). 


(a-c)(a—b). 


. (a?+6?)(c+d). 
. (2% —2)(x?-y). 
. (2—1)(y?+1). 
. (a+m)(a+m?). 
(Qa —1)(x2+4 1). 


(3x -1)(x* +4). 
(a +7) (227 - 3). 
(2 +1) (2 -a?). 


8. 
11. 
14. 


(a —2)%. 
(a+1)%. 
(x+5)(x+7). 


. (z-3)(x-9). 
. (2-5). 

. (2+9)(x-5). 
. (~%+9)(x%-7). 
. (x+9)(~-8). 
. (x+p)(x+Qq). 
. (~—m)(%+n). 
. (2 —2a)(x+3d). 


(2 —2)(x+9). 
(5+2)(1-2). 


. (1+10x) (1-132). 
. (2+11)(a-10). 
. (1-6x)(1--2). 

. (%+10y)(x-y). 

. (5e+y)(x-y). 

. (%-15)%. 

. (2-102) (2-1). 
. (9x+y)(6x—-y). 
. (48a+1)(2-1). 
(13a +1) (12a -1). 
. (7ab+1)(6ab -1). 
. (18a +y)(3x-y). 
. (xy-16)(xy+3). 


(%+17)?. 


. (a — 13y) (2+ 3y). 


XVIII. c. 


. (a—b)(x-y). 
- (w+z)(x+y). 
. (w+y)(%—2). 
. (b+a)(e-a). 
. (a?+b?)(c-a). 


(x + 5) (a4 - 3). 
(aa —b) (bx -a). 


. (+1) (x? +1). 
. (a—b)(z? +1). 


(72 - 3) (2:2 — 3). 
(x+5)(1122+7). 
(2+2)(a—-27). . 
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. (w—2)(a+1). 
. (+5) (2-1). 
. (~-3), 

. (%+3)(”%+17). 
. (%+7)(x-6). 
. (x—7)(x+5). 
. (2 -12)(a—10). 


(1 -2a)(1-—2). 


. (2 -m)(x—-n). 
. (w+2a)(x+b). 
- (a +4a) (a%— 5b). 


(2 —11)(#+10). 


. (2+17)(#-1). 
. (w-15)(x+1). 
. (74+%)(6-2). 


(9-2x)(8+2). 


. (a-+15b)(a+b). 

. (a—6b)(a+ 4b). 
. (%—72)(a—1). 

. (73a—1)(#—-1). 
. (132-1) (2a +1). 
. (1—3ab)(1—2ab), 
. (1-5axy)?. 

. (17a-y) (x+y). 


(19 - x)(3-2). 


. (2% —92)(%-1).. 
. (1-15x)*% 


. (%-y)(a—2). 

. (%—y) (+z). 

. (x—y)(3—a). 

. (ac+d)(ae+d), 
. (2-3) (x? +2). 

. (2? +1) (y? +1). 
. («-y) (x+y —4). 
. (2 +1) (z5+1). 

. (2% -—3) (x? +2). 


(2a —1)(x?— 5). 
(a?—b)(c+1). 
(a + 3) (2a: — ep. 


eaa o - 


. (l-x)(1+2). 


(% — 2a) (2 +2a). 


. (84+) (3a —-2). 

. (5%—-4)(5a+4). 

. (5a —7)(5x+7). 

. (11—8)(11 +5). 

. (%—13)(x+13). 

. (4-llz) (44112). 

. (3xy+4ab) (Bay —4ab). 
. 8x14. 

. (8—cd)(8+cd). 

. (3—2a)(3+2a). 

. 1x305. 

. (100a + 1)(100x—- 1). 
. (a3 — B2) (a2 +b%). 

. (a4+a)(at—a). 

. (ab3c? — az) (ab3c? + 2). 
. (abc +d) (abe — d). 


(7x — 6y) (Tx + By). 
(12a? + y2z8) (12a? — y228)_ 


. (92-8) (9x+8). 
. (3p - 79) (3p +79). 


{Gab +1) (Gab — 1). 


. (&@-17b)(a+176). 


(528 — 13a°) (528 + 1305), 


. (xy? — 12p) (xy* + 12p). 
 (Lady4 — ee 
. 1800. . 998,000. 


1002, 000. a 545800. 


. 136. 62. 650,000. 
. 313,800. 65. 996,000. 
. 9,400. 68. 43,984. 
. 9,999,800,000. 71. 13,440. 
. 15,600. 74, 59,600. 


. 3(a%—-—2a)(x%+2a). 

. 2(a%—12) (+412). 

. 3(a4+2)(at— 2x). 

. 6(3ab+ 2c) (Sab — Qed). 
. 7(a—7b)(a+ 7). 
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_ XVIII. d. 


. (1—2x) (1+ 2a}. 
. (a—7)(at+7). 
. (3%4+1)(3x—-1). 
. (%+3)(a-3). 
. (a —5)(at+5). 


(a —3)(@+8). 
(2-—@)(2+¢). 


. (ab +cd) (ab —cd). 
. 100x102. 
. (zy+1)(xy—-1). 


(1-3k) (143k). 
(3ab — 4) (3ad + 4). 
(x — 100) (2+ 100). 
(ary — 9?) (xy + 9a). 
(6? + 5)(8? - 5). 

(Ga8 — 9) (62 + 4). 
(1 — 10a)(1 +102). 
(1 - 1la®)(1+11@%). 
(pq — 2) (pq + 2). 

(a — 15b) (@ + 15d). 


. (2mn+1)(2mn—-1). 


(a — 13y) (a+ 13y). 
(as'8 — y®) (x18 + y?). 


. (La +126) (11a — 128). 


(x*y — 10) (x®y + 10). 


» (1 = 10a y2z4) (1 + 10ac8y 2A), 


67,000. 
57. 640. 
60. 33,096. 
68. 573. 
66. 15,152. 
69. 11,800. 
72. 15,000. 
75. 128,400, 


. T(l-x)(1+2). 

. 5a®(3y — 4a)(3y +42). 

. Tay (dary — 5) (dary +5). 

+ 141a%3 (a3b? — 2) (a3b? +2}, 


3 (6a — 4)(5a+4). 
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11 (1 —36)(1+3d). 12. 5(8ab—4)(3ab +4). 

13 (a? — b) (a? +5), 14. 7(x—- 15a) (a+ 15a). 

3 (x? — 10) (a2+ 10). 16. 3a(3p —7q)(3p +79). 

- 5Sc(1lx+12b)(1la— 126). 18. 13ab(¢—2d)(c+2d). 

. 17(1 —2pq)(1+2pq). 20. 7x%y2(1— 2y)(1+2y). 

XVIII. f. 

. (a-b+c)(a-b-c). 2. (a+b+c)(a—-b—c). 

(a —¥+2a)(2-—y—-2a). 4 (2%+2y+4b)(x+2y — 46). 
. (x+2a—b)(a-2a+b). @& (x«+y+a+b)(x+y-a-— bd}. 
. (3%+4y)(x+2y). 8. (at+4c-y)(a-4x+y). 

. (5a+a—6)(5a-a+b). 10. (4a+5a + 5y) (4a — 5a — 5y). 
4a. 12. 8azx. 18. (a—-2b+c+d)(a—2b-c-d). 
(a+b+c+x+y+z)(at+b+e-x-y-z). 

(42+ y) (2x — 3y). 16. 16(2x7+1). 

. 20pq. : 18. y(6x-y). 


. (2a+2a+ 3y+3b)(2e+2a-—3y-3b). 20. (5a+y)(x+5y). 
3 3(a+b+ 2c +2d)(a+b—2c- 2d). 22. (8p+q-—4)(8p-—q+4). 


. 4ab. 24. (38x+2y+2a)(x+4y). 

. 5(x+y)(x-y). 26. —48ax. 

. (1432 —-2y)(1— 3x4 2y). 28. (1427 -2y)(1-20+2y). 

. (10+ 2a — 3b)(10 - 2a + 3). 30. b(8a—b). 

K (a-6)?(a +b). 32. (a? + 2ab + 2b?) (a? — 2ab + 2b), 

. 2ab-1. 34. 5(a-1)(a+1). 85 (227+1) (5-42). 

XVIII. g. 

(a—b+c)(a—-—b-c). 2. (c+ta+b)(c—a-—b). 
(a+a+b)(x+a-—b), 4 (yt+a-2x)(y-a+z). 
(a+b—c)(a—b+c). ' 6. (l+a-6)(1-a+b). 

. (wta-y)(x+at+y). 8. (a —2y+3ab) (a —2y — 3ad). 
(a —y+3)(x-y-3). 10. (4+a-6)(4-a+5). 

. (14+2a-b)(1-2a+5). 12. (a+az+b+y)(a+x-b-y). 


. (2a—b+2+¢)(Qa—-b-az-c). 14. (a—b+c-d)(a—b-c+d). 

. (a—c+h+d)(a—c-—b-d). 16. (2?@+2+4+1)(”?-a2-1). 

» (at+c+b)(a+c-—b). 18. (3a—b+2+42c) (3a —b — x —2c), 
, 5(a—b+4+2c)(a—b—2c). 


XVIII. h. . 
(5a: — 2) (a — 2). 2. (x+3)(3%+5). 8. (a—2)(3x-1). 
(x +7) (2x — 3). 5. (a-6)(3a+5). 6. (x+9)(5x—3). 
(x+9) (2x +1). 8. (%—7)(3xa—-1). 9. (2a —5) (2x -3). 


(3a —2)(3e-4). 12. (4ar+3)(4r—5). 18. (Ja + 1)(7x +2). 
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18. (32-2)(30+4). 14. (22-7)(224+9). 15. (2a+3)(3+1). 
16. (2x-3)(3e-1). 17%. (3e-2)(2e+1). 18. (4%-3)(3a—4). 
19. (5a+4)(4%+5). 20, (32 —4)(4x%+83). 21. (6%+1)(3a- 2). 
22, (4¢-5)(6e—5). 28, (1-Qx)(3-Qx), 2. (5-x)(1+2z). 
25. (2a+3y)(x+y). 26. (22-—y)(x+2y). 27. (6x%—5y)(2x+3y), 
28. (7x —-—3)(2x+5). 29. (3a —-7)(3x+4). 30. (7x —4) (24-8). 
$1. (5u—9y)(2Qa+y). 82. (7x-3y)(a+y). 33. (120%+5y) (x+y). 
34, (13a—1)(2x-3). 85. (13%+2)(x+3). 
XVIII. k. 
1. (x+y)(x?-axy+y’). 2. (x—y)(a*+2y+y). 
8. (l—x)(1+2+2). 4 (14+2)(l-x+2%). 
5. (a? +y)(xt- ay +y?). 6. (a? —y) (a+ a%y+ y?). 
4%. (Qa —1)(4x?4+2x+1). 8. (14+2y)(1—-2y+4y?). 
9. (2a-+b)(4a2 -—2ad +). 10. (1+3x)(1-32 +922). 
Ml. (2+3)(x2?-3x+9). 12.. (y—3)(y®+3y+9). 
18. (a+5)(a2—5a+25). 14. (5a—1)(25a2+5a +1). 
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. (a+b)(a+b+2). 62. (5a - 12y)(7x+2y). 

. (2—y)(3a+3y — 4). 64. b? (a —b)(a+b) (x? + 64). 
(a2 + y8)%, 66, (42 -a)(4a+a). 

. 82xa(%+10)(x%+1). 68. 2y(x+y)(x-y). 


. (a+b-c)(a—b+c)(at+b+c)(b+c-a). 
. 3(a—b)(a+b) (5a? — Sad + 56%). 


. (a—b)(5a+5b- 1). 72. (13a —4)(3a +2), 


(2ac — 1) (2a + 1) (407+ 1). 74, (x-y)(a-6-c). 


. (w—1)(w+1)(w-2)(v4+2). ° 16. (wt y—6a)(z+y-Ta} 
. 16(a-8) (a+b) (5a? -6ab+502), 78. (a—by(aw+by +e). 


5a (18x? + 182y + 12y%). 80. (4a? + Qxy + y*)(4a0° — Qary +4’). 


XXIII. b. 


» a(%—a)(xta), (x+9y)(e-My), (75a-1)(x-1), (x +y)(x- 5), 
.e-% 8, lg og. hata bat pa? 


«(% — 1) (a — 2) (a — 3) 


. £26. +3°6, 3-2, 58. 6 %. 30 miles an hour, 


XXIII. c. 


- 2(a-2)(w+2), (2e-1)(w-2), (at+b-c)(at+bt+e), (x-y)(at+y-3p 
ods 3. 12a%b%(a — b). 4. 37-2. § 
. 22°4 acres. 6. x=3, y=-6. 7. 25 miles an hour. 


XXIII. d. 


» (2a+1)(x+3), (a+b+2)(a-b-2x), (b-c)(a—c), 3(1—b)(14+b+6%). 


w— a. 3. 0. ert 
y=1, 2 


. a+ a5 — ab? — bt, 6. 5. 7, 2 stumped, 3 caught, 5 bowled. 


. a—b+e. 


- er sree 6. 


. Gay—3y*%, 2. 3. 8. 
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XXIII. e. 
(x ~32)(x+4), (v+y)(a-2), (w- 1) -3), 4(1+3a)(1- 34+ 90%), 
c—a+b 8. (x+1)(x-2)(x-3). 4 25-7 miles from the start, 
ct+ta-—b 
a - 2043. 6. —15. Yo 
XXIII. f. 


(2a -1)(x+5), 3(a—b)(a+6), (b+c)(a—d), (w—y)(w+y) (x —2). 
3 3-227 4, x=9, 6, 3, 0, 
* (-2@-a) y=1, 3, 5, 7. 


ee oe 6. 15 miles. 7. -T7}. 


XXIII. g 


. (+4)(42-3), (2a+b+c-d)(2a+b-c+d), (a-1)(x+1)(x+2), 


(~~ 1)(~+1)(y—1)(y+1). 
ey 3. 18x%y2(xt-y4). 4 184 against, 161 for. 
rye es 


Hi 


—— min., 20x yds., 4 Y miles. 


XXIII. h. : 
+ 2. 0. 8. 3°3, 4:8. 4. 1. 


g 
§,) bo 


6. x=-2,y=lyz. 7. £3zx, £12z, Loo! ey 700" 


ie had 


. XXIII. k. 


- +142. 2. 2. a 


ems 5. 22 min. past4. 6. x=-1, y=—-I1, 
a+ ay+y Ly oY 
ae 15, —8, - 3, 0, 1, 0, —3, = 8; — 15. 


| XXII. 1 


31,4. .* 5. a=93,6=4 6 2=-2,y=-2, x=-1, y= -}j. 


XXIII. m. 


12ab. 2. Oh. sent 
4(2?+a+1)(x+1) 
ach (act + 1) 


ae at Via 9200 
The equation is an identity. 7. £( 8543 a {T00+z 


5, 55 min. past 4. 


B.B.A- o2 
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xxxvi 
XXIV. a. 
loot 2a 8 yf 4 wy §=65, ab 6. tty, 7. Dab, 
2 3x2 9a%B3 
. 4a? 9. a\* P1002: jen’ 12. 
8. 40% Txtyse ; 7 “a 
13. 1. 14. °5. 15. °8. 16. 100. 17%. 
7 Be 29, 2 91, Hate? gg, sty? 
1s, 2 19. * ae 3 . ae. 
2 
93, er 24. o 25. 3(a-b). 26. IAQrty). WT. x+y. 
XXIV. b. 
1. x+y. 2. x-y. 3. a+2b 4. 2a-b. 
5. x3. 6. 1-22. 7. 5a—3b 8. Tx-y. 
9. 2a-7b. 10. 3x+4y 1l. lla-26 12. 1-325. 
18. 13a+2b. 14 Ya-b. 15. 5a-Ty. 16. a?-b% 
17, 2a?+b? 18. x%y-1 19. ee 20. a?+2b* 
21. 2-4. 23.5% 99,92 : _3y, 
ae 2 a : y «x a 2 
1 
25. a? +5 96. as. 27. xty+l. 28. 2b. 
29. x-y-2, 80. 3(atb)+1. 381. atbtct+d. 82, Qatd.. 
33. : 84. 4(m-y)-1. 85. a+2b+3. 36. b. 
a7, %_ 38. _ ee 2a? _ x8 
7 , 4, x+Ty 39 ae 40, ie 7 
4 2a a+b a+ 
PVRS Het Find Se ee . +2ab. : 
a hae 3 5 43. + = 44. 4. 
45. +62. 46. +200y. 47. 1. 48. +2 49. 1. 50. +4 
XXIV. c. 
1, 2?+ar+l. 2, Qa*+a+41. 3. 2?-2+2. 
4 a®?-2ab+b? 5. 3x°-2r+5. 6. 2x -5y +42, 
7. (42243041). 8. 5a? 2ax — 3a%, 9, 2-344, 
x 
10. a-b-c. ll. 2®-3a-7. 12, 3a? —Qey + 5y% 
13. a-2b4+3c. 14, 3a?- 70? -11c%. 15. 2ab—3bce — ca. 
16. Qa -3y +52. 17. 7x2 - Bary + Gy’. 18, 3-9-1. 
re 2 eA ee, a: 
19. 2a? -3y?+ 724. 20. . 1+) 21. g-e-l 
2 32 
0% Bie $9, 32 a? a 
g tots Stath 24. Beth 
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en | 1 a a 
e-3Z+5 26. g ~8tty 27 3 ety 
Deel s 3a 4 
2S 29 eae 2 Soe pes 
3272+4 z ee 30. ts 
XXIV. d. 4 
. 42, > tote IE 3. 130. 4. 52. 5. 187. 6. 625. 
462. 8. 84. 90126: 10. 2005. 11. 3001. 
. 1973. 13. 2345. 14. 20202. 15. 1351. 16. 3489. 
XXIV. e. 
mTOe, 1 COT 71, 7 80 
. 6°21, 6°30, 6°33, 6°53, 6°84. 41°5, 44°6, 46°5. 
ey 00; 7-12, 7°16, 7°34. 49°7, 51-3, 53, 64°2. 
7°39, 7°67, 7°90. 22. 80:2, 81-7. 23. 80°15, 80°23, 80°54. 
. 9°053, 9°088. 25. 91°35, 91°78. 26. 10°084, 10°048. 
. 12°36, 12°94. 28. 1°73. 29. 2°45. 
2°65. Si. 302. 32. 2°37. 33. 2°19. 
257. 85. 2°12. 36. 2°39. 37. 2°07. 
5:24, 5°83. 89. 2°47, 2°76. 40. 2°02. 41. 3°03. 
3:06. 43, 3°08. 44, 3°11. 45. 4°03. 


4°08. 47. 4:09. 48. 5-03. 49. 5°05. 50. 5°07. 


XXV. a. 
a; 2. 2. 1, -1. 8. a, b. 4. 0,1. 
-2, -3. 6. —a, 6. 7. 0, -2. 8. 2a, 6. 
—a, 2b. 10. 4, =3. 11, -3,-% 42 0, -§, 
ab a+b c+d 
ary 14. a+b,a-b. 15. coe 2 
. p—2q, 2Yw-g. 17. 2(a+b), —3(a—b). 
a*, -— 67, 19. -—(a—6)*, (a+b). 20. 3. 
2 QO) ae 22. 0, -4. 23. -a. 24, -2a, 
XXV. b. 
wipe Ake 20.872 3. +2. 4. 0,3. 5. -1, -3 
== ts hc Oh eer Gale er 8, 2, -1. 9. +2. 10. 10, 1. 
=9,.5, - 125 35.9. 1322—5,.4, 7 142-7,:0. 15, +1. 
neki, De, 17. -3, 0. 18. -7, -3. 19. 15, -1. 
. 5, -8. 21. 15, 15. 22. +3. 23. 0, 2. 


Oran 25 102, 1. 26. -1, —15. 
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XXV. c. 
3 
1. 13, 4 2. -3,4 8. -14,-l; 4 9, ee 
ae i 6. 12 7% > Sie 
5. 13, = . ly = > 2 > 5 ig 
a+b c+d 
9. am, 1 ~14, 4). ihe 12. 5, 3. 
18, -4, 8 14, 4, 6. 15. 5, -1 16. +3. 
17. 4,4 18. 1, 3. 19. -4, 6. 20. 0, -3%. 
21. 10,1 22, -1,-2. 28 -41,-7. %& 11 
5. 4,3. 26. $, -4. 27. 3, -4. 23.3, — 1 
20) 24; 80. -92, 1. $1. 15, —4. 3. 2 
33..2, -32. $4. -5,-7, 85. 1, -q5. 36. $, - 45. 
a7, =32, 3. 38. 11, —13. 
XXV. a. 
E22. 2 =} aS. 4.1, -1, 
6. 26 6-55. 7.) -9,, —4. 8535,"5: 
9. 2,2. 10. 3, 2. U3 y8. 18 eee 
18): Base: 14; 3, 22: 15. §, +33. 16," 2, =. 
17) BVT4sN. 1803 a LOBE = 2. 20. 22, -2. 
1.24, -9) 8 8 4 28. 1,4. 24. 3, 19. 
25, 2, -3. 26. 2, -14. 27. 5, 7f. 28, 5, -%. 
29. 0, 728. 30. 12, 36. 81. 0, 32. $2. 3, -2}. 
88, 3, 4. $4. 4, -4. 
XXV. e 
1, 14V2=2°41 or -°41. 2. -14V3=°73 or -2°73. 
8. 24+V3=3°73 or °27. 4. 14NV5=3°24 or — 1°24. 
p, SN IG} 9.17 or - 87. 6. 1+N6=3-45 or — 1-45. 
% V3=1°73. 8. -64N3=-7°73 or — 4°27. 
9. San 8-198 or -°73. 10. 24+/13=5'61 or -1°61. 
11, eRe Ee — 3°39 or ‘89. 12, 9208 _ 9.58 or 2°42, 
43. 1 W2 _ 20 or —°14, 14, 2/3 =3°46 or -V3= -1°73, 


xxxiz 
XXV. f 
1. +5, +2. 2. +3, +6. AD es 9 4. 0, -1. 
5. 3, -1, 14V13=4°61 or -2°61. 6-1, =f 7 +1, 4. 
8. 5, -1, 24N3=3°73 or 27. 9. +2, +3, +1. 
10. -—8, 3, 0, -5. 11. 0, 5, -6. 
12. 0, —5, (other roots imaginary). 18. 0, -4. 
14, —5, 2, (other roots imaginary). 
iss, 1, —4, ep 16 or -3°16. 
ig. -3, —-~~— sul ae -3-08, 08. 17. 1, 2, ab aN SS, — 44, 
XXVI. 
1, 25, -15. 8. —2°5, 3°5. 9. 5, -16 
10;. °8,. 2°5. - 11. 1:5; 2:3. 12. ‘5, —2°6, 
18. 2:1, -1°5. 14. The roots are equal, °5. 
15. The roots are imaginary. 17. 3°8, -—°8. 18. -2, 2°6, 
19. -2, 3°5. 20. —3, 4°6. 
21. 1°87, —1:07. Minimum value —10°8. 22. -2, 3. 
23. 4, —2°5. 24. 4:8, -2. 
25. -—1, 22, 3, 3:4, 3°4, 3. Maximum value 3°45. 
26. (3, 5). 27. 1°44. 28. 6. 29. 2°5 2'5. 
30. 2°6, 1. 31, -4, 82. —1°4, 2°6. 33, 2°5, -—4 
XXVII. a. 
1 OES eT 2. 2=5,-y= —-2 8... 2=2, y=8 
4) c=], y=2 b= 3,40 6 z=] y=2 
7. x=2, y=-1 8. x=6, y=-3 OS 2=5) y= 2. 
10. x=6, 9. ll. #=5, —3. DO ied (PW I 
Y—9,.0. Y¥—s, —D. y=11, -12. 
13. 2=13. -9. 14. x=-7, 13. 15, x=7, —3. 
y= -9, 13. less ids y=3, —7. 
16. x=i, 1. 17. 2=2, 2. 18. x=2, -4. 
Y=D > y=3, 8. y=1, -10. 
19, «=6, -4. 20. x=4, 1°6. 21. x=+7, +2. 
y=2, —9. y=2, 5. y= +2, +7. 
22. 2=+5, +3. 23. x=+2, +4, 24, x=+4+3 
y= £3, £5. y= +1, +4. _— yal, 
25. c= +2, +42. 26. x=+5, +3 27. aad, 2, 
y=+5, +3. y=t24, +4 y=2, 4, 
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xl 


° Cl ° - od F riforiho 
eles 3 < mR oo ripomtke -H H aoe 
eid miko | A an 1 ee a 
bol ie of Ao 1 1 oes | diedjo 7 Hi Aber) | 
nade oo | ost et en Ht Bris HH Pa AA oF oF 
ltl WoW SU Sa fel he a bal : all ‘i 
Ra>RDRE Rm RRHDSRRFRKERRARAD 
. ° . 1o o * . 
$ 8.8 * Gg & € 5 A SB A 
CiE™ Oy age os Wa A chet os 
le cl Sn || CURRIN on > etkomsien | itt ianrnra 
rl coatad a os os Htheie®S Ohad mone of Tt ef RS Hie 
Il ve . ify Tea ro ie ees Fe ene I We a te 
8 RD p Ra 8 wen week ES eS ey 
A : J 6s i : 3 
Ep fe K * ne) Nh ES Se ae Canes a 
al es i Pee 
= ee ° ° 
evione 2S 1 | ese a ae ee Ta 
MEE | Ls seiet tetatatae of A hot | 
elieeen ses aot ag | Ht HH aia HOH ofa enh din 
We -ell tl WU WE A ps Mee De A AT i te Uk Slt 
RraRwA RAR RARMEBRKRDRHKAKRRRARRH RA 
. . . o "i * * . 
a8 ¢ apd © 8S eee woe 


=r 
+2, 


+10, 


38. x= +3, x 
y=t2,y 
y= +2. 


8.5% 


+2, F409, . 


+3, +N2, 
+1 (other roots imaginary). 


y 


2. 2 


XXVII. c. 


y=+1, +2. 


y= +2. 


4. x 
y=H+l1. 


lL. x=41. 
6. «x +3, 0. 
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5 5 
9. «=+—. 10. x=+3, +— a2 
6 oe /2 sri 
1 1 
=+—— =+2, +-—-. = +3. 
y 6 ¥ V2 y= 
ic +2.. . 1S = 4, 2: 3 : 
y= +3. y=2, i} other roots imaginary. 
3 
14. x=+2. 15. x= +2, aD) 16. x= +7. 
1 
=a =+1, +— = +5. 
y 5 y ND y 
17. 1=8, -3. 18. x=-7, 3,5, -1. 19. x=4, -62, 
y=3, -8. y=7, -3, 1, -5. y=6, ~47. 
20. x=+45, +2 21. «=+2. 22.6=0, 4. 
y= #4, =3. y= +12 y=4, 5. 
23. x=1, ~3}. 4. x= -7, 4. 25. x=2, -} 
y=1, “avs y=-73,3 y=3, 0. 
26. x= +2, +e 81, <=, -12. 28, 2-45, +3. 
y= +5, +e y=3, -33 y=+3, +5 
99. x=43, 1 lino}, 13, © $1 2205, aS 
1 
== + 15+—— eo 12, 12, =-5, -2, -146. 
oy a= Te y 3 43 y 
$2. x=+3, +1. $3. 2=2, -3, -24+N2. 
y= Fl, ¥3. y=3, 3, —14N2. 
34. x=0, -2. th tei ; 85. x=+3, +2, +3, +2. 
eres, "e. other roots imaginary. y=42, +3, 2, $3, 
XXVIII. d. 
1, A circle, centre (0, 0), radius 6. 2. The origin. 
3. ” ” = saat Fs 4. Acircle, centre (0,0), radius 9. 
5. A circle through the origin, centre (-4, 4), radius 4/2. 
6. a9 ”> ”? ”? (4, 3), ” 5. 
7. Accircle, centre (3, 4), radius 6. 8. A circle, centre (1,2), radius 6. 
9. 9 9 (—2, 3), ” 5. 10. ” = (3, — 3), ” 4. 
11. ” 0 ( AN 0), ” 4, 12, ” ” (2, 0), ” 5. 
13. ” +B) (We 0), ” 4. 14. 39 39 We 0), bed 6. 
15. A circle, centre (0, 0), radius V2. 
16. eee aig =O aa Se 
TPE Fe oan (0, On noah 
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18. A circle, centre (0, 0), radius /10. 

19. fe yy (00), spew Bs 

20. i = 4 (0, O)su Serge. 

21. ” » (-1, -1) 5s V2, through the origin 
22. op CL RHEL, Oe POE. 

28 ” 99 ( “7 2, 2), ” Jb. 
24. ” ey) (-1, -}), 2” v5. 
25 9 99 (3, —2), ” N10. 


1 
Bee a Ome 
27. 29 a (1, —2), ” N3°5. 
28. ” ” (2, -1), » 1°5. 
29. 99 9D (3, 0), 39 2°5. 
XXVII. e. 
bee 5.5," 10 2. x=6'56, 2°44, 
y= 1575 25'S. y=2'44, 6°56 
8. x=5'1, -3°1. 4 x=561, -1°61. 
y=3'1, -5:1. .y=161, -—5°61. 
§. x=619, 81. 6. x=4°7, —1°7. 
y= ‘81, 6-19. y=17, -4°7. 
7. 4, 9. 8. 3:2, 78. 9. 5:73, 2°27. 10. 5°12, -—3:12. 
Ia = 1:27," — 47. 12. g=-2, 2°8. 18. x=2°6, -2. 
y=1'54, — 1°94. Y= bee —-4. y= 32, 34, 
14, 1, -272. 15. x="69, -2°61. 


‘5, 2h. y= —2°92, 1°48. 
5-29, +2°84. 17. x=+13°8, + 5°8. 
2°84, +5°29, y=+ 58, +138. 
3, -— 4°3. : 

‘6, -—18°6. 


16, 


18, 


ee Sat 
| 
Sik ox 


i il 


XXVIII. 
1. (i) x+y miles, (ii) 2—y miles, (iii) —*— ours, (iv) —4~ hours. 
c+y xy 
2.(i) £~, (i) £7, (ii) 27%, (i xy? 
(i) 100 (ii) £ 00° (iit) £700" (iv) £ =+T00 ‘ 


= TOO teen Sn gga wee”. TNOGE ee 100a 
8. (i) £ _10000_ 
® *hige “ine eT ora OP? x 


100+ ay 
4. (i) ; hours, _(ii) = hours, cH hours, (iv) ay miles. 


hours. 


& (i) 2+¥, iy %@*9), Git) Sb iv) —3%Y 
i) By (ii) ae (ili) Barer ours, (iv) era 
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hours. 
Sag LE - XY 


ad (iv) £ VX, 
Ys 


8. (i) ot (ii) 


7. (i) £5, (ii) £7, (iii) £ 
YZ 


8. (i) £@-y), a 2(€2), (it) £224, Gv) gablu-y) 
xy 


(v) ecb Bs per cent. 
ay 
9. (i) iB pence, (ii) a pence, (in). a pence, 
(iv) es a pence, (v) ia pence, (vi) ates pence. 
< x ze x *:, 
20. (i) £0’ (ii) (es (iii) £a(1+55,), 
° ax ax \2 Bi 
(iv) £2 ( £(14%)> wD £(14;%)> 


(vii) £(1+55)" (viii) £P (+35), (ix) £P(14;%)" 


(x) eP(1+3%)") Gai £{P (1+15)" - P}. 


100z 100. 
Ll. zy 
dei — (i) £5955 , (iii it) Sto ay? Gv) £ pray 


12, ay 2 y (ii) 
b 


18. (i) (wy) miles, (ii) a(x-y) miles, (iii) — Z hours, (iv) = 


hours. 
y 


Zz 
14, (%+2)(%+3) -—a(%+1)=y. 15. ax + by = 55, 16. To *107 12 
17. 7? -(y-8)¥=x. 18. 2?-(z-2y)?=a. 19, ——--=a. 


20. ax+by=(x+y)c. 21. (x+a)(yt+a)=2ay. 22. canine 


28. zey7 24. ax=y(a-n). 25. eee 26. ax+(a-—b)y=n. 
27. (a-1)y=1760. 28. (x-1)y=1760a. 29. 3t - +p tv= x, or 1lx=30y. 
ee ay a ee 
30. Y+ 097" 31. 10071007 82. aig ae fad, 88. ay—2z(x-a)=20¢. 
XXIX. a. 
1. 10, 12) 2» 16 ft7-19 ft. 3. 16 IS MA 15, 16: 25. 5h. -6, 7. 
7. 169. 8. 53yds., 106 yds. 9. 3ft. 10. 12,15. 11. 14 ft. 12. 5,8 
18, 15. 14. 12. 15. 6,9. 16. 72. 17. 40yds., 50yds. 18. 4. 19. 22 
20. 30. 21. 10. 22 11. 28. 55and60milesperhr. 24. 12and24days. 
25. 2hours, 4 hours. 26. 25 miles perhr. 27%. 3. 28. 6, 7, 8, 9, 10. 
29. 95. 30, 4 feet. 31. 32 miles per hr. 82, 4. 
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XXIX.-b. 
he TSP io 2. 3 in. 8. 43. 4 12. 5. 93. 
6. 6 yds. per sec. (Ase 1? 8. 6 miles an hour. Ol: 
10. 55, 60 miles an hour. 11. 6s. 6d. 12. 13 miles. 18. 32. 
14, 24 ft. long, 18 ft. wide, 11 ft. high. 
15. 10 yds., 7 yds. square, £7, £5. 
16. 30 miles an hour, 50 miles an hour. 
17. 14 ft. long, 12 ft. wide, 9 ft. high. 18. 8 miles an hour. 
19. 5 miles an hour. 20. 8 ft., 7 ft. 21. 576. 
22. 42s., 7s., 38. 6d. 23. 4s. 24. 9 miles an hour. 
25. 3d. for 14 lbs., 2d. for every extra 7 Ibe. 26. 33°, minutes. 
27. 78. 28. 10, 7, 5milesan hour, 70 miles. 29. 7 ft., 18 stone. 
30. 7-2cwt., 11°25 miles. 31. 40 yds., 604 Vtsl Ses. Ty Oe 
$8. 9, 4 yards. 34, 32 yds. long, 27 yds. wide. 
85. 88 in., 80 in. ‘ 36. 10 hours, 15 hours. 
87. 203 ft., 16 ft. 38. 3 miles an hour. 89. 147. 
* 40. 10 minutes, 15 minutes. 41. 3, 4, 5 miles an hour. 
42. 15¢ 02. 16t0z. 48. 6miles, 8milesanhour. 44 £5. 14s. 
45. 53, 6% hours. 46. 12miles, 3 miles an hour, 4 miles an hour. 
47. 8 niles, 16 miles, 43 miles an oak 7% miles an hour. 
48. +°5. 49. 13, 14, 14 minutes. 50, 10 gallons, 
XXX. a. 
1. -Ba%. 9, Dix? 8. ‘Baty. pte 
‘t= m, 08 
5. 2(a-8). 6. 7. Qe+3y 8. 14.20%, 
1 5a 
9. = 10. ie il. —b). nd 
at = wt7 1, 14+(a-5) 12. 5 
13, x 14. 2a 15, 2274 1 . 
Ze aa 16 2a8 + 
17. 4, 5 18. -3, 1 19. 5, 2: 20. 4, -5. 
21. Dy -5 22, +4 28. -4, i. 24. 1}, 22. 
25. 14,:-4 oo. s,. —3 Teme 28. 12, 43. 
29. 4. 2. 30. -1. 81. 1, -2. 82. 1. 
$3.15. 34, i. 35. 2. 36. 3. 37, +. 
XXX. b. 
1 Qaa 
* Fat—9av ° 2. a+b-1, a?+b2+¢2+42ab—2ac — be, 
a® + 3a7b + 3ab? + b?. 
8. +4. 4. 2°83, 3°61. 5. x=3, -22. ae 


y=1, - 17. 


ANSWERS TO EXAMPLES: PART I. xlv 


XXX. c. 
oa ; 
1 See 2. +10. 38. 3,-2. 4 5a2-Tr+4. 
5. x=2°5, y=6-25. 6. 2=3, 4, y=4,'3. 7. 7062. 
XXX. d. 
2 
ak en 2. x2-x2-4, a?4+4b2+¢2- —4be 
(a +26) (a — 3b) SAR a? + 9 Seyi 4ab + 2ac — 4be, 
3. 1, 2are the roots. 4 7:40, 7°65. 5. 2=3,-8, y=4, -1}. 
6.1. 4. 7. Half a minute. 
XXX. e. 
5 1 a 1 1 
1. . ; . lg, - 1g. 2 — 35- 
(@—)N@+2)(24+3) 2. +12 3 lz, lz 4 x< 25> 35 
6 z=41, y=42 6. 422-2 +). 7. £15. 15s. 
\ 
XXX. f. 
zi. 3. -2°8, 2:3. 4 12°25, — 6°25. ih tse ia be 
7. 2340. 
XXX. g. 
lL. 22. S 2:15, — 1-4. 4°) 2:83. 5. x=6,3, y=}, -2b 
6. 2?-6x+1. 7. 37 miles an hour. 
XXX. h. 
L. (2?+3a043)(x?-3x+3), (82-1)8(1-a)(1+a+a?). 
2. a(a—c) ; 2 _ »/2)2 — y2) 224-24, : ‘ 
re 3. (x? — y?)? + (2? -y*) 22 +z 4. 68s., 86s., 988, 
5. 2°6, —1°6. 6. x=+1, y=+2. 7. 80, £32. 
XXX. k. 
. 16a®—36a4b? — 108a3b? — 162a%b4 + 486ab° + 72908, 
2 (c+a—b)(c—a+b)(c+a—b)(c—a+b) 36 4, 2°56 ~1°56. 
ee ee ee 6. s b F 
5. 2.54 p.m., 1.51 p.m.,3.57 p.m. 6. x=+4, +1. 7. Friday. 
! y= 1, +e 
XXX. 1. 
1. 6a5 — a4 + 103 — 14a? - 25, © 3. 5, 3. 4. x=6'37, 63, 
y= 63, 6°37. 


They meet in 4 hours, 42 miles from home. They are 10 miles 
apart in 5 hours. 

z= +5, +2V3(=+3°46), - SEE Te 

y=+4, + a/3 (= + 73h g+r 


zlvi ELEMENTARY ALGEBRA 


XXX. m. 
1 . x? -—32+2a 
Ame es 2. 3. 3 
1. (a—6)? S x-3. 
4, £19. 18s., £41, £57. 8s. 5. x=6, -2, 
y=6, 2. 
6. 2=+2, y=+1. 7. 39 ft. long, 31 ft. wide. 
XXX. nu. 

L. = 2. 4,3. 8. 2a°b(a +b), (a —2)(2—3)(a—5). 

4, «=0, 4, 5. 12, -15. 6. w=+44, +9}, 7. One mile. 
y=0, -8. y= F2, +7. 

XXX. p. : 

1. be+aytl. RE RO 

8. (a—b)(at+b-c)(a+b+e), (x? - ay —y*)(x?+ay —y?*). 

4, 4:54, —1°54. 5. 253 miles an hour. 

6. w=, -h. y=1, -} 2=h oe 7. 480 apples, 400 peara, 

XXXI. a. 
1: ac 

1. -a-b. ee = 
a 2. ab 3 5 

4 2(a — 2b) (2a — b) 5 2 6, ate 

a+b : * @®b? + 5%? + ca?” ae 

7. a+b. tee 9, e+e 

eto ae ts * at+d° 

10, abe. fie eee 12,.22 

a+b ° q° 
24 62 b 

13. 0. ic ab 

a+b 8, a+b 
64] 

6 Pe ae ad-+be-2bd 
a(a*— at —2) a*—ab+b™ He a-b+c-d 
2ab 

ieee a, Ste 21. a+3b 

gg _2t¢ 23 a+b Qab a+b 

2 a 4. 25. —— 
XXXI. b 

1. =a+1, y=a-1. 2. v=¢c, y=—a. 
ss “se s+t s—t 

8g x=3a-b, y=a4+3b. 4 + San Y= Tony 


rae te past: ‘greta 


oe 


ANSWERS TO EXAMPLES: PART I. xlvii 


ate ee sort) 'a=¢ 
heat ernie bles pes a wr 
_@+b6  a-b 3b a 
'. SSE Fath 10. ae ye a 
_b+e-a  atc—b __c¢(a? +b?) c(a?+b?) 
 atb-e ” atbse wl a2—be’? 4" Sab Maciek 
= Ce ee 2 6 _atb+e  atb 
~e+@’ Y= o(e4a) Se HO 2 Le 
i ts _ ab? afb 
xz=a, y=). 16. eine Lapras r 
=. as _be-d  _ad-e 
x=at+b, y=a-b. 18. a ee 
+ \ 
. nat, oa. = 20. x=6a+b, y=2a-b. 
# -1 99, watte=4 ,_cta-b _atb-e 
; “ar t= a+i" Sh beak? 9g oh a Ga 
- Zz +6 +e 
— 9 ia! cond es - i Nicttgit aot 
___ 2abe _ __ 2abe nS Qabe 
© ab—be+ac’ 4 ab+be—ac’” be+ac—ab’ 
; XXXI. c. 
. 2=5a, —3a. 2. x=2a, 3a. 3. a 7. 
: a 6 
x=a, 6. 5. pe 6. gue Lg, 
a @ 
b,) 1 ek 
z=+a. 8, haa 9. Uae e 
ae | f? 
a a 11. x=4b, -3d 12. x=. 
mao deg 4b, -3 a a 
3a 
=, a 14. 2=3a, =. 15. 2=-2a, 20426, 
a-—b a+b a+b a-b 14-2 : 
eee ee ae tee 
pan 0 
zw=atl,a-l. 2. x=}[at+b+c+Na?+b?+c?—be—ac—ab}, 
b 
: 2=3(a+5 : 22. 2=atb, 25°, 28. 2=0, a+b, 
—2ab ie bs = fe 
z=1, ii oab 25. x=), 2a~b. y=a, 2-4. 
XXXII. d. 
il. 2, 2. 8. 7. 4, 1,4. 
de 6 +5. 7.0, 4 8. 3. 


alviii ELEMENTARY ALGEBRA 


il. 


14, 


1 
pita: 67's. 11, 25. 12. -4, 
2/10 ( 2 6b2)2 
: 16, VT Berries 25 
4, 14. 8. aah + 
a +2b. 1a, ee. 19, 22 20. = 
2 a2 
. 16. 22. 0. 28. 2. 24, ©. 
. a+b? 265 1, —4. 27. 0, 5. 28.71. 2 


. 2,-4 80. 2,-§.. 81. £845). 88 48, -1. 38. 2 -& 


XXXI. e. 
x=6, 4, Pe att a Pia 1429 
y=4, 6, y =3, 3, Dacha cree ° 
ao Oe 5. ole 9. 
4/5 
a= 2eNe +3, 5. w=+4, 6. eet a4 
— 445 P = +b 
y= +42, +1 y= +2. y=b, . 
Qc 
Os Tt Sg = a 
vo y=2, 4, 1, 4,.1, 2, 
y=+¢, oe a=4, 2 4, Ies2. 12 
eo, ab? ab(c+d)-cd(a+b) 
t= tA dame tea 
| pea | 1.1 
w= +(F+2), +(5-3) 12 me: 138. x= +73, 
we ia 
ym 2 (fag eG) a ee 
a a 2=+72: 
7 Baye 
z=+3, y=+1. eye 
XXXI. f 
(0, 7)(5, 5)(10, 3)(15, 1). 2. (0, 5)(3, 3)(6, 1). 
. (5, 1)(3, 6)(1, 11). 4. (7, 8)(10, 1)(4, 15)(1, 22). 5. (2, 3). 
. (11, 10)(24, 8). Wage 8. 8. 9. 6. 10. 6. 
> (1, 7)(3, 4)(5, 1). 18. (1, 13)(2, 8)(3, 3)(0, 18). 
. (0, 12)(4, 9)(8, 6)(12, 3)(16, 0). 15. “(1, 3)(8, 1). 


- (0, 10)(3, 8)(6, 6)(9, 4)(12, 2)(15, 0). 
- (2, -5)(4, ~4)(6, -3)(8, =2)(10, - 1). 18. (3, —6)(6, ~ 4)(9, - 2), 
» (1, —3)(2, -2)(3, -1). 20. (-3, -6)(-6, —4)(-9, -2), 


(—3.-4). 22. (-2. -20)¢-4, -8)(-6, -6)(-8, --4)(-10, ~9), 
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2 at 5s. each, 4 at 7s. 24. 6 geese, 4 turkeys. 


33. 
25. 30 ways. 26. 27, 32. 
27. Give 10 four-shilling pieces, receive 2 half-crowns. 
28. 4ways. 29. (3; 43), (£; $). 30. 2=13p+7, y=9p. 
81. 3 ways. 82. 35, 4. 33. 3 ways. 
XXXII. 
1. x?-7x+10=0. 2. x?+x2-20=0. 3. 422-1=0. 
4. x?+32=0. 5. x*+ax-6a?=0. 6. 2?-2ax+a?-1=0. 
7. ax? -2a2x+a2-1=0. 8. x?-Qmxin=O. 9. Ilx?+mx+n=0. 
10. x?-6x7+6=0. ll. 252?-40x+13=0. 12. —25. 
18. p?-4q must bea reels square. 15. PNP “2, p vee 89 D, q. 
52 — dae 2 ed 2 2 2 
16. (i) Nb = See (ii) ae . (fii) e (Bee b?) (iv) ah a ~ 
17, «?-2px+4q=0. oe 5 oe 
19. axz?+3bx+9c=0. 20. at EE eli 
21. acx*—2(b* -2ac)x+4ac=0. 22. a®x*+abx+9ac — 2b?=0. 
28. a®cx? — b(3ac — b?)x+ac?=0. 2%. a= - 5. 
26. x?+4px—p*=0. 27. a?(2?+1)+(b2+2a?)x=0. 
2 2 
28. p(3q-p%). 29. p’x* + px(g—r)-gr=0. a = 
80. ax? - (b?-2Qac)a+c?=0. 31. x? -(p?+2q)x+q°=0. 
$2, k= -2. - 84. (p'-p)(pq'-p'g) =(9- 7). 
89, a8x? + 2b (46+ 3ac)x—c?=0. 40. = =32 48, (i) ac. (ii) ct 
4g, 0° —2ac 49. 5a. 50, 2. 
a*c? - 
XXXII. a. 
1. (2%-5y)(8a—4y), (x?- midi Nn ves 4 y?), 
( y eN (x - Pye 1) Gee £1) - x+1), 
2. 0. 8. 82(2z-1). 4, a ce a 
5. (i) 23, -} (ii) z= +2, +1, 
y=+1, #2. 
6. 4 hrs. 35 min., 3 hrs. 48 min., 19°9 miles. ot 
4. x= -3, y=14, 2=4. 8. 2?+3px+2p?+q=0. 
XXXIII. b. 
1. (v+7)(z+9), (y-a)(y+7a)(y— 6a), 
Ode a(x —1)(x+1)(x—- pias Ve 3) (2 +3). 
2. —72-2. 3. 4. 4. (i) 5 bth) Ayels. 
6. £600. 6. 90, 81, 71, 62, 41, 21. 


S op 


nia) -=. (ii) 2=2, 14, £30. sis 


ELEMENTARY ALGEBRA 


XXXIITI. c. 
367a —114b+690c, 1082. 20: 3. 227-Ja+2, 4 -3,3 


z 
¥y=15 1}. 
XXXITI. d. 
a3 — 3a? +1lx-8. 2. 21-8. 8. 2x77+32 -6 


20x yds., = miles, pa mniles, = hours. 


(i) 2=0, 7, -294. (ii) w=2, y=d. 
In 372 secs. 7. 2=1°5, max. value 2°25, 


XXXIII. e. 


_»)2 
xo — 8, 8. n?+3n+1. 4. mele Jie. 
2yz 


. (i) a-b, (ii) 2°63, 1°37. 7. 15, 12 miles per hour. 
21 
» $9 3 


XXXIII. f. 


. a 8y2, 2, x(a—4)(4x-7), (y+3)(y —3)(y24+20), 


(a? + 3b?) (a? - 3ab + 3b*) (a? + 3ab + 3b). 
b 


() (iy F229 4. 4a, 48. 


. 48 minutes. 7. —(at+b+e). 


XXXII. g. 


. 205+ 324482425, remainder 74. 2. 618. 
. 14/8, 14/-, 4. (i) -4(a?+0%). (ii) @ 


bc 


ey eA ac 
F (i) es (ii) eS ath Seow 6. £26, £50, £64. 


+b 
ax? —2b4+4ce=0. ‘ 


XXXIIi. h. 
x™ (a + ba?), 2. —30. 
(i) a?-ab+b% (ii) (a2 +ab+ b?) (a? — ab + b2) (a? + ab — 62). 
x=2, y=5 are common roots. 5. 27+ 3px -9q=0. 


(i) 2, -35. (ii) w=dy 4, 7. 41, 28 miles per hour. 
Y=-% Fe 
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XXXII. Ek, 
| 
' : 1 
2 31, --81. = 4, 29 
§. 5/17/-, 6/6/-, 7/12/-. 6. x=+(a+b), 
y=+(aFb). 
7. ua®+(b-2am)x+am?-bm+c=0. 
6. @- 40 ESE 
I, (a*—126)(a2+4b), (a+c)(ac+b%). 2. a®— 64b8. 
4. 1613. 5. x=1, y=2, z=3. 
6. B<ac. 7. 43, 18 miles per hour, 
: XXXTII. m. 
1, (6-c). 2. (2x+7)(92-8), (a-—c)(a+c- 2b), 
(x — b) (x — 3b) {2 ~ 5b) 
8, x84 Jar 4+2n-3. 4. 3°61. 
5. (a) x=4; 3 (0) %, e 7. 25, 44, 46. 
21 b a 
Y=3) z 
« XXXII. n. 
1, (ac — bd)? + (ad —bc)?=(ac —bd)(ad —be). 2. (x) 0, (ii) ent), 
8. (Ba +2) (x — 2){Qa—1) (2x +1). 4. 3°5. 
5. £800. 6. (i) -2. (ii) zane, 
a 2b 
ind b 4 
7%. acu*+(ab+2ac— b*)x+a(a—b+c)=0. 
XXXII, gp. 
1, x? (2%—1)(a44+27+1). 2. xty?+22+yz—-2e+ Ky. 
8, Sa°+ 62° — dat ~ 3728 — 152+ 7a 435. 4. “3:83, 1°83, 
6, (i) 0, 4. (ii) w= - 32, 13, -14, 4 6. 5. 
: y=-% 1B —le 
XXXII. g. 
2. (i) =0, = 2 (ii) = 4. (642° — 729) (3x +2}. 
= bc — ad 5 
eV ea ae | 
6. 9°75. 6. 35/-. 


a 


ELEMENTARY ALGEBRA 


XXXIII. r. 


. (e-1)(ztl), (x-7)(w+1), 2(x-1)(w-2), (3a—1)(x-9), 
L.o.M, a(2—1)(%+1)(x—7) (x —2) (3x —1). 


2. (i) 3. (ii) atb 8 5°53, 2°53. 4. 2a?-3ab+2b°=0. 
. A was elected by a majority of 5. 6. 2=+V2(+41-41), +5. ~ 
a? —3ab+2c y= ¥4)/2(5°66), +3. 

, os 
XXXII. s. 
, Qa2+ y+ 22 ay — yz a2). Soe Stee 
(abt yh + 22 — xy — yz ~ x2) es rare 


.° (i) n*%. (ii) n?+(n—1)2. 

22 — (m+n) (p? — 2q) a + g? (m? + n?) + mn (p? — 4p2q + 2q7)=8 
2<—3% or > 2h. 

. eal, 1, 2, -2, 2, -3, 7, 14, 8 miles por hor. 
y=, ~2, i, 1, -2, 2, 

fa ~%, 2, -2, 8 I, Be 


ANSWERS TO THE EXAMPLES 


PART II 


EAXV. a. 


20° + aad + e723 + a3x? + ata +a’. 


. 2 — aa? + ax — adz3 + ate? -abat+a, 


or 


x 


08 + aa? + aart + a323 + ata? + aba + a8, 

. v —ax' + ax — a®at + atx — ob? + a®a — al, 

. ve +ax8+ ae) + a8xt+ ate + aby? + abeta’. 

0+ Dart + 4a? + Sa27+1624+32, 7%. a> —Qat+ 423 - 827+ 16x - 32, 


. (w«+1)(x—2)(v+2). 9. (a?+a”—-3)(2?+2+4+1), 
: 1 \ 

(5-1) (4-Z+1)- 11, (a+2)(a-14+25). 
. (w—2)? (a -1) (2-3). 13. (w+1)(a-1)(y+1)(y-1). 
. (c—a)(a—b+ce). 15. (a—1-—n/3)(a-14+N3). 
. (a?+5a+4+1)(a?-5a+1). 17. (ax -—1)(bz?+ax+1). 
. (a—b)(a+b+e). 19. (a+b+1)(a?+l?+1-a-—b-aby 
. («-5—N2) (2-5 +2). 21, (2x -y-8) (Qe-y+3). 


. (x*+ 2x42) (x? -Qx+2), 
. (x—Qy —3) (x? +y?+9 -6y+3x + 2xy). 


. (2x —2—n/8) (Qa -2 +3). 25, (3a —4y+2)(3a+4y—-5). 
. (5a —2y +7) (3x = 2y +4). 27. (a®+a”+41)(a?-2+1). 

. (a—b4+2)(a?+b?+4+4+ab-2a+2b). 

. (40-+1-/6) (40 +146). 80. (402+ Qa +1) (4x? -22+1). 


. (2a+6 -1)(4a?+0?+1-2ab+b+ 2a). 
» (2s — 1) (a — 2) (2a? — 5a +5). 33. (38% —5y+7)(2u-3y +3). 


. (x2 4+ 40+ 8) (x2 - 4a +8). 85. (a+ 3ay + 4y?) (a? — Bay +4y’), 
. (2 +1)2 (a? + 2a - 11). 87. (~+a)(z?+ax+a7)(x?-ax+a*) 
. (9a? —-3a+1)(9a?+38a+1). © 389. (2e+38y-2)(x+y+4-4). 
. (a2 + 200 +4) (a? — 20 +4). 41, (9x?+ 12x +8) (9x2 - 120+8). 
. (w-a)(z*+ax+a7) (xz? -ax+a?). 

(2+4+2)(e-3+2). 44, (x—1)(«-2)(e-3). 

2 
(2+2+2)(«-7+3). 46. (2 -1)(u+1)(w+2). 
1 1 eae i 
(2+5)(#-6 +3 . 48. (2-3) (« +5425). 
B.B.A. D 


liv 


59. 


73. 


. 5a®*+04+6. 75. 422-1, 
. 8024+ 7x42. 78. 16-8). 
. 2— 5% 81. Sla*—72ab?+ 16b4. 
. e+ a%y + xy?+ x’. 83. x -a*y+ary?-y?. 
. 24 Qe%y + dary? + By’. 85. a? — Qa + dary? — By. 
XXXV. b. 
. 3(a-b)(b-c)(c-a). 7. (a—b)(b-c)(c—a)(ab+bc+ca). 
sv 7 (@-y\(a+y)(y 2) (y +2) (2-2) (2 +2). 
—(b-—c)(c—a)(a—b) (a? +b? +c? +bce+ca+ab). 19. 0. 
1 
-— ot i 22. (a—b)(b—c)(c—a). 23 0. 
ef 5. 2 ‘ 26. 3(b-—c)(c—a)(a—b) 
no ; (a - x)(a—y)(a-2z) (a+b)(b+¢)(c+a)” 
. ab+be+ca. 28. 0. bo, 40h 30. 0. 
abe 
1 
oe 2 300c: 88. —(a+b-+e). 
ee ek $5, iene Maine 
(a —a)(a—b)(%—c) ' (w-a)(a—b) (xc) 
x2 
See -1. . 38. 0. . It. 
(%+a)(x%+b) (a +c) ata Sam 
_XXXV. c. 
=16a?. 4. 4. 6. pqt+r=0. 
=a, y=b. 14. p*?+bp+ac=0. 15. x=—b, y=a. 
17. 8x+4. 21. oan, y=1. 
96. (22° - xy? +3y)%, 27.) 12. 
29. —(yz+za+ ay). 


a 


ELEMENTARY 
. w+4eyty?— 92. 50. 
. a +2ab +b? -5a—-5b+6. 52. 


. M+tartl. 54. 
. t—a®—4a—4, 
. 402+ 4ab +b? - a? — 4xy — 4y?. 


08 + Dass a4 — 72 —_ Doe — 1. 60. 
. 9(a? — 6)? 62 
. e8— Dat — Tx? — 4, 64, 
. 6a? — Ga2x8 66 
. a8 —Qatht + b8. 68 
. 3624-732? +16. 70. 
. @2— 3a8b* + 3a4b8 — b!. 72. 


at + b4+ ¢4 — 2a2b? — 2b2c? — Qc?a?, 


. ered : 


ALGEBRA 


4a? — Sy? + 1627 + 16x. 
a? + 2ab + b? — 2? - Qary — y*. 
xt+ 327+ 4. 


. w+ ary? + 25y1. 


4x4 — 9x®y? + 24ary? — 164. 
xt + 4a? +16. 

= 

3228 — 3227. 


~ a — 8, 
. 225a:t — 24422 4+ 64, 


25 — 64. 
64a8 — 128a404 + 6468. 


ANSWERS TO EXAMPLES: PART II. Iv 


oo Va 
1, VIB. 2. /50. 8. /45. 4 75. 5. /294- 
6 af « SR WTR 8. 20. 9. V7. 10. 27. 
11. 32. 12. /54. 13. 20/3. 14, 2,/2. 15. 4/2. 
16. 53. 17. 75. 18. 9/3. 19. 34/3. 20. -34/3. 
21. 2/2. 22. 2/4. 23. 10N5. 24. 133. 25. 2/2, 
26. 3/3. 27. 4/2. 28. 7/3. 29. 4/5. 30. V2. 
XXXVI. b. 
1. 413, 2. 7J5+17V2. 8. —4N6. 4. -7N5. 
5. 53. 6. 28/4. ean! 3s 8. 3/6+1. 
Due 10. 12. 11. 13. 19. 3 
13. 5+2N6. 14. 4}, 15. 10. 16. 8. 
173017 ND 18. 36-13V6. 19. 29-26. 
20. 42+4/105 - 6V21 - 3N5. ae ve 22. 33. 
aye ae 2 2e 25. V5. 26. oa 
oO 
27. V2-1. 28. a 29. 3-22. 30 ise a 
$1. 3-2Nz 39. J/5-1. 83. V5-N2, 34. 2. 
le ee 2_ We 
gs, 2Ut1IN6. Oo be Li g7, V5+1_9.9). 
6 d 4 
88, 12+8/5-23:31, 39, LOZ+82N2_j.97 49, TWi4 ~ 18 _ 1-00, 
41, 3-“P=218. 42, 5-2/6=0°10. 43. V64+V3-V/2-1=1°77, 
; igs 
44, 3 (7 +N3) =3°28. 45. byBs By SPY t-20, 
46. 5/3 +3/2=12°90. 47, /5+1=3°24. 
48. ALT SAT 49. 342N3+/21=11°05.: 
50, 0N8+3V5 -2N30_ 9.75, 51, 2tN6+N2 _j 047, 
30 4 
XXXVI. c. 
1. V¥34+1=2°73. 2. /6+1=3°45. 8. 3-V3=1-27. 
4, 34+/2=4-41. 5. 2V/7+V2=6°71. 6. 3-2N2=0'17. 


NV74+N5=4'88. 8. 2/5-2V/3=101. 9. 5 _ 1-012, 


. a2 +-4abt + 4b* - 90. 
. a4 —9a2b-2 — Qdab—1e-2 — 16¢-4, 


a8 +a8b? +08, 


87. 
39. 


31. .x-y4 


ELEMENTARY ALGEBRA 
QW5+N7=712. 1. 213-7=021. 12, J2+$=1°58. 
. 2(V3-1)='87. 14. 8N3-/6=2°75. 15. V38+N2. 
. N2+1. 1. G1. 18. V7-N5. 
. 0°3090. 20. 5. 21, 2/5=4-472. 
. 4N6=0°816. 23. 1. 24, /2+1. 
: V3 (ev 112) ; “3 (9/5 - 112); 0117. 26. 50. 
2. eee ees 
lor 28. 14/243. 29. /2(1+a). $0. 1. 
XXXVII. a. 
4, 2. 3. oe 4, 4. iB, 45. 6. 7. 
r ai, Gate “S80 co* 1, Se. ie = 
4, 14, 9 15. 8. 16. 2 cae 18. 36. 
i. 20. 81 21. 3. 22. 2 28. 64 24. oy: 
R76 26.. 3. ae 28. 3. 29. 25 30. o's 
1 82. 5 38. a+2Nab+b. 34. a-b. 
- O24 3-2, 86. 2:24, She gt 2, 
—2 
. bt D4 eB, 89, x? -xtyts y?, 40. 402-24". 
XXXVII. Bb. 
at, 2. athe 3. 3b2c3. aca: a ty 4, Q2q72 
4; 4 6. $5 348. qh eae 
: a atb be’ PS 
ahs 10. +r- li, 4. 12. y\. 18. 125 
6 3 
. 200. 15, 49. 16: =A pet 3c 
— I. 18. =. 
ac 2b? L 
. 64y*" 20, Os 21. — Pg t a—Jab+b. 
. Te 24. 256. 25. 2. 26. 10y? +29x4y + 16xty? — 728, 
. +14 a8, 28. a-24+a-1)-14b-2, 29. a3 -b2, 


83. 427+ 6ry-!}+9y-2. 


8 oy 2yb 4 4a Fy — Be-ly + 16x Fy/t — 3048 
y y® — 32y8. 


. V2, 


35. (at + bt), 


5 § § 
a? +a% ?4a3b-14. ab P4.a7b-240°2, 


t (at +a-*)(5a-4 +ia7), 


40. at - be, 
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lvii 


%. 5:8 
2), 28. 
. 31:25, 83275. 
24. 10. 


30. °6, ‘56, *55. 


37. £200, £150. 


46. 3. 


205 
316° 


60. 37:39. 
2503 “90° 8q. in, 
70. 35 miles. 


73. 2 gallons, 14 gallons. 


Bich 
DOGS A202 5 ae 


2(/5+N2). 


341, 68, 45. 


2p 
P 


101 °25. 
$ Ib. 
36. 


20 miles an hour. 


XXXVIILI. a. 
2. 2:3. oy 1323. 4, 2°54, 5. —7. 6. 
8. 4. 943:1 or TE: 3! 10. 10. 
15. 25,20. 16. 40, 45. 17. 32, 60. 
19. 2:3 20. 60. 21. 3r. 23.,-5: 
25. wake 27. 33. 29. 3 greatest, 7°y least. 
34. = 35. 80-1 feet. 
88. 1 inch represents 3 feet; 1:1296. 44, 3. 45. 
50. 5°. 56. 40, 16. 57. orl. 59. 16:5. 
61. —5:4; 5:1. 62. a3+b?+c?-3abc=0. 63. abe +2fyh-—af?—bg?-ch?=0. 
64. (a+b)(d—c):(a—b)(d+c). 65. Scale 
66. 5:2 or 2:1. 67. 11:24. 68. 136. 
71. 82, 65, 57. 72. 6. 
XXXVIII. b. 
1. a:c=d:b, or a:d=c:b. 2. 21; e PI gy 
Ona a.) 10.55, 18, 45. *. “10 pee, 12. 
18, 2b _z+y 19, V5 =Ayee Tf a1. 
“ety a-b 2 
22. 3, 12. 23. a:c. 25. 
XXXVIII. c. 
1, 5a=6y; 7°5, 42. 2.4: win 
4, 24. 5. y=4a4+3; 17. 9. 
2 14 
10. xy=332 (x? +y’). i. y=7-5> 15. 
16. £200. Ti. 1202. 18. £688. 10s. 8d. 19. 
20. 7 boys. 21. 16 times what it was. 
22. Approximately 1°414 feet away from the light. 


26. £1925. 


23. 175 men. 24, 8 feet. 25. 8 hours a day. 

27. 105 Ib. 28. 5-4inches. 29. 3240 lb. 30. 72:25. 
81. £1470. 82. 78:5 sq. m.; 2°45 m. 83. 336 feet. 

84, £14. 4s. 5d. 85. 44°55 3 7- 36. 3 miles; 10% feet. 

87. 1-074 secs. 38. 4000x +8, miles=193 miles nearly. 39, £34, 
41, Expense=(12+3x)£. 42, 801b. persq-in. 48. 48:5, 


1 
eae 


ELEMENTARY ALGEBRA 


XXXIX. a. 
us 9.55. seo. A e- 4, i BLE 6. 8. 
0. et 9. 4. 10. 2. 11, 2, 19.5%: 
3. 245s 15. 3. 16. 5. 17.43. 182, 2, 
4. 20. 5. 21. 5. 22. 5. 23. 5. 24. 3. 
26. 4. 27. 5. 28. 3. 29. -3. 30. -4. 
. loga+logb+loge. 82. 2loga+3log5+5loge. 
. loga+2logb—loge-2logd. 34. 2log 2. 35. log2+log3 
. Slog 2. 87. 1+log3-log2. 88. log2+2log3. S9o01¢ 
log 6. 41. 2log2. 42. log3. 43. log6. 44. 3+log3, 
6. 46. 3. 47. 5. 48. -1. 49. -3. 50. 2. 
3. 52. 1. 524 54. 2. 55. 3. 56. 2. 
3. 58. 1. 59. 0. Lae Ra ae 62. -3+2. 
3 64, 1. 65. 2. 68. log (a+b) +log (a —b). 69. 2035. 
2035. 71. 516. 72. 1308. 73. 0-4136. 74. 54136. 
3°4136. 76. 3-3log2+4log3+2log’7. 77. 2. 78. 3. 
iP 80. 5. 81. 1:3010. 82. 3:3010. 83. 1:3010. 
43010 85. 5:3010. 86. 3:3010.. 87. 0°3736. 88. 2°3736. 
5°3736. 90. 13736. - 91. 3:3736. 92. 5°3736. 
XXXIX. b. 
1:2068. 2. 3-9356. 8. 3:4042. 4. 2-495. 5. 8:3855. 
5-3980. 7. 1°8474. 8. 1:5796. 9. 14615. 10. 13. 
ih 12. 8. 14. log5. 15:1. 16. 26. 
213, 18, 23, 19, 270. 20. 1:40. 21%: 
2. 28. 2°70. 24. 0°80. 25. 5°30. 
XXXIX. ec. 
1°4150. 2. 3°4150. 8. 2-4239, 4. 3°4245. 5. 0°4245, 
2°4245 7. 3:4245. 8. 412-4, 9. 2:428. 10. 24:28, 
2428 12. 00611. . 13. 6955. 14. 57:82. 15. 5558. 
798 "4, 17. 8-002. 18. -0634. 19. -723. 20. 002899, 
346700. 22. 8:371 x 10°. 23. 4:5663. 24 2°5663 
3°1951 26. 2-1951. 27. 2-6320, 28. 6°6320. 29. 33250 
3°3250 31. 3:5872. 82. 2°7568. 38. 6-8832. 34, 1-8836 
. 2°45. 36. 2-646. 87. 1-913. 38. 1°58. 39. 1-47. 
£=3'23, y=1°52. 41. 26, 10°55, 22°6, 3°8, 4°5. 42. 2-1505. 
log 7. 44, °8. 46. 2921. , 47. 1:46. 48. 14-04. 
0°1376. 50. 04650. 51. 191°4. 52. 0-0984. 53. 41-04. 
0-076. 55. 0:00052. 56. 0:0357. 57. 0:0023]. 58, 13°57. 
09434. 60. 0-000016. 61. 1:334. 62. 54:88. 68. 41. 
- ak 65. 7:14. 66. 0°8899. 67. 0:3183. 68. 0-098, 
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69. 11°47. 70. 0-298. 71. 15°47. 72. 560000. 73. 0°731. 
74. 0-204. 75. 1°240, 1°433, 0°176, 0°30. 76. 31-65. WSs Be. 

80. 0°7927. 83. 5°82. 84. 0. 85. 0°2345. 86. 2-079. 
87. (i) 105-5; (ii) 849-4. 88. 481°7; 7 lb. 89. 18:05 lb. 
90. “773 2°48. 91. 4°8668967. 92. 3°8668996. 
98, 2-8668990. 94. 736-034. 95. 7°36038. 

XL. a. 

1. 2-4hrs. 2. 2:5 hrs. 3. 3. 

4. 6°7 days. 5. 3 days. 6. 4a.m. 
_ 7 4, 8, 12, 16, 20 min.; 352, 704, 1056, 1408 yds. from the start. 

8. 12, 24, 36 min.; °4, ‘8, -2 miles. 9. £27, 1330 marks. 10. 2°84, 
11. 9 yds. 12. 7 miles an hour. 13. 2s. 10d. 14. 24 min. 
15. 800 yds. 16. 2400 feet from start. 17. 11. 18. 7. 

19. 30 miles. 20. 1 hr. 20 min. . 21. 5°7 miles. 

22. 5:14 miles. 23. 2? miles. 

24. Ran 2 miles, distance 3 miles. Meet 21:2 min. and 60 min. from start, 


1-4 and 1°5 miles from first man’s starting point. 


85. C travels 9°3 miles an hour, meets B 232 miles from first end. 
86. 33°6 miles from B’s start, in 4°8 hrs. 
27. 5°25 hrs. 28. 1 hr. 
29. (i) (1) 2.11. (2) 2.27. (3) 2.33. 
(ii) (1) 6.33. (2) 6.16 and 6.49. (8) 6.11 and 6.55. 
(iii) (1) 9.49. (2) 9.33. (3) 9.27. 
(iv) (1) Never. (2) 11.42. (3) 11.33. 
30. 4:05 days approx. 81, 8, 24 days. 
32. 8, 12 gallons an hr. - 33. 90, 180 days. 
34. 70%, 30%. 35. 11:4. 
. 86. 21°4 hrs. approx. and 50 hrs. 37. 2 hrs. 
88. 9 miles an hour, 12 miles an hour. 
32. 108000, 155520, 62500, 75000, 80000, 85000, 90000, 96000, 102000. 
40. At 3.20, 135 miles from A. 41. 4 and 6 miles an hour. 
42. 6 and 4 hours. 43. 45 miles; 13, 35 miles an hour. 
44. 35 miles; 3°8 and 1:2 miles an hour. 45. 32, 23 hours. 
46. 10, 4 hours. 47. A 2%, B2 miles an hour; dist. 5 miles. 
XL. b. 
1. 1020 yds. 2. 80. 3. 7200, 4800. 4 £1000. 5. 17, 4, or 20,1. 
€. 70 lb. 7. In 2hrs. 32 min. after man leaves A, 8}% miles from A. 
8. £12, £10. 9. 22. 10. 9. 11. bd shillings. 12. 72. 
13. 2. 14. 2 hrs. 5574 min, 15. 1400, 
16. 2 pint from first, 2 from second. 17. 10, 12 min. 


ELEMENTARY ALGEBRA 


. op oe 19. 80. 20. Is. 4d., 2s. 10d. 


. 183 innings, average 17. 23.25, £380 17s.6d. 24420. 

. 159, 141. 26. 6, 12, 36. 27. 36 wheat, 42 barley. 28. 39. 
SLI. a. 

1, g2-2e43-Qr-l4a-2; a+ 303b8 +3088 +8. 2. 3-01. 

5. 54:85; 44%. 6.1% 7. 8, -1, -%, 2 
XLI. b. 

. 17442. 8. 576 feet, 176 feet. 5. 22/2. 6. 14. 7. 106 
Saal. G: 

1. 3, 2, 5, 12, 13 in. 8. §(2N6+4+N3). 4. 4:65, -0°6 

. Greater in the former case; (i) 7-2 (ii) <*. 
XLI. d. 

. (act+bd)?+ (ad —be)?, or (ad +bce)? + (ac — bd). 

gt ae 8. 097, 1°36, °8. 

5/9 

. 2gals. from A, 14 from B. 6. * cl 7. 2:596, 
XLI. e. 

. 84/5 =5-236. 2. 12 miles per hour. 8. +4. 

O71, 94, 25'in. 7. l4V2=2-41, —°41. 
XLI. f. 

2s 18s. oe Sit: 8. The latter. 

. -b= +1667. 6. £9. 10s. 9d. 7. 1°707. 
XLI. g. 

2: 2. bor a. 3. °4128, 5. w=22x+ 622, 


. (i) w=4 or 5, y=5 or 4. (ii) w=3. 
. at 5°7 miles from G, and 2°67 from G. 


XLI. h. 
» {(ac+bd)e+ (ad - be) f}2+{(ac+bd)f- (ad - be)e}?, 2. 50 feet 
. 41, “2, 2, 6. 1:8. 7. 1:9452 
XLI. i. 


2. y=x-3 or -2x+5. Fattors y—a+3 and y+2u- 
8.174. 4.127. » 5. 25 gallons, (i) — 14/7. (ii), O, en 
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XLI. k. 
1, 1°7 approx. 2. 5 3. 1920 yds.; 55 min, 
4. ae 5. 347. eas fe 7. Qy: pm. 
XLI. 1. 
1. £48, 2. /2 5. Zor 4. T.! 2-307; 
XLI. m. 
2. es Dy 3. 33) 63. 4. 7. 
5. k=(a-1)(1-5). 6. 2:1. 1. 32:25 
XLI. n. 
1. 618. 8. 5, 6, 7 or 8. 4. 70. 5. 3. 6. £187. 10s. 
distance =~ "hee? ‘ 
XLI. p. 
Le: ah Sie; 8. 1:8733. 
5. 2¢ feet. 6. 14 miles, 
XLI. q. 
1 29-54%. 8. 14 miles. 4. 2:1, 5. 1:3=5:15, 


1, °316, °562, 1°78, 3°162, 5-623; 1:585, 1-995, ‘178. 
”, 38=1°147015.... 


XLII. 
eye 2. 40. 3. 23. 4. 70. 5. 24. 
6. 4. Wik 8. 8, 9. 26. 10. 45. 
11, 8. 12. 20. 18°57. 14, 47. 15.9 = 34. 
16. 33. 17. 320. 18. - 44, 19. 2n-1. 
20. 7=149, s—944. 21. 9, 614. ‘98, -115, -2075. 
28, 5:25, 57°5 94, -2°3, -24:8. 25. 0. 
26-17. $7. 133. 28. 163°2. 
29. n{(5a—b)+2n(a—3b)}. 80. 15x+225, 31. 75, 507. ° 
32, 52, 297. 8920-07, 51 a 34, -75, -438. 
35. 5500. 36. —12. 387. 48. 38. 6400. 
89. 2145 40, —169%, 2° 41,,,.2,5, 8.2. (9 42. 46, 45, 44. 


fxii 
43. 
45. 
49, 


52. 


55. 
59. 
61. 
62. 
64, 


67. 
68. 
70. 
72. 


38. 


&8 


ELEMENTARY ALGEBRA 
258;=51, ~44:5 44, 123, 123, 124... 
5 (50+ 13). 46. 5 (7+ 13). 47. 19. 48. 7, 1390. 
17, 23, 29.... 50. 53, 63, 7... 51. 32, 29, 26.... 
a+ 8, oes 4. 58, 25. yeas 
2940. 56. 18, 348. 57. 380. 58. 2, 4,6.... 
Syd Qe 16) os 60. 35 nifligoe 


In 207 days, 4140 miles west of the starting point. 


1560 yds., 1521 yds. 


+54. 


51. 1 or 0, according as n is odd or even. 


68. In 17 hours; 68 miles from the start 


90. 65. 205. 66. £7. 7s. 6d. 
a-2d, a—-d, a, a+d, a+2d. oe ae ae a+. 
9, a... 69. n=10. 
8, 23, 2.... 1. 143, G2 
2 (2n+1)(a+e); an. | ie pnp 4; Prd. 
XLII. 
3, 729, 3” 2. 3, 243, 39-1. 8. 3, ~ = 
Ly gn, Saat I,m, yh 1-2, - hy, (=I) 
210 1 = 1023, 14. 2-5=1135 18. 4 aes 
Che eee Oo 
o—. 20 ete 21.48. 922 1212. 23. 5}, 
3. 25. 655353 a a7. 5-8 
oe 20, 2. 30. 52. 81. 16 82. 182. 
ne oh 34, 49(344/3), 85, oe ieee 86. — 158 
Lis 89. 457. 40. SALWB-n/), 41. -a ta) 
. 189. K 43. 213. 44. +10, 20, +40. 45. +27, 27, +2 
+14) 93, 262. 47. +192, 384, 4768. 48. 491. 49. + 
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68. 127. 54.1. 55. 83 56. -1. 57, -25. 58, 3°+1_1, 
59. a6 60. t 61. 4. 62. Qn-3, 63. avt?_b, 
65. 2(2"—1)-n. 66. §- «67. r- 68. as. 69. 322. 
72. +14, 28, +56. 73.) — Gls: 74, 3. 
76. 3+9+27+... or 48-364+27..... 77. The 7th. 79. 76. 
81. en NL lB 82. Qnt1_3. 
l-at 
%71/a \? a* 1 1 
.. ee a : : 
: a(r=-) 21-7) ea te 
XLIV. 
1. at Ts 2. 3) > 7 3. 3 os os 4, -4, 
5. a's 6. - xy. 7. 14, 13, 2 3. Slt ise esas. 
022,346 10. 7, 535), 443- 11. 1}. 16. 9 or > 
XLV. a. 
n d= ot _ ne" $ e 
1. & (2n?+3n—-5). 2. aa 2 3. The 26%, 
4. on. 5. 2(n-1)n(n+1)(n+2). 6. n2(n-+1). 
ae 3 (m+ 6n+ 11). 8. q(n+ 1) (2am +a-+ 3b). 9. Pp 75 (2m? + Bn — 1). 
1 5 
2 pes 
10. a, 3a, 5a, Jax.. 11. n%, ad 12, 5(1- my 3 
36/, 5”\ 36 
= eae ae . -2n. 5. 3 “(n—-1)(2n-1). 
18. ar(a om) ll 14, -2n. na + n(n ete a(n )(2n -1) 
16. 2805. 1 bap Ca 19. 82 1)-—n(n+1). 
20. n(n+1). 21. (2n-—1)(2n+1). 22. ane Aoi). 
28. (a+2n—2)a". A. (Qn-1)(2n+1)(Qn+3). 2H. W241, 
26. (—1)*-1n(n+1). 27. (2n4+8)(Qn+5). 28. 5(n+1), Ft Iln+2). 
29. 3 (mt 1) (n+2). 30. 3 (4m? + 6n — 1). 31. 7 (n+1)(n +2) (n+3). 
a-—(a+n—1)x® , «(l-2""}) 3 9 2n+3- 
82. ie +o er aol 
84. n(n+1)(2n?+ 6n — 1) - 3n. 35. 3. 
86. 12(2n-+1); En(nt1)(8n2+5n+1). 8%. (3n-2)(3n-+1), n(8n?-+3n—2) 
1—(2n—-1)2"  2u(1— ei Ay l+a Ses 
Sania) —— 7 rege eee OE 
40. 8. 41. 0. » (2) o> (6) 1. 


ELEMENTARY ALGEBRA 


xiv 
n 1 n(n+3) F 
Maa Os %% () cans 4 
3 2n+3 3. 47 =(3- : ). 
46. (a) 4 2m+1)(n+2) (0) 4 “a\x x+na 
‘n(n +1) (n+2)(38n+5) Diane Ole 50. 120. 
= i2 aad 2(n+1)(n+2) ‘ 
51. ~220. 52. 680. 53. 285. 54, 650. 
55. 4. 56. 224, 575 156; 58. 174. 
59, 28, 56. 60.. 6, 196. 61. 30. 62, 123,225 
XLVI. a. 
i. 3. 2. a. 8. 4, 11, 18. 4. i. 6. mnt Da +nb 
XLVI. b. “ 
1, °4142. Pe: a) 2, ee Gs 
B Ie, 6. aint, 1:382, -4, 
XLVI. c. 
4: 3, 2°1ROdTE 2a, OR a(a—1)— Re) 1. 70. 
XLVI. a. | 
TAS Gt oF 2. 2/b? —c?, cix® — 4bc2a + 4b?=0, 8. 20 
4. 92, 102; 460. 5. 18. 6, Ute 
XLVI. e. 
1, w+ 3px+2p?+ q=0. 2. A 16, B 40. 3. 5 
4, 2n(n+1)(2n+1). SR tn: ape 
Spee es a de. 64 ; 
XLVI. f. 
2. IN5 NIB, 8. 5 (4n2+6n—1). 4. JT7. 
5. 4°919, 7. 1°309 feet. 
XLVI. g. 
2, 60°, 108°. 4. +6309. 6. 6 cm. 
7. (2, 2). The line is a tangent there. 


XLVI. h. 


1. Sand 4, 4 and 5, 7 and 8, 0 and 1, Oand 1. 


. BES 6b 7? ; 2°46. 
. 3°125 sq. in. 


3. 12. 
6. 14, 3479. 


4. 34+ 2542+... 
7. 5 secs. 


° 
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XLVI. i. 
ret (1 1 1 ll 
co Uae Sl A Seg Se rete re GeO 
18 s(aeitare a3) 18 5. 590, 110. - a ee 
5. +4. 6. 1, ¢ 
XLVI. k. 
Pee R16 Oe 8 4 MESiVe 72. WS. 
n(n+1l) n+l 
XLVI. 1. 
1))2 =Tpe 
2. {arn} - {ser 3. 1242. 6. 1595. 7. 1 acres 
XLVI. m. 
1. £4500, £2700. &. 38th; 10. 3. 48,5, 25. 
a a 
#. 5(31+15N2); a=2(2-N2), 5. 4-983. 7. 2% hrs. 
XLVIL 
1. 1155. 2. 3050. 3. 16215. 4, 4lt. 5. 100e.. 
6. -241. To 2706S... B.°B41; 9. 113-02. 10. 678. 
1. 1739. 12. 2518. 13. 1543. 14, 1968. 15. 7968. 
6. 1360. 17. 781. 18. 4155. 19. 100242. 
0. 1t8e54. 21. 222-22, 22-6354. 22. °3. 
3. 336532. 24. 26°5. 25. 30°25. 26. 23784. 
7. 2653919. 28. 3¢¢-19. 29. 1024; 605820, 345, 1756. 
0. 423. 81. 18°355. 82. 6. 33. 9. 84, 5. 
5. The denary number 17. 36. Use the weights 1+2?+2!+28. 
7. Put in one scale 2 weights of 1 lb., and 1 each of 3, 37, 34; (2) put ix 
one scale 344 3%, in the other 3?+3+1. 
8. 35+ 34+ 3741 in one scale, 3°+3 in the other. 
9. Undetected errors, errors of 9 or a multiple of 9, errors of figures 


transposed, any error which does not alter the sum of the digits in 
the result or alters the sum by a multiple of 9. 


6. 2. 
n 
nT 
30240. 12. 
84, 84, 19. 
1225. 
5. 30. 
840. 35. 


XLVIII. a. 
24. 3. 6. Yer ee 5. 
8, 12; 8P,+|3=816. 9. 
5040. 18. 10. 14. 6. 15. 
56. -20..66,- 21.2210. 22. 
25. 6. 26. 6720. 27. 
9. 31. 210, 120. 32. 
3n(n—-1) 36. 60, 12. 37. 


n-6. 6. 
840. 10. 
18. be 
56. 23. 
9. 28. 
21. 33. 
96. 88, 


¢xvi ELEMENTARY ALGEBRA 

XLVIII. b. 
1. 6720. 2. 1260. 3. 1120. 4, 720. 5. 20. 6. 840. 
7. 24. 8. 360. 9. 120. 10. [n-1. 11. 2880. 12 4. 
13. 126. sO Ie 15. 84. = 16. 7056. 17. 1350. 

XLVIII. c. 
3. 10. 5127. 6. 255. 7. 52. 8. 28. 9. 6; 2664 
10. 600.' 11. 78. 12. 35. 18. 252, 126, 126. 14. 11760. 


5 ili eer |13 
15. 4080. 16. = 3=27720 1. SSS: 18. 6. 
[5[s[2* [312 (212 
19. x=4. 20. |8=40320, 3|7=15120. 21. 24; 66660. 
22. 9; 5005. 23. 255. 24. 502. 25. 7C; x |'7=1764N0. 
12 
26. 80; 7. 27. 60. 28. I _ 792, 29. 3. 
Kase 

30. 495. 81, 225. $2. 35. 38. 54, 

[8 eae ao ee 
34. 658. 35. Biss 1120, Be 

XLVIII. d 

1, 1728. 2. 24. 3. C+ °C, + °C, + CO, + °C; 5 20, 

4, 3784 (one person does not constitute a party). 5. 1440; 480. 

6. 10. 7 MC,|10|8. 8. 35% 9. 72. 

10 _ = 11,215 12 tod 13 
. 24(/13)"" (3) . 5 le 6([5)> 5 np +2. 
15. 18 in general, 15 when the two points lie on one of the lines. 
18. 3360; 72. 18, (n—2)(n-3)|n-2. ike) 2"-1-n—An(n-]) 
20. in(n—3). 21. | mn/(|m)”. 23. ™+1C,, 
25. $n(n-1)-3m(m'-1)4+1. 26. jmn(m-1)(n-1). 
XLIX. a. 
1. n+l. 2. The 6th, 3. a", a Se). 
9 Py | = <n 

5. nie ies iS); 6. Itcontainsa.° 7. |r. 

8. Put —a for w, and so make alternate terms negative. 9. The 9th. 
10. 1,456,451, 11; 1,,6,,10,:10, 5, 1° 2. 16) 15;°20, 156 
19, eee 14 pe eels The athe 

r r a 
16. 20. 17. 256. 19, 1st, 3rd, 5th, 7th. 
20. 9th. 22. 4th. 22. 10. 23. 10. 


ANSWERS TO EXAMPLES: PART It. Ixvii 


4. p+. 25. r. 26. r=. "8. 42. 
28. (i) (n—1)th; (ii) (n-3)th; (iii) (m—r+2)th; (iv) (n-r +1)th. 
29. (i) (n—3)th; (ii) i 6)th ; (iii) (m—r+1)th; (iv) (n-r)th. 
[en an-lyntt » 


i s (in) n+1 


anrtign-l, 


30. (i) (n+1)th; (ii) 


2Qn 
( v) Tee 
|n+1|n-1 
81. "C,a%a"-3 + "C,a?a"-2 + "C,aa—14 a, 
$2. {i) *C,_,2 12%; (ii) ®C,2’2™—; (iii) =C,_,27—*27-*s 
(Sp a BORE am amet hg Wn Oe cece ee ee 


XLIX. b. 


14 5x + 102? + 10a? + 5at+ 2°. 

a + Ta®x + Qla’a? + 35a423 + 35a724 + 21022 + Jaxb + x7, 

@2 — Gala? + 15a8x* — 20028 + 150428 — 6022719 + a2, - 

ab’ — aba + Ta°V'x? — Ta°bea3 + S.asbtet — Ta%h2x5 + 0% — Prabal 
a eee. 

5. a8 + 828+ 280+ + 5622+ 70+ 99+ a + = 


35a°h4 §=21a7h> lat 67 
ToT — 78 Bh2y3 _ Qn 4p3 _ a 
. wa? —"Ta®bha? + 21a°b?23 — 35a4b3x + = — : 


6 
1. 2325 + 810xty + 108025? + 720223 + 240ay4 + 32y?. 
8 

9 


OSL 


. 2(a8 + 56055? + 28004b4 + 224075? + 160°). 
. 21024. 10. 462a}%x10, 11. ~ 1365 x 34y¥, 
12. 924. 13. ~ 462 x Bur + 462 x=. 
Qn(Qn-1)...(Qn-r+1) qe R(M=1)... (M=T 41) ay 
; a a”; (-1) hag Barn 3°-1 Oo". 


n cs 
175-1. 8. ence 


19. (— 1 y _ [zn a at A i 90. (- iy ke 3Bra2-2rhr ax", 


[r [2n-r 2Qn-r / 7 |r |n-r 
19 
aa 99, (-1r =. 23, 4932x%y4, 2016aAyS, 


24. 80. 25. 21. 26, 252 x 2. 
28. a9 —5a8u+ Sa7x? — 14054 + 14a4a° — 8a2x7 + Saad — 2. 


68r2 14 
29. a8 — 2a8 Qo + 6a -— 4+ G+ ea" 30. 1792N3. 
33, 222. 36. MO; 25... 87. The 6th=the 7th=7 


aXVill ELEMENTARY ALGEBRA 


38. 6th=42 x 12°. 39. 5th=240x 9+. 40. 3rd=13. 

41, 4th=35.. 42. 1°10. 43, 1°16. 44. 1-06. 

45. 1:006. 46. 1170. 47. 1:01206. 48. 0:99700. 

49. 0°9224, 50. 0:9988. 51. 1°003505. 52, 2G. 

"68. 8. 54, -—134. 55. -6. 56. — 392. 57. 584. 
LIX. c. 

LB 2.1 io, (L+a)?+(L-a)" 11. ( ey. 
caer’ mae 2 1+2 
XL1X. e. 

1. a@—5+ 10a~®a + 60a—72? + 280a-823, 2 l+a—jartgas. 

8. 1+ se0+ 3x2 =e. pre. 4, = APat 22 a2 = 28 5 28, 

5. a— fa-3x*- da8at — aha, 6. 1+jw- ype? +7552. 

7. L+yart gatt bab, 8. aig Set odes 

9. a~*—a-4b? 4 a-)4 — 808, 10. eat 11. 715(2b)*(3a)—™% 

12. -ag57b%. 13. (- Py ge os ea 4 Fam 2 
14, (HD (7 +2) 15, (TAD (+2) (7 +8) (7 +4) oe 
1.2 [4 
ig, (PAD (7 +2)(7+8)(r+4) 2” ; 17. (-1 POH tS:02(S7 =))is- 
[4 Or+s ( ) 3” |r 
n nin+1) 1 n(n+1)(n+2) 1 
19. 1+- poate 2 = [3 wee 
T _2(m+1)(n+2)...(2n-1) et 
n+l 2 an 
= Kisses n”® when oe ¢ 
Monin Ue 6a : 
OOS TEA al armada: ; : 
[R@tr) [de =r) 105. 22. 5r+3. 
28. 2r2-6r--1. 24. 46. 25. 4r+1. 
26, (r-+1)(r+3), 98, («pra es 
[7 |2n-7° 
29. 4th. 30, All except 2. 81. The 2nd. 


82, 7th and 8th equa. $8. pier =greatest. 84. 8rd. 


Re foeraet 
35, 1-5a+5%?-...; sol! -ée tae 523 mil 


5[ 1+ 2g +3(F + [3 aga 1+2(z a a( =) +} 


s 
ei 


: PART IL 


ANSWERS TO EXAMPLES lxix 
XLIX. f. 
qa 2 5. 125 " n.N+1.nN+2.n+3 
ake 27 arnt ge 
1.3.5...2n—3 5.7.9...n+1 
; Whe Rie ais aE . ns 
: Qr-1\n —-1 2 le—1 AC pe 
XLIX. g. 
1. 1030-301, 106090. 2. 10406°04, 1082012. _—- 8. 970-299, 940°89. 
4. (i) 31833, * = 31831 : Gi) =2=9-87, 4,=(10--13)72 
5. 1:0005. 6. 1-00020. 7. 100025005. 8. 1-001. 
9. 10-017. 10. 9:949875. 11. 1-98734. 12. 7-98957. 
18. 3:08659. 14. 4-99936. 15. 0-2 percent. 16. About 00001. 
17. 1+3a0-42%. _ 18. 1-015. 19. Three places. 
20. 3-464. 21. 7-805. 22. 4850. 23. 0-035. 
24, 9-400. 25. 5-273. 26. 0°03 percent. 27. 17 approx. | 
28. 2827. 36. 2°25 grams. 37. 1. 
L. a. 
1. 2e+1, 3x+1, 7x-3. on Ie : 
8. 2? + (m+n) (2q — p?) x + (m?+n*) q?+ mn (pt — 4p?q + 2q?)=0. 
4. -46. 6. 924. 4. 25,1. 
L. b. 
2. 15120. 3. 30 miles. 4, -23456. ° 
5. 6. (i) a=-b. (ii) 2a?-3ab+2b?=0. 4. 1% 
L. c. 
2.12 8 24. 4. llyears. 5. -8C,-5. 6, ‘28854. 
L. d. 
1. 63. 2. 1°738. 3. 28°8 in. 
: 
4 4. 5. 126 c. in. 6. Cie) a 
7. 9°99998999998. 
L. e. 
1. $n(2n?+15n+31). 2, 52. 4, 121234:1104, 
6. 3.2 72", ee 7. 86184. 
yf. 
1. 32?+4x0-5. 2. (a—b)?+(b-c)?+(c-a)*. 8. 1:153, 1, 23°11. 


(ey) (a? -ayt+y*) 


1 


EX. B.B.A. BE 


%. 16 years. 


Ixx ELEMENTARY ALGEBRA 
L. g. 
1, x=2, -3}, -2, 43, 2. 2. 3. 20. 
y=1, -+2, ee 42. 4. 7. 5. 63. 
6. 34+N2(=4-414). 
L. hb, 
l Sapo eee 
1. ey ee ene a — ~J 
3422 pane 
3 22 2 9. 
Sas 8 OSTr BIT 
6. (i) The llth and the 12th. (ii) The 13th. 
" (7+1)(38r+2) 
. iro. wes 
L. Ek. 
2. £5875. 10s. 3. n?(2n?- 1). 4, -7857143, 
& l-a” ae na 
6. The 5th. 7. aaa ee 
L. 1. 
2 w=h, y=-i, 8. 144. 4, 3°123440, 
[32 \° 
5. $190 nearly. 7. (Er) = 627264. 
L. m. 
ea $. 3 14232. 4, 0. 5. 44, 4. %. log,2, =}. 
L. n. 
8. a®—3ab+2c=0. 4 w=42, 43; y=+3, +2, 
5. MO,. 6. §(r+1)(7+2)(2r+3). 7. ‘The 4th and 5th. 
L. p. 
3. 469. 5. (:) 543215 (ii) ‘7465. 6. “9895. 
GT. 1440+ 10x? + 2023 + 35a4; F(r +4) (7 +5) (7 +6) art, 
L. q. 
' 9. 2(2a+d) , p Lata +7. 
1. £50. 7 _ 8. 2°=1-260, 
5. cS 6 No. . 2n(2n + 1)(2n+2)...(2n+r—1) 
Te 
L. r. 
1. log? 8, 10(302-a%), Stat. 6. ue 
g 2a( ) L=s% ae 
6. 3, 4, 5, 6, 7, or -6, —4, 5, 104, 16. 7. 35700. 


ANSWERS TO EXAMPLES: PART II. xxi 


L. 8. 
1. F(4n?+ lin+9). 2. 104. 8. £380. 4, 7-9896, 
5. For the motion, 300; against it, 266. 6.. Ad, 
7. Coeff. of a7— in (1—2)-*, 
L. t. 
1.271. 3. 1+33+ 38 in one scale, 3 lb. in the other. 6. -01266. 
LL a. 
lL. 23%. 2. 5 years. 8. £4. 9s. 5-29d. 4. £98. 10s. 
5. £23. 19s. 2°4d. 6. £1014. 7%. £159. 
8. £59. 19s. 10d. to the nearest penny. 
9. 14°198 yrs., i.e. 14 yrs. 2°38 months. 10. 17°706 yrs. 
11. £70. 9s. 5d. to the nearest penny. 12. 25°294.yrs. 
14. 43%. 15. 33 yrs. 16. £554. 10s. 17. 120 days. 
18. £8042. 19. 4%. 20. 3z yrs. 21. £750. 16s. 8d. 
22. 37°27 yrs. 28. 21: 20. 24. £1030; 4%. 


© td 


al; 
15. 


OD pe 


. £162. 18s. 8, 227, 20. 
. £1057. 7s. 11. £1495. 18s. to nearest shilling. 12. £8000. 
. £112. 16s. 14 £817. 4s. 15. £43870 approx. 16. £173°5 approx. 


. 14°15 + 009 + -00027 + -00000405 + -0000000243 ; £15. 188. 64d. 


£8318. 28. 21°5 yrs. 29. Nearly 47 yrs. 30. Nearly 16°5 yrs. 


LI. b. 


£14000. 2. £7685. 14s. 11d. 
2%; 18¢z. 5. £873. 14s. 3d., £2171. 8s. 6d. 


4%. 
4:8 %. 
£512. 143. 


2 Sie 


LIT. 
e-2, 8. 2log.2-log,3. 6. 3a—-4(1+22)a2+3(14+28)23-.... 


. +2 (82-22) a2+ (33-8) a3+.... 8. -0392. 


boty foe a Bese 6 “10: log {(1+28)(14+5) |. 


w+) 
1:098612. 12. 2°302585; -43429. a I Jay on 14, 4 log ——- 


26. 16. -00100000008. 19.292." 


LITT. a. 
a=2, o=-1. 2. a=4, b= -4. 3. a=+1, b=}, c= FL 
a=l7 b=—6i2c=8: ; by (GeO, = -.5, ¢=2. 
Axo Bo-2 Ce -2, Dal. TEASE BaTeO=5;,D=1.., - 
es 10, 2(x-1)8+2(a-1)?-2(a—1)+3. 
B.BA. K2 : 


ixxit 


11.5 (a= 1)8+7(e—1)?+3(x-1) +2. 


12, 3(a —2)?+17(x% —2)?+ 30(x —2)+17. 
13. (+1)?+(v+))?-G(~@t+1)+1i. 14 a=1, b=-3 
15. a=4, b=-8. 16, -12. 17. -12. 18. 4. 
19. (4pr — q?)?=64r°. 20. pq=r. 215 w—o=s. 
22° a= —23, D=16: 20. c=3. 25. a=7, b=3, c= -%. 
26. a= -}, b= =A cad oe M7. a=5. b= 9, €=3, d==3, e=1. 
28, 1-34 2a% -27a8+.. 29. 1l+x+4a?+1027+.... 
30. 14 Dee + Tae? + Die? + 31. 1+3x7+102?+ 3623+.. 
1-2 a 2-52 yi 
2. Toate fiat S* pope e 8 ee 
LIIf. b. 
1 1 2 1 1 1 
1 Sel ol a. Sp tee + ~2 “+2 
Reo Yer 1 lip 28%, ut 11 ag 
Qa+l) 2(x+3) “baw 22 3\e-2 x+1f 
i ee 1] 4 3 3 4 
aS \ eae ) =) it vee aE 9. da— Bae 
ON Ce ae er ae ee ie yt Aa a 5.) 2.3256 
etl w+2 x+3 * L+a°1+32 xz 2Q¢-1 Qr+k 
18 10 2 2 4 5 
aera cg aes “es ok. BRL S-1- 
1h att Sie eS ee 1 1a 
’ 3@-1) 3@4a+)) " 2@®4+1) Qe—l)* 2e-1p 
Pt ie Ne 1 Pr ra ot) Set) 
or Q(a+1) 2(x+1P * a+] (229-241)? 
1 3 3 3 1 x+10 
19. : ene ak ee ee eae 
(2-1) @-18* @-1p ead D(e—2) x+2 2(a24+4) 
1 1 1 1 1 4 
ule - -— ¥ pee eae. 2 8 
2 2(e@-1) Q(aex+1) 2? re 2-2 x2+2 (x+2)2 
1 1 4 4 a 
%. 7-5 4 | B45 - a 
6(a+l) 2(@-1)*3(e—2) ae Ot Fa. Gipara 
‘ 4 3 3 4 5 4a -3 
2. ——.,+—.--—s: oe peerescediie' 
@+3pta+3 x+2 si 242" (top e241 
1 2Qxe+4 1 1 3 
Cy a | —=—— ee ‘ 
+e) eee l* bist 2% -1 52-3" 32-8 
1 1 1 1 2 4 1 
29. ee en Se ee oe 
x-x+] «2-1 (x-1)? a w-2 (x-2? (a-28 2 
31 1 1 


* 1-382 1-22 


ELEMENTARY ALGEBRA 


3 general term (3"—2”) a”, 


32. 


ANSWERS TO EXAMPLES: PART II. boaii 


eres SFr S doiahleat ait 


1 1 1 
“e—4 eal! { gent (-1r} a 


2 9 8 


Sts lose pada? OL Lee 
1 b 1 c 1 
BB. - oar ae 
(@—b)(@—c)  1-ax* (b—c)(b—-a) 1—bx' (c—a)(e=b) T-cx? 
—(b-c)(c—a@)(a—b); -—(b-—c)(c—a)(a-—b)(a+b+¢e). 
3 5 4 1 i pits nm nm art 
86. 555 -Tyae? [pent (- "1.52 fr: 
87. 4¢+12+ — 3 (4-—2*-")a", nm being > 1. 
5 igen’ it: fnaY, 
88. Sa@-1) Sera vat +a} an 
2 2 2 1 2 x-1 
oa amy ak ee Sa oan ae 1) Sate) 
LIV. 
16. —2°79, 1, 1°79. 17) 21, 9) 2! 
18. One real root 1; the others imaginary. 19. 3°45, -0°75, -2°7. 
20. 1:6, —2°9, 4:3. 21. -—1:43; imaginary. 
LV. a. 
1, 3°1416. 2.4%; y=15, 2=6. 3. 2=3. 
4 £175. 5. 16. 6. 47 or 74. 
7. a=-5, b=9; £172, £145, £92. OT. 
10. 2 hrs. 32 min. after the man leaves A, nearly 8°9 miles from A. 
¥ 
LV. b. 
2, 2=3, -l:y=l,-3. 8% h=-14,k=12. 5. 63 ft., 48 ft. 
6. ltatartat.... 7. w=5. 8, 4-4, 
9. 12; 10 miles an hour. , 10. m=1 or —7. 
LV. ¢. 
1. (-1,2), (0, -2), -2. 2 20058. 8, 2 =1-2599, O77 =1-4983, 
4. 1:022. 5. Gor -4 6. 0, a®+pat+g. 
7. 15 half-sovereigns, 26 crowns, 45 florins. 
8. Parts +(a+/20?- a2), 2°71 or 1°29. 9, skp ta—mr, 
10. 4, 16, 256, 65536. 


xxiv ELEMENTARY ALGEBRA 


LV. d. 
1, 32. 2. 24395. 4. The 14th. 
5. 1°627. 6. 143°3. %. (n+1)%. 
8. 3:13. 9. a is between 0 and 2. 10. 16. 
LV. e. 
1, 73 (=12"12). 2. 0, lye: 4. 4, 34 miles an hour. 
ome 2i0: 10. 11 per thousand. 
LV. f. 
1. 45, 36 miles an hour. 2. 8. 8. 76. 
4 1:5007. 5. 1:2; 56:87. 6. 6, 43. 


8. oe 1) on, 


LV. g. : 
1. pjq. 2, (i) 8116; (ii) 2-477. 8. N10 (=3°162). 
4, 5. 6. a=-16, b=-106, c=450. 1 RT a = RR o> 
2 
8. -00000000000106215728. @. -16g93 2 ee 
3° 8" O84 
LV. h. . 
: po Ge 273 
2. b numerically <ac; been 8y 3. 5940. 4, bar 
5.- (a—b+¢)a2-2(a-c)z2t+at+b+c=0. 6. °6309. 4 
7. 8th term= —504927/5°. k $2) kt Boa 
b-a\a-x b-a 
10. 12 miles an hour; £9. 7s. 6d. 
LV. k. 
1. 1:15, 3°68. 2. b=a?+d, c=ad. 3. 259700. 
126. 6. (3, 6). 7. The 6th and 5th; alsc the 25th and 26th 
8. 785°4. 10. log,1°2. . 
LV. 1 
2 17 -8| 13 
g, C+? (gel Lea all 1 
om 3 [10] 77 [6 7 + 28 x 36. 4. 


6. 2, 6, 10, 14. 1. n 8. x=a, y=-b. 10. 11, 


ee ee oy B21 od 
1. 255, 2ro> ---$ “39> FH> 


ANSWERS TO EXAMPLES: PART Ii. ixxy 
LV. m. 


. 2miles; 24 minutes after the tricycle passed. 
a 8 -%41 J16—3at a2. 5. Scale 7; 1313. 6. 1. 


2 
. 2n(n+1)(2n+7). rh Loe REI 
"gesagt 2@2+1)* 2e—1pP 


Pena. C= 


. L+2Qa+ 3Ba?+...4(n4+1])a+.... 
1+32+ 622+ 10a3+...43(n+1)(n+2)a"+.... 
1+ 4x + 10a? + 2023+ ...43(n+1)(n+2)(n+3)a"+.... 


534. — 8. d=h(2r+h)=2rh approximately. 
. To 5 places. 10. 4198-27 feet. 
LV. p. 
. Al6, B28. 8. (22-1 +1)(a+3y—-3)=0. Two straight lines. 
. \n. §, x=y log. b. 7. 4°44, 
LV. a. 
mee De 8. 143700 oz. roughly (by 4-figure logarithms). 
ieee i tno te 5} 
ee ee eaee 6. y(y?-3 - By? +5). 
+5 ptoa yy’ -3), yy - 5y’ +5) 
. 6 cwt. 8. n?+4n+3, 5 (2? + 16n+ 31). 
Lee Dec 1 
iS log3+a(1+3)-5 (145) +5 (Itgp)— 
LVc r. 
1/x?+y? , 145xy)\ | _N54+1 J5+3 
a(t ae) 5 48. 2. roots oth Gree 
ola 5. A’s time: B’s time=4: 7. 7. 41, 40, $. 
1 1 10 w+11 
2 SM [ee tras pace ak Beret FS 
ies gs 95 \z-1' (@-1p #44 
LV. s. 
15.0 3. 44 or Ze 5. 3262 feet, 
«W341, 1-653. 8. 72/8, 56|7. 


A 3, B 34 miles an hour. 
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LV. t. 
1. 12in. 2. 5. 3. 13:11 at the beginning, 137293 : 115907 at the end. 
5. Ty= —4868a-5; middle term = 12870. 6. 32°25. 7. 5°03968. 
8. 12 years 16 days. 9. About 5°77 ft. per second. 10. 2y. 
LV. u. 
3. £=6. 4, 120°4. 5. 127. 
1 1 ae 1 ex F 
ee aa 5(1+5+ 58+ )-3(1+§+pt-)5 
1 eae 1/,.2,2 
(ii) a(l+gtsa+ )-3(14 543+ ) 
8. n(nt+1)-2"7142, 9. 14 digits; first four digits 6756 
3 
10. OS 
LV. v. 
(a? a b?)2 = 4d 3 rh 
1. 540, 450. 2. a(° satay seals 4. The 38th, i¢ 
5. £51 6. (8)4Z. (8)'xa 28. (B)laet...5 the Dad 
f : (3) +344 x-4°\3 ae : 
t. $(e-e-*), 8. 3. 9. 3s. 4d. in the £; land : personalty=2:% 
LV. w. 
1, 22, 15. 2. 10,.24, 26 inches. 4, 20; n(n+1)=2log pfloge 
8. 21, 6 Go eae eee eee, 
, cite San) te 
8. - 64352 + 6435.25 2 10. 2¢, 
LV. x. 
1. 4a?dt -5at04 + 4ato?. 2. 6N3+5V2, 17-463. 
8. 9(6la—20d). 5. 1:06. 6. 3°31 
7. (i) [6|3 (ii) 120]5. 9. 12. 
LV. y. 
2. 123 miles an hour. 3. er 4, -—285. 
5. 6120. 6. 8-082. Bae, 
8. <1 or >3. 9. Gp at 10. Just over 284. 


ANSWERS TO EXAMPLES: PART II. Ixxvil 


LV. z. 
3. 3°2102. ~ & (n+2)8-1, -1. 5. 8. 
6. Scale 6. 7, 2-1)n(nt1)(n+2)(n+3) 9. 2n?(n+1)?-n. 
LV. aa. 
2. 3808. 4 4 days. 7%. 12, 9 8. a:a+. 
ey Baga 10. 5-274 feet. 
LY. bb. 
hee 2. 14/2. 8. 1022634, 
a 
4, 299753. 6. {3(-1"-385 7. 1-242, 
8. x=12, 5, 10; y=4,8, 7, 12. No finite values when b=1. 
28 1G°7. ’ 10. 3,950,000. 
LV. ce. 
2. 1473, 8736. 8 anct>Sor<l 5, UF 
_ 6. Between 3 and 4. 8. 119, 161, 213. 
9. 14780, 14340, 13530; 14335.c. ft. 10. £3675, £2812. 10s., £2870, 
LV. dd. 
1, 7°48, 5°98, 5, 4°32. 2. 24Nn+1, 0, 3, 8,15. 3. Between 3 and -1. 
eee 18. 6. 1-722, -0198. 
3) 32 
7. 11103-84, 10958-4, 9606-24, 7518-24. Cee eae 
x+3 «2-5 
9. 40, 40°40], 40:°04001>; 40°1, 40°01; 40. 10, a=2°2, b="11, 4°4 
LV. ee. 
2. 1-023. 3. x must lie between 0 and ‘21133 or between °78867 and unity. 
4, -3, -1, 6, -3. 5. 3339, 1:930, 17€8000, 11:03. 6. 6>a>1. 
7. 21 horses. 8. 32 approximately. 9. He would give away £16. 
10. ag. a 11. 308, 234 sq. inches. 33930 c. inches 


A2-79, B2-4; 1lz; 4°2, 1°505. 
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